Relation Between 3D Invariants and 2D Invariants

S. J. Maybank Department of Engineering Science University of Oxford Parks Road, Oxford OX1 3PJ, UK

Abstract Polynomial relations are established between the invariants of certain mixed sets of points and lines and the invariants of their projected images. The relations are obtained using the properties of a rational curve, in fact a twisted cubic, which is a covariant of the given set of points and lines.

1 Introduction

Let C be a geometrical configuration confined to a plane in space. For example, C could be a mixed set of points and lines or it could contain more general curves. Then certain properties of C are invariant or unchanged under collineations of the plane; in particular they are unchanged under projection to an image. These invariants are the basis of algorithms for deciding if a given image can be a projection of C, or for reconstructing C from a sequence of images. The algorithms are efficient because the invariants relate the geometry of C directly to the image, without the necessity of considering camera position and orientation. The papers in [4], [5] describe many examples in which C contains points, lines or conics.

If C is not confined to a plane then the invariants of C are no longer related in a simple way to the invariants of an image. Let v_c be the invariants of C under collineations of projective space IP^3 and let v_i be the invariants of an image of C under collineations of the image plane IP^2. The simple equation v_c = v_i holding in the planar case is replaced in many cases by a set of polynomial equations of the form f(v_c, v_i) = 0. If any of the equations are not satisfied then the image cannot be a projection of C. If sufficiently many equations are obtained from a sequence of images, each image with a known vector of invariants v_i, then the equations can be solved numerically to obtain v_c. In many cases v_c is sufficient to determine C uniquely up to a collineation of IP^3.

In one of the simplest examples, C is a set of six points in general position in IP^3. In [6] a method is given for calculating vectors a, b ∈ IR^6 such that a depends only on v_c, b depends only on v_i, and such that the image is a projection of C if and only if a.b = 0. A second example is described in [9], [10], [11]. It is assumed that the projection from space to the image is a generalised weak perspective transformation,

x → H_1 ( 1 0 0 0 0 1 0 0 0 0 0 1 ) H_2x (1)

where H_1 is an affine transformation of the image and H_2 is an affine transformation of space. The projection (1) is a good approximation to the camera projection when the depth variation of C is small compared to the distance from C to the camera and the image of C is near the centre of the field of view. Let C be set of points x_i, 1 ≤ i ≤ n, in IP^3 with coordinates chosen such that (x_i)_4 = 1, 1 ≤ i ≤ n, and let K be the 4 × n matrix formed by taking the x_i, 1 ≤ i ≤ n as columns. Let the image points be q_i, 1 ≤ i ≤ n, with coordinates in IP^2 chosen such that (q_i)_3 = 1, 1 ≤ i ≤ n, and let L be the 3 × n matrix formed by taking the q_i as columns. Let K, L be the right null spaces of K, L respectively. Then K, L are affine invariants of x_i, q_i, and the q_i are a generalised weak projective transformation of the x_i if and only if K ⊂ L. The equations linking the invariants of the x_i and the invariants of the q_i are obtained from the condition K ⊂ L. The method described below extends the first example in that it applies to mixed sets of points and lines. It also extends the second example in that the map from space to the image can be an arbitrary projection rather than a generalised weak perspective transformation.

The configurations C are required to be sets O_r of r ≤ 6 points and 6 − r lines in general position in IP^3. The values r = 0, 4 are excluded for reasons which are explained in §3. A polynomial relation is established between the invariants of O_r under collineations of IP^3 and the invariants of a projected image I_r of O_r under collineations of IP^2. The basis of the polynomial relation is the observation that there is a unique twisted cubic which contains each point of O_r and which is bisecant to each line of O_r [3], [8].

2 Properties of Twisted Cubics

A brief summary of the relevant properties of twisted cubics is given. Further information can be found in [7], [8].

Let t ≡ (1, t, t^2, t^3)¿. A twisted cubic is any curve in IP^3 of the form t → At, where A is a non-singular 4 × 4 matrix. Let c_1, c_2 be the twisted cubics t → A_1t, t → A_2t. It follows that A_2A�^1_1 (c_1) = c_2, thus any two twisted cubics are related by a collineation. The projective properties of any twisted cubic can be obtained from the standard twisted cubic defined by t → t. The parameterisation t → At ∈ c establishes a birational map between the twisted cubic c and IP, thus c is a rational curve. The cross ratio, {x_1, x_2; x_3, x_4}_c, is well defined for any quadruple x_i of points on c. In more detail, let t_i be the parameter value corresponding to x_i, 1 ≤ i ≤ 4. Then the cross ratio is defined by {x_1, x_2; x_3, x_4}_c = ( t_1 − t_3

t_1 − t_4 ) ( t_2 − t_4

t_2 − t_3 )

It is invariant under any birational map of c, linear or otherwise. It is also invariant under reparameterisations t → s(t) of c of the form s = at + b ct + d (2) where a, b, c, d are constants such that ad − bc ≠ 0.

There is a three parameter family of collineations ω : IP^3 → IP^3 such that ω(c) = c. These collineations correspond to the reparameterisations (2) in the following sense. For each such ω there exists a function t → s(t) of the form (2) such that ω(At) = As. Conversely, for each function (2) there exists a unique collineation ω : IP^3 → IP^3 such that ω(At) = As.

Star generation is a striking and useful property of twisted cubics. Let a, b be distinct points of IP^3, let st(a), st(b) be the stars of lines centred at a, b and let ω : st(a) → st(b) be a general collineation. The locus of points x such that

ω(⟨a, x⟩) = ⟨b, x⟩ (3)

is a twisted cubic. Conversely, let a, b be any two distinct points on a twisted cubic c. Then there is a unique collineation ω : st(a) → st(b) such that (3) holds for all x on c.

In algorithms based on star generation ω is often realised as a collineation of a plane in the following way. Let Π be a plane in IP^3 not containing a or b. Each collineation ω : st(a) → st(b) corresponds to a collineation ζ : Π → Π such that ω(⟨a, x⟩) = ⟨b, ζ(⟨a, x⟩ ∩ Π)⟩ (4) A brief sketch is given of an algorithm for computing the parameterisation t → At of c, given a, b, and ζ. The algorithm is readily implemented in Mathematica. Let coordinates be chosen such that a = (0, 0, 0, 1)¿, b = (0, 0, 1, 1)¿, and such that Π is the plane x_4 = 0. Let p = ⟨a, b⟩ ∩ Π and let r_t = (1, t, 0, 0)¿ be a variable point of Π. Let u, v, Ξ be defined by

u = ζ�^1(v) v = ⟨p, r_t⟩ ∩ ⟨ζ(p), ζ(r_t)⟩ Ξ = ⟨a, p, r_t⟩

Then the plane Ξ contains the line ⟨a, u⟩ because u is a point of ⟨p, r_t⟩. Similarly, Ξ contains ⟨b, v⟩. It follows that ⟨a, u⟩ and ⟨b, v⟩ intersect at some point w. Then w is a point of c because ζ(u) = v.

A short calculation yields

w = (u_1v_1, u_2v_1, u_3v_1, u_3v_1 − u_1v_3)¿

The components of w are quartic in t, but they have a linear greatest common factor which divides out leaving a vector w cubic in t. The matrix A is recovered from the equations At = w.

3 Invariants of O_r

From now on the points of O_r are denoted by x_i, 1 ≤ i ≤ r and the lines of O_r are denoted by l_i, 1 ≤ i ≤ 6 − r. There are many equivalent ways of describing the invariants of O_r under collineations of IP^3. In this application it is convenient to use a description based on the twisted cubic associated with O_r. It can be shown that if r ≠ 0, 4, then there is a unique twisted cubic c that contains each point of O_r and that cuts each line of O_r twice. The fact that c is unique ensures that it is a covariant of O_r. In other words, if H is any collineation of IP^3, then H(c) is the unique twisted cubic that contains each point of H(O_r) and that cuts each line of H(O_r) twice.

The cases r = 0, 4 are excluded. If r = 0, then there are in general exactly six twisted cubics bisecant to the lines of O_0. If r = 4, then the twisted cubic fails to exist.

Let t → At be a parameterisation of c and let t_i, 1 ≤ i ≤ r be the values of t for which x_i = At_i, and let u_i, v_i, 1 ≤ i ≤ 6 − r be the values of t at which c meets l_i. The lines of O_r are thus l_i = ⟨Au_i, Av_i⟩, 1 ≤ i ≤ 6 − r. Each pair u_i, v_i is obtained from the roots of a quadratic equation, the coefficients of which are determined by A.

The invariants of O_r under collineations of IP^3 are polynomial functions of the cross ratios of the t_i, 1 ≤ i ≤ r and the u_i, v_i, 1 ≤ i ≤ 6 − r. It is only necessary to choose the functions such that they are symmetric in each pair u_i, v_i. For example, the configuration O_3 has six fundamental invariants,

{t_1, t_2; t_3, u_i} + {t_1, t_2; t_3, v_i} (i = 1, 2, 3) {t_1, t_2; t_3, u_i}{t_1, t_2; t_3, v_i} (i = 1, 2, 3) (5)

The invariants for the other configurations O_r, r ≠ 0, 4 are constructed similarly.

The configurations O_r , r ≠ 0, 4 are determined by the invariants up to a collineation of IP^3. In more detail, the twisted cubic c and three points on it can be chosen arbitrarily. If r ≥ 3 then the three points can be chosen as x_1, x_2, x_3. Each pair u_i, v_i comprises the roots of a quadratic equation obtained from (5). If r = 1, 2 then x_1, Au_1, Av_1 are chosen arbitrarily on c. The values of each pair u_i, v_i, 2 ≤ i ≤ 6 − r are obtained from the two invariants

{t_1, u_1; v_1, u_i} + {t_1, v_1; u_1, u_i} + {t_1, u_1; v_1, v_i}

+ {t_1, v_1; u_1, v_i} (6) and {t_1, u_1; v_1, u_i}{t_1, u_1; v_1, v_i}

+ {t_1, v_1; u_1, u_i}{t_1, v_1; u_1, v_i} (7)

The expressions (6), (7) are made symmetrical in u_1, v_1 so that a quadratic equation with roots u_i, v_i can be obtained without assigning particular values to u_1, v_1. It is only necessary to have expressions for u_1+v_1, u_1v_1 or equivalently to know the coefficients of a quadratic equation with roots u_1, v_1.

4 Construction of the Twisted Cubic

A method for constructing the twisted cubic associated with r is described briefly, for the cases r ≥ 2, r ≠ 4. Further details are given in [3], together with a discussion of the more difficult case r = 1.

Let a = x_1, b = x_2. Then there is a unique collineation ω : st(a) → st(b) such that

ω(⟨a, x_i⟩) = ⟨b, x_i⟩ (3 ≤ i ≤ r) ω(⟨a, l_i⟩) = ⟨b, l_i⟩ (1 ≤ i ≤ 6 − r) (8) For example, in the case r = 6 let Π be a plane not containing a, b. Let w_i, z_i be defined by

w_i = ⟨a, x_i⟩ ∩ Π (3 ≤ i ≤ 6) z_i = ⟨b, x_i⟩ ∩ Π (3 ≤ i ≤ 6)

Then there is a unique collineation ζ : Π → Π such that ζ(w_i) = z_i, 3 ≤ i ≤ 6. The collineation ω is given by (4). The twisted cubic c through the six points x_i is constructed from a, b, ζ using the algorithm sketched at the end of §2.

Let p, r_t be as defined in §2. The parameter value t_i corresponding to x_i on c is determined by the condition that p, r_{ti} and w_i are collinear. The parameter values u_i, v_i corresponding to the two points c ∩ l_i are obtained as follows. Let m, n be distinct known points on l_i, and let e_λ, f_λ be points defined by

e_λ = m + λn f_λ = ζ(⟨a, e_λ⟩ ∩ Π)

where λ is a parameter. Then e_λ is a point of c ∩ l_i if and only if a, b, e_λ, f_λ are coplanar. This condition yields a quadratic constraint on λ, the roots of which yield the two points of c ∩ l_i. It remains to relate λ to the parameter t for c. The function t → λ(t) is chosen such that m + λn = ⟨a, b, At⟩ ∩ l_i. The points a, b, At, m + λn are coplanar thus

det(a, b, At, m + λn) = 0 (9)

Equation (9) is cubic in t. It has two factors independent of λ, and yielding values of t for which At = a or At = b. The third factor is bilinear in t and λ.

The fact that no twisted cubic exists for r = 4 is apparent from (8). Let h_i = ⟨a, l_i⟩ ∩ Π, k_i = ⟨b, l_i⟩ ∩ Π, i = 1, 2, h = ⟨w_1, w_2⟩, k = ⟨z_1, z_2⟩. Then it is necessary to find ζ : Π → Π such that ζ(w_i) = z_i and ζ(h_i) = k_i, i = 1, 2. In general ζ does not exist because the cross ratio of the four collinear points w_1, w_2, h ∩ h_1, h ∩ h_2 is different from the cross ratio of the four collinear points z_1, z_2, k ∩ k_1, k ∩ k_2.

The algorithm for constructing c from O_r can be made exact in the following sense. If the points of O_r have rational coordinates and if the lines of O_r are defined by pairs of points also with rational coordinates then c has a parameterisation t → At in which A has rational entries. These entries can be computed exactly. It is only necessary to factor polynomials and to solve linear equations.

5 Relation of Object Invariants to Image Invariants

The invariants of sets of points and lines with coordinates q_i, k_i in IP^2 are constructed from the following fundamental expressions [1]

I_{ijk} = det(q_i, q_j, q_k) J_{ij} = k_i.q_j

K_{ijk} = det(k_i, k_j, k_k) (10)

The link between the invariants of O_r and the invariants of the image I_r depends on a result of Carlsson [2]. Let coordinates be chosen for IP^3 and for the image IP^2, and let P be the 3 × 4 matrix defining the projection from space to the image. Let o be the optical centre of P , and let D be the 4×4 matrix obtained from P by adding o as a fourth row. Carlsson shows that

det(D(x_1, x_2, x_3, o)) = ‖o‖^2 det(P x_1, P x_2, P x_3)

(11)

Let coordinates be chosen in IP^3 such that the twisted cubic associated with O_r is t → t. Let P t_i = q_i, k_i = ⟨P u_i, P v_i⟩, with the consequence k_i = P u_i × P v_i. It follows from (10) and (11) that

I_{ijk} = det(P t_i, P t_j, P t_k)

= ‖o‖�^2 det(D(t_i, t_j, t_k, o))

J_{ij} = det(P u_i, P v_i, P t_j)

= ‖o‖�^2 det(D(u_i, v_i, t_j, o))

K_{ijk} = (k_i × k_j ).k_k

= det(P u_i, P v_i, P v_j) det(P u_k, P v_k, P u_j)

− det(P u_i, P v_i, P u_j) det(P u_k, P v_k, P v_j)

= ‖o‖�^4 det(D(u_i, v_i, v_j, o)) det(D(u_k, v_k, u_j, o))

−‖o‖�^4 det(D(u_i, v_i, u_j, o)) det(D(u_k, v_k, v_j , o))

(12) The image invariants are ratios of the I_{ijk}, J_{ij}, K_{ijk} constructed such that the scale factors involved in the choice of coordinates in IP^2 all cancel. For example a set of five coplanar points has an invariant

v_1 =

I_{123}I_{145}

I_{124}I_{135}

thus

v_1 = det(t_1, t_2, t_3, o) det(t_1, t_4, t_5, o)

det(t_1, t_2, t_4, o) det(t_1, t_3, t_5, o)

which yields a polynomial equation

f(t_1, t_2, t_3, t_4, t_5, o, v_1) = 0

quadratic in o. If t_1, t_2, t_3 are assigned the standard values 0, 1, ∞, then the remaining t_i and the pairs u_i + v_i, u_iv_i are invariants of O_r.

A set of two points and two lines has the single invariant

v_2 =

J_{11}J_{22} J_{12}J_{21}

It follows from (11) and (12) that

v_2 = det(P u_1, P v_1, P t_1) det(P u_2, P v_2, P t_2)

det(P u_1, P v_1, P t_2) det(P u_2, P v_2, P t_1) = det(D(u_1, v_1, t_1, o)) det(D(u_2, v_2, t_2, o))

det(D(u_1, v_1, t_2, o)) det(D(u_2, v_2, t_1, o)) = det(u_1, v_1, t_1, o) det(u_2, v_2, t_2, o) det(u_1, v_1, t_2, o) det(u_2, v_2, t_1, o)

(13)

Equation (13) yields

g(t_1, t_2, u_1, v_1, u_2, v_2, o) = 0

where g is a polynomial, quadratic in o.

The remaining types of invariant are

K_{123}J_{41} K_{124}J_{31}

K_{123}K_{145} K_{124}K_{135}

The first of these yields a cubic equation in o and the second yields a quartic equation in o.

The image I_r has a total of four independent invariants, yielding four polynomial constraints on o. The vector o can be eliminated to yield a single polynomial equation in the invariants of O_r and the invariants of I_r .

6 Conclusion

A polynomial constraint has been obtained between the invariants of certain configurations O_r of r points and 6 − r lines (r ≠ 0, 4) in IP^3 and the invariants of an image of O_r. The map from space to the image is assumed to be a projection, but it is not otherwise constrained. The basis of the polynomial constraint is the observation that there is a unique twisted cubic which contains each point of O_r and which cuts each line of O_r twice, r ≠ 0, 4.

There are many questions which arise from this work, for example:

i) Are the polynomial constraints a basis for practical algorithms either to reconstruct O_r from multiple views or to recognise O_r from a small number of views?

ii) Can the methods be extended to include cases in which the camera calibration (internal orientation) is constant but unknown?

iii) Is the use of a twisted cubic to define invariants a pointer to more general methods for reconstruction from image sequences, possibly involving other rational curves, or is it a ‘trick’ applicable only in this special case?

Acknowledgements

This paper is funded by a Royal Society/EPSRC Industrial Fellowship held by the author in the Department of Engineering Science, University of Oxford. The author is employed by the Hirst Division, GEC- Marconi Materials Technology, Elstree Way, Borehamwood, Hertfordshire, WD6 1RX, UK.

References

[1] S.S. Abhyankar, “Invariant theory and enumerative combinatorics of Young tableaux,” Geometric Invariance in Computer Vision, eds. J.L. Mundy and A. Zisserman, pp. 45-76. MIT Press: Cambridge, MA, 1992.

[2] S. Carlsson, “Relative positioning from model indexing,” Image and Vision Computing, Vol. 12, pp. 179-186, 1994.

[3] S.J. Maybank, “Application of the twisted cubic to model based vision,” Proc. Europe-China Workshop on Geometrical Modelling and Invariants for Computer Vision, Xi’an, PR China, 26-29 April 1995, pp. 158-165, 1995.

[4] J.L. Mundy and A. Zisserman (eds.), Geometric Invariance in Computer Vision, MIT Press: Cambridge, Massachusetts, 1992.

[5] J.L. Mundy, A. Zisserman and D. Forsyth (eds.), Applications of Invariance in Computer Vision, Lecture Notes in Computer Science, Vol 825. Springer-Verlag: Berlin, Heidelberg, New York, 1994.

[6] L. Quan, “Invariants of six points and projective reconstruction from three uncalibrated images,” IEEE Transactions on Pattern Analysis and Machine Intelligence, Vol. 17, pp. 34-46, 1995.

[7] J.G. Semple and G.T. Kneebone, Algebraic Projective Geometry, Oxford University Press: Oxford, 1952 (reprinted 1979).

[8] J.G. Semple and L. Roth, Introduction to Algebraic Geometry, Clarendon Press: Oxford, 1949 (reprinted 1985).

[9] G. Sparr, “A common framework for kinetic depth, reconstruction and motion for deformable objects,” Lecture Notes in Computer Science, Vol. 801 (ed. J.-O. Eklundh), Springer Verlag: Berlin, Heidelberg, 1994.

[10] P.F. Stiller, C.A. Asmuth and C.S. Wan, “Invariants, indexing and single view recognition,” Proc 1994 DARPA Image Understanding Workshop, 1994.

[11] P.F. Stiller, C.A. Asmuth, and C.S. Wan, “A general theory of single view recognition-the affine case-with applications to indexing image data bases for content based retrieval,” Submitted to International Journal of Computer Vision.