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Linear Algebra

“Linear algebra has become as basic and 
as applicable as calculus, and fortunately it 
is easier” 

- Gilbert Strang,  Linear Algebra and its Applications

… and this is even more true today than 
when the book was published!

Vectors
Ordered lists of numbers, 
depicted in 3 ways:

~x

~x



Vector operations

• scalar multiplication

• addition, vector spaces

• length (norm), unit vectors

• inner product (a.k.a. “dot” product)

- definition/notation: sum of pairwise products

- geometry: cosines, squared length, 
orthogonality test

[on board: geometry]

Inner product with a unit vector

• projection onto line

• distance to line/plane

• change of coordinates

[on board: geometry]
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Vectors as “operators”

• “averager”

• “windowed averager”

• “smooth averager”

• “local differencer”

• “component selector”

[on board]



Linear System

   is a linear system if (and 
only if) it obeys the 
principle of superposition:

For any input vectors           ,  
and any scalars          ,
the two diagrams at the right 
must produce the same 
response.
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Linear Systems

• Very well understood (150+ years of effort)

• Excellent design/characterization toolbox

• An idealization (they do not exist!)

“All models are wrong… but some are useful.” 
  – George E.P. Box

• Useful nevertheless:
- conceptualize fundamental issues

- provide baseline performance

- building blocks for more complex models

Implications of Linearity
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write input vector 
as weighted sum of 
   “impulse vectors”
   “standard basis”
   “axis vectors”

Implications of Linearity

Implications of Linearity
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Response to any input is a weighted sum of responses to impulses
This defines the operation of matrix multiplication
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Matrix multiplication
Two interpretations of        

[details on board]

M~v

System response
to first axis, 

multiply
by v1

ê1

input perspective: 
weighted sum of columns

output perspective: 
inner product with rows



https://raffettospasta.com

Rafetto’s Pasta (est. 1906)

• two interpretations of         :
- weighted sum of columns
- inner products with rows

• transpose: AT,  symmetric matrices (A = AT )

• distributive property (directly from linearity)

• associative property: cascade of two linear 
systems is linear.  Defines matrix multiplication.

[details on board]

M~v

Matrix multiplication

Cascaded linear systems => product of matrices

S1 S2
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Cascaded linear systems => product of matrices

S1 S2

=

M1

M2* M1M2

<latexit sha1_base64="ELBtit8bESVHP9eoL096Sj5a2H0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbabt0s4m7m0IJ/RNePCji1b/jzX/jps1BWx8MPN6bYWZeEAuujet+O4W19Y3NreJ2aWd3b/+gfHjU1FGiGDZYJCLVDqhGwSU2DDcC27FCGgYCW8H4LvNbE1SaR/LRTGP0QzqUfMAZNVZqdyfIUjUr9coVt+rOQVaJl5MK5Kj3yl/dfsSSEKVhgmrd8dzY+ClVhjOBs1I30RhTNqZD7FgqaYjaT+f3zsiZVfpkEClb0pC5+nsipaHW0zCwnSE1I73sZeJ/Xicxgxs/5TJODEq2WDRIBDERyZ4nfa6QGTG1hDLF7a2EjaiizNiIshC85ZdXSfOi6l1VvYfLSu02j6MIJ3AK5+DBNdTgHurQAAYCnuEV3pwn58V5dz4WrQUnnzmGP3A+fwDh2Y/e</latexit>

~r
<latexit sha1_base64="jFY6nEC8aoLa/rw4eUcJNiRkfA8=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68VjBfkAbymY7bZduNnF3Uymhf8KLB0W8+ne8+W/ctDlo64OBx3szzMwLYsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dJQohnUWiUi1AqpRcIl1w43AVqyQhoHAZjC6zfzmGJXmkXwwkxj9kA4k73NGjZVanTGy9Gla7JbKbsWdgSwTLydlyFHrlr46vYglIUrDBNW67bmx8VOqDGcCp8VOojGmbEQH2LZU0hC1n87unZJTq/RIP1K2pCEz9fdESkOtJ2FgO0NqhnrRy8T/vHZi+td+ymWcGJRsvqifCGIikj1PelwhM2JiCWWK21sJG1JFmbERZSF4iy8vk8Z5xbusePcX5epNHkcBjuEEzsCDK6jCHdSgDgwEPMMrvDmPzovz7nzMW1ecfOYI/sD5/AHpd4/j</latexit>

~w

<latexit sha1_base64="i+jgrq64Nd9BHqvBiyClulnQGk4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbabt0s4m7m0IJ/RNePCji1b/jzX/jps1BWx8MPN6bYWZeEAuujet+O4W19Y3NreJ2aWd3b/+gfHjU1FGiGDZYJCLVDqhGwSU2DDcC27FCGgYCW8H4LvNbE1SaR/LRTGP0QzqUfMAZNVZqdyfI0sms1CtX3Ko7B1klXk4qkKPeK391+xFLQpSGCap1x3Nj46dUGc4EzkrdRGNM2ZgOsWOppCFqP53fOyNnVumTQaRsSUPm6u+JlIZaT8PAdobUjPSyl4n/eZ3EDG78lMs4MSjZYtEgEcREJHue9LlCZsTUEsoUt7cSNqKKMmMjykLwll9eJc2LqndV9R4uK7XbPI4inMApnIMH11CDe6hDAxgIeIZXeHOenBfn3flYtBacfOYY/sD5/AHn8Y/i</latexit>

~v

<latexit sha1_base64="/BYhe4NeqXKlBX8U//8Epki5kYU=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0VwVZIi6kYounFTqGAfkIQwmU7aoZMHM5NKCfkON/6KGxeKuBM3/o2TNAttPXDh3HPuZeYeL2ZUSMP41iorq2vrG9XN2tb2zu6evn/QE1HCMeniiEV84CFBGA1JV1LJyCDmBAUeI31vcpP7/SnhgkbhvZzFxAnQKKQ+xUgqydVNe0pwyjN4BdtuExbdQ97ZIgncCZyqyg2r7aZm5riTmqvXjYZRAC4TsyR1UKLj6p/2MMJJQEKJGRLCMo1YOinikmJGspqdCBIjPEEjYikaooAIJy1Oy+CJUobQj7iqUMJC/b2RokCIWeCpyQDJsVj0cvE/z0qkf+mkNIwTSUI8f8hPGJQRzHOCQ8oJlmymCMKcqr9CPEYcYanSzEMwF09eJr1mwzxvmHdn9dZ1GUcVHIFjcApMcAFa4BZ0QBdg8AiewSt40560F+1d+5iPVrRy5xD8gfb1Awa2nvo=</latexit>

~r = M2 ~w =
X

k

vkM2[M1]k
<latexit sha1_base64="gngOETPYkO7Vj/tZhXk4pnxxfzs=">AAACFXicbVDLSgMxFM3UV62vUZdugkVwIWVGRN0IRTduChXsA6bDkEkzbWiSGZJMpQz9CTf+ihsXirgV3Pk3ZtoutPXAhXPPuZfknjBhVGnH+bYKS8srq2vF9dLG5tb2jr2711RxKjFp4JjFsh0iRRgVpKGpZqSdSIJ4yEgrHNzkfmtIpKKxuNejhPgc9QSNKEbaSIF90hkSnD2M4RWsBS6cdMO866iUBwM4NOXVgswd+8EgsMtOxZkALhJ3Rspghnpgf3W6MU45ERozpJTnOon2MyQ1xYyMS51UkQThAeoRz1CBOFF+NrlqDI+M0oVRLE0JDSfq740McaVGPDSTHOm+mvdy8T/PS3V06WdUJKkmAk8filIGdQzziGCXSoI1GxmCsKTmrxD3kURYmyBLJgR3/uRF0jytuOcV9+6sXL2exVEEB+AQHAMXXIAquAV10AAYPIJn8ArerCfrxXq3PqajBWu2sw/+wPr8AXWRncM=</latexit>

~w = M1~v =
X

k

vk[M1]k

• two interpretations of         :
- “input perspective”: weighted sum of columns
- “output perspective”: inner product with rows

• transpose AT,  symmetric matrices (A = AT )

• distributive property: directly from linearity!

• associative property: cascade of two linear 
systems is linear.  Defines matrix multiplication.

• generally not commutative (AB ≠ BA),   
but note that (AB)T = BTAT

• vectors as matrices. Inner products vs outer products

[details on board]

M~v

Matrix multiplication

Orthogonal matrices 
• square shape (dimensionality-preserving) 
• rows are orthogonal unit vectors 
• columns are orthogonal unit vectors 
• performs a rotation of the vector space 

(with possible axis inversion) 
• preserve vector lengths and angles 

(and thus, dot products) 
• inverse is transpose

Diagonal matrices 
• arbitrary rectangular shape 
• all off-diagonal entries are zero 
• squeeze/stretch along standard axes 
• if non-square, creates/discards axes 
• inverse is diagonal, with inverse of 

non-zero diagonal entries of original

All matrices 
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Singular Value Decomposition (SVD)

• geometry: “rotate,  stretch,  rotate”

• columns of V are basis for input coordinate system

• columns of U are basis for output coordinate system

• S rescales axes, and determines what “gets through”

[details on board]

Any matrix M can be factorized as
            M = U S VT       
with  U, V orthogonal,   S diagonal

M = U S VT

VT S U

(note order of transformations)

SVD geometry (in 2D) 
Apply M to four vectors (heads at colored points):

rotate rotatestretch

Singular Value Decomposition (SVD)

• unique, up to permutations and sign flips

• sum of “outer products”

• nullspace and rangespace

• inverse and pseudo-inverse
[details on board]

Any matrix M can be factorized as
            M = U S VT       
with  U, V orthogonal,   S diagonal
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ûkv̂

T
k

�
~x (sum of outer products)

s3

=

s1

s2

M U S VT

}

orthogonal basis for input space

(all zeros)}

orthogonal basis for “range space”

“singular values”

M U S VT

=

s1

s2

0

}

orthogonal basis for “range space”

}

orthogonal basis for “null space”

(all zeros)



(all zeros)

0

=

s1

0

}

orthogonal basis for “range space”

}

orthogonal basis for “null space”

M U S VT


