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Efficient coding: Sensory systems allocate resources efficiently 
to capture information about inputs that are likely to occur.

[Barlow ’61]
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Optimal inference: Perception is a best guess as to what is in the 
world, given current sensory responses and prior experience 

[Al Hazan, 1040;  Helmholtz, 1866]
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Given N neurons, with total average firing rate R
• what set of tuning curves transmits the most information about s? 
• what are the perceptual implications of this solution?
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[Földiák, 1989;
 Seung & Sompolinsky, 1993;
 Salinas & Abbott, 1994;
 Sanger, 1996;
 Zemel, Dayan, Pouget, 1998;
 Kang & Sejnowski, 1999;
 Brown & Bäcker, 2006; 
 Jazayeri & Movshon, 2006;
 Ma et. al., 2006;   etc]

Homogeneous 
population



Accuracy limited by noise ...
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Accuracy limited by noise ...

“Perceived”
orientation

(encode) (decode)

• Max firing rate 

• Number of cells (& tuning width) 

... but improves with additional resources:

Oriented
stimulus
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[Ganguli & Simoncelli, 2014]

Given N neurons, with total average firing rate R
• what set of tuning curves transmits the most information about s? 
• what are the perceptual implications of this solution?



1. Independent Poisson responses  [e.g., Seung & Sompolinsky, 1993]

[cf., Jazayeri & Movshon, 2006;  Ma et. al., 2006]

(generalizes to exponential families, w/ local correlations) 



1. Independent Poisson responses  

2. Population resource allocation parameterized by density 
and gain, with enforced “tiling”: 

d(s)

s

Tuning curve 
density function

(generalizes to exponential families, w/ local correlations) 
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2. Population of tuning curves parameterized by density and 
gain, with enforced “tiling”: 

(generalizes to exponential families, w/ local correlations) 



1. Independent Poisson responses  

2. Population of tuning curves parameterized by density and 
gain, with enforced “tiling”: 

d(s)

s

g(s)

Fi
rin

g 
ra

te

Tuning curve 
gain functionResulting warped

and modulated  
tuning curves:

Tuning curve 
density function

hn(s) = g(s)h(D(s)� n)

(generalizes to exponential families, w/ local correlations) 



1. Independent Poisson responses  
(generalizes to exponential families, w/ local correlations).

2. Parameterize tuning curve population in terms of gain and 
density, with enforced “tiling”.

3. Optimize (Fisher bound on) transmitted information, for N 
neurons with total average firing rate R [Brunel & Nadal ‘98]: 

(tiling parameterization)



1. Independent Poisson responses  
(generalizes to exponential families, w/ local correlations).

2. Parameterize tuning curve population in terms of gain and 
density, with enforced “tiling”.

3. Optimize (Fisher bound on) transmitted information, for N 
neurons with total average firing rate R  [Brunel & Nadal ‘98]: 

such that



Closed-form optimal solution

• More cells, with narrower tuning, in higher probability 
regions of stimulus space

• All neurons have same gain (max. firing rate)

[Ganguli & Simoncelli, 2014]
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Closed-form optimal solution

• More cells, with narrower tuning, in higher probability 
regions of stimulus space

• All neurons have same gain (max. firing rate)

• All neurons have same mean firing rate

[Ganguli & Simoncelli, 2014]

physiological prediction

perceptual prediction

[Seriés, Stocker & Simoncelli 2009]
• Bonus: limit on perceptual discrimination thresholds:



Example: local spatial frequency
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Infomax Discrimax General
Optimized function: f(x) = log x f(x) = −x−1 f(x) = −xα, α < 1

3

Density (Tuning width)−1 d(s) Np(s) ∝ Np
1
2 (s) ∝ Np

α−1
3α−1 (s)

Gain g(s) R ∝ Rp−
1
2 (s) ∝ Rp

2α
1−3α (s)

Fisher information If (s) ∝ RN2p2(s) ∝ RN2p
1
2 (s) ∝ RN2p

2
1−3α (s)

Discriminability bound δmin(s) ∝ p−1(s) ∝ p−
1
4 (s) ∝ p

1
3α−1 (s)

Table 1: Closed form solution for optimal neural populations with unimodal tuning
curves, for objective functions specified by Eq. (22).

argmax
hn(s)

∫

p(s) f
(

d2(s)g(s)Iconv
)

ds, s.t.

∫

d(s) ds = N, and

∫

p(s)g(s) ds = R.

(22)

The efficient coding case considered in the previous section corresponds to f(x) = log(x) – we
refer to this as the infomax case. Choosing f(x) = −x−1 corresponds to maximizing the Fisher
bound on squared discriminability (see Eqs. (12 & 15)) – we refer to this as the discrimax case.
The more conventional interpretation of this objective function, is as a bound on the mean
squared error of an unbiased estimator (Cox and Hinkley, 1974). However, the discriminability
bound is independent of estimation bias and thus require less assumptions about the form of
the estimator. More generally, we can consider a power function, f(x) = xα, for some exponent
α.

The solution for any exponent α is readily obtained using calculus of variations, and is given
in Table 1. The infomax solution is included for comparison. In all cases, the solution speci-
fies a power-law relationship between the prior, the density and gain of the tuning curves, and
perceptual discrimination thresholds. In general, all solutions allocate more neurons, with cor-
respondingly narrower tuning curves, resulting in smaller discrimination thresholds, for more
probable stimuli. But the exponents vary, depending on the choice of α. The shape of the
optimal gain function depends on the objective function: for α < 0, neurons with lower firing
rates are used to represent stimuli with higher probabilities, and for α > 0, neurons with higher
firing rates are used for stimuli with higher probabilities. As in the infomax case, the resource
constraints, N and R, enter the solution as multiplicative scale factors, facilitating a comparison
to data. As a result, the theory offers a clear program for using existing data to determine which
optimality principles best characterize different brain areas.

Only the infomax solution leads to a neural encoding of prior information that can extracted
and used to produce Bayesian perceptual estimates using the logic developed in section 3. The
connection between efficient coding and neurally plausible Bayesian estimation is surprising,
as the encoding and decoding populations are optimized for different objective functions —
maximizing information transmission versus minimizing square estimation error. In contrast,
the discrimax solution, which is optimized for minimizing squared error (assuming an unbiased
estimator) does not lend itself to an encoding of prior information that is obviously amenable to
a simple downstream neural implementation of Bayesian estimation.

4.2 Sigmoidal response functions

To derive the efficient population code in section 2, we assumed that the tuning curves “tile”
the space (Eq. (7)). This assumption is incompatible with monotonically increasing sigmoidal
response functions, as are observed for encoding intensity variables such as visual contrast or
auditory sound pressure level. Nevertheless, we can use the continuous parameterization of
cell density and gain to obtain an optimal solution for a population of neurons with sigmoidal
responses.

14

More generally:

Power law
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Helmholtz (1866)

Perception is our best guess as to what is in the 
world, given our current sensory input and our 
prior experience [paraphrased]

memory

percept



Bayes (1750)

memoryprior

perceptestimate



Bayesian perception
• Shading/lighting  

[Kersten 90; Knill, Kersten, Yuille 96; Mamassian, Landy, Maloney 01]

• Retinal speed/velocity   
[Simoncelli et. al. 91; Heeger & Simoncelli 93; Weiss etal. 02; Stocker & Simoncelli 
06]

• Surface orientation  [Bülthoff & Yuille 96; Saunders & Knill 01]

• Color constancy [Brainard & Freeman 97]

• Contours  [Geisler, Perry, Super 01]

• Sensory-motor tasks  [Körding & Wolpert 04]

• 2D orientation [Girshick, Landy & Simoncelli 11]

• Acceleration (vestibular) Laurens & Droulez 08 



Physiological instantiation of priors?
• Weighting in “readout” population 

[eg: Georgopoulos 1982; Salinas & Abbott 1994;  ...] 

• Modulatory feedback signals 
[eg: Lee & Mumford 2003]

• Spiking activity in a separate population of cells  
[eg: Ma et. al., 2009] 

• Dynamic network property (responses are samples)  
[eg: Tkacik et. al. 2010; Berkes et. al. 2011] 

• Population inhomogeneities: baseline rate, gain, tuning 
width, and cell density 
[Stocker & Simoncelli 2006;  Simoncelli, 2009;  Ganguli & Simoncelli, 2010; 
 Fischer & Pena 2011;  Girshick, et. al. 2011]



Bayes least squares estimator:

Discrete (Riemann) approximation:

p(s)

sn ⇠ p(s)

s

[Ganguli & Simoncelli, 2014]



x

p(s)

sn ⇠ p(s)

s

Similar to the “population vector”
[Georgopoulos et. al. 86]

... which has been previously proposed 
as an approximate Bayes estimator  

[Shi & Griffiths 09;  Fischer & Pena 11]

ŝPV(�r (x)) ⇡
PN

n=1 sn rnPN
n=1 rn

a�

b

c
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Neural implementation of Bayesian inference using efficient population codes
Deep Ganguli and Eero P. Simoncelli HHMI / Center for Neural Science, New York University

efficient coding leads to a neural encoding of prior probabilities

summary neurally plausible Bayesian decoder

the neural implementation the underlying math the simulations that show it works

comparison to the population vector decoder
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physiological and perceptual evidence: efficient encoding of speed

the estimator that minimizes the mean squared error (MSE) is the mean of the posterior distribution• experimental evidence suggests that human judgements of many perceptual attributes are consistent with Bayesian inference, 
  in which noisy sensory measurements are combined with prior knowledge to obtain estimates.

• how do neural populations represent and utilize prior probabilities to achieve this computation?

• here, we derive a novel and neurally plausible decoder that computes the mean of a posterior distribution of a stimulus, given the noisy 
  responses of a neural population that is optimized for coding efficiency.

the posterior distribution: 

(bayes rule)

the Bayes least square estimator (BLS)

computes the mean:

we express a Monte-Carlo estimate of the estimator by noting that the preferred stimuli 

of the optimal tuning curves are deterministic samples from the prior distribution:

the efficient encoder leads to lower MSE for various decoders

MSE is the sum of the squared 

bias plus the variance of the 

estimates

the population vector can approximate the BLS 

estimator operating on an optimal encoder, but 

only if

the population vector is a good 

approximation to the BLS in 

certain regimes, but it gets worse 

as metabolic resources increase.

 prior

optimal tuning curves

note that the estimator is a population vector with modified weights. for the optimal 

tuning curves, the weights are blurred and exponentiated responses: 

after divisive normalization our estimator is:

p
ro

b
a
b
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ty
fi
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n

g
 r

a
te

[Shi & Griffiths 2009]

[Fischer & Pena 2011]
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•  a modified population vector decoder can implement BLS estimation using only

   knowledge of the preferred stimuli and a fixed filter, and not the prior or tuning curves. 

•  simulations demonstrate that it outperforms the standard population vector, and converges to the

   true BLS estimator as the number of neurons increases.

 

•  although the tuning curves in the encoding population are optimized for information transmission, 

   they also lead to lower mean squared error estimates relative to the commonly assumed 

   homogeneous encoder.
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[Ganguli & Simoncelli, NIPS 2010]

[Movshon, unpublished observations]

warp and scale a convolutional population with 

two continuous  functions: cell density,      , and 

gain,      .  

efficient coding Bayesian inference
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[De Bruyn et. al. 1988; McKee et. al. 1982] 

firing rate of nth neuron

arbitrary

“tuning curve”

MSE homogenous encoder

Example (power law stimulus distribution)

BLS-modified 
population vector

Conventional
population vector

Optimized
population vector

[Ganguli & Simoncelli, 2014]



• provide a direct link between measurable quantities: 
environmental distribution, density/tuning of neurons, and 
perceptual discriminability

• suggest that information maximization is more 
consistent with physiological/perceptual data than 
estimation/discrimination accuracy

• provide an embedding of environmental probabilities, 
readily incorporated into Bayesian decoders

• Missing: 

- Multi-dimensional stimulus variables 

- Feature learning

- Biological optimization (development, adaptation)

Optimally efficient populations...


