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Abstract

Neural mass and neural field models have been actively used since the 1970s to model

the coarse grained activity of large populations of neurons and synapses. They have

proven especially useful in understanding brain rhythms. However, although motivated

by neurobiological considerations, they are phenomenological in nature, and cannot

hope to recreate some of the rich repertoire of responses seen in real neuronal tissue.

In this thesis we consider the θ-neuron model that has recently been shown to possess

an exact mean-field description for smooth non-pulsatile interactions, and show that

the inclusion of a more realistic synapse model leads to a mean-field model, that has

many of the features of a neural mass model, coupled to a further dynamical equation

that describes the evolution of network synchrony.

We have carried out extensive analysis on the model for both a single and a two

population system. Importantly, unlike its phenomenological counterpart this next

generation neural mass model is an exact macroscopic description of the underlying

microscopic spiking neurodynamics, and is therefore a natural candidate for use in

large scale human brain simulations. Using our reduced model, we replicate a human

MEG power spectrogram to demonstrate that the model is capable of reproducing

transitions from high amplitude to low amplitude signals, which are believed to be

caused by changes in the synchrony of the underlying neuronal populations.

We then shift our focus to a spatially extended model and construct a next

generation neural field model. Using both Turing instability analysis and numerical

continuation techniques we explore the existence and stability of spatio-temporal

patterns in the system. In particular, we show that this new model can support states

above and beyond those seen in a standard neural field model.
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Chapter 1

Introduction

"If the human brain were simple enough for us to understand it, we would be too

simple to understand it"

- Ken Hill

Over the past century, the field of theoretical neuroscience has provided a window

into the brain. Despite the immense complexity of the brain, theoretical modelling has

allowed for major advances to be made towards understanding behaviour, conciousness

and disease. An early example of this is the work of Hodgkin and Huxley, who

modelled the generation and propagation of action potentials in the giant squid axon

using differential equations. Discoveries such as this one can only be made possible

through close collaboration between experimentalists and theoreticians, to combine

clinical observation with carefully designed mathematical models.

This thesis focuses on the development of new modelling approaches for use in

brain imaging studies, with a particular emphasis on magnetoencephalography (MEG).

Through extensive discussions with colleagues at the Sir Peter Mansfield Magnetic

Imaging Centre (SPMIC) we identified the need for a new type of neural population

model, to help us better understand the transitions from high amplitude to low

amplitude signals seen in electrophysiological recordings of the brain. In particular, we
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CHAPTER 1. INTRODUCTION

are interested in investigating these modulations in the beta band (13–30 Hz). These

transitions from high amplitude to low amplitude, and vice versa, are believed to be

caused by a change in the synchrony of underlying neuronal population.

Neural field models are typically used to describe brain dynamics at the mesoscopic

scale (large populations of neurons). However, as these models entirely neglect the

within-population synchrony, one is forced to investigate these changes in synchrony

through simulations of a large network of spiking neurons. As large-scale simulations

are notoriously difficult to gain insight from, we sought to develop an alternative

modelling approach, which would act to bridge the gap between these large-scale

simulations and the coarse-grained neural mass modelling approach. Using newly

established mean field reduction techniques we develop next generation neural activity

models which can account for changes in the population synchrony.

An overview of both the biology and the mathematical techniques used in this

thesis is covered in Chapter 2. We first review the structure of the brain and its ability

to generate oscillations. We then provide an overview of brain imaging techniques,

with a particular emphasis on MEG. The latter half of the chapter concerns itself with

the development of mathematical models of neural activity, at both the microscopic

single neuron level and the mesoscopic mean field level.

Chapter 3 introduces our next generation neural mass model, and describes the

reduction of a network of θ-neurons to an equivalent low dimensional system. This

chapter also includes an extensive bifurcation analysis of both the single and the two

population model.

In Chapter 4 we consider how our new model can be applied to MEG data. We

look at movement induced changes in beta band activity, known as movement related

beta decrease (MRBD) and post movement beta rebound (PMBR). We use the model

to gain insight into the mechanisms behind these phenomena. Lastly, we show that

by switching to a two hemisphere model (comprising of two identical populations) we
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CHAPTER 1. INTRODUCTION

get a better fit with the data.

The focus then shifts to a spatially extended model. In Chapter 5 we show

that the reduction techniques presented in Chapter 3 still hold for a network of

spatially distributed θ-neurons. This allows us to construct our next generation neural

field model. The spatially extended system is then analysed in one and two spatial

dimensions using Turing instability analysis.

In Chapter 6 we consider a further exploration of the model presented in Chapter 5,

and its ability to create patterns. We use numerical machinery to perform parameter

continuations, to explore the behaviour of both the global Turing patterns away from

bifurcation and local patterns, such as travelling fronts.

This thesis concludes with a discussion on the main findings of the work presented

here and possible future projects and extensions.

Glossary

Below is a list of the common abbreviations used in this thesis:

EEG electroencephalography

ERD event-related desynchronisation

ERS event-related synchronisation

GABA gamma aminobutyric acid

MEG magnetoencephalography

MRBD movement related beta decrease

OA Ott-Antonsen ansatz

PING pyramidal-interneuron network gamma

PMBR post movement beta rebound

PSP post synaptic potential

QIF quadratic integrate-and-fire

.
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Chapter 2

Background

2.1 Neurons and brain structure

The brain is primarily made up of neurons and glia. There are roughly 1011 neurons

in the human brain. They consist of three distinct parts: the dendrites, the soma and

the axon, see Figure 2.1.1. Dendrites enable neurons to communicate with each other;

branching out from the soma, they connect to the axons of other neurons, allowing

signals to be passed between the two neurons. Dendrites guide post synaptic potentials

Figure 2.1.1. Diagram of a neuron: Schematic illustrating the 3 main components of a
neuron: the dendrites, the soma and the axon
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CHAPTER 2. BACKGROUND

into the soma, which processes these inputs and may subsequently fire an action

potential. An action potential is a short burst of electrical activity, of magnitude ∼ 100

mV, lasting less than 1 ms. These bursts of electrical activity are transmitted through

the axon to the synapse, the junction between the axon of one neuron (presynaptic)

and the dendrite of another neuron (postsynaptic). On average axons branch roughly

103 times, hence there are roughly 1014 synapses in the human brain.

The concentration of ions differs between the interior of the neuron (intracellular)

and its surrounding (extracellular) medium. This leads to a potential difference across

the neuron, called the membrane potential. When the neuron is at rest, i.e. receiving

no inputs, we say that the membrane potential is at resting potential (typically around

65 mV). Ion channels, which are responsible for allowing ions to flow in and out of the

cell, can increase or decrease the membrane potential by allowing positively/negatively

charged ions to either enter or leave the cell. Each ion channel has an associated

synaptic reversal potential. This electrical potential corresponds to the value of the

membrane potential for which there is no net flow of that ion across the membrane.

At a synapse the presynaptic neuron releases a chemical known as a neurotrans-

mitter, which binds to the chemical receptors of the postsynaptic neuron and opens

the ion channels. This allows the ions to flow in or out of the cell. This process can

have either an excitatory (depolarising) or an inhibitory (hyperpolarising) effect on

the postsynaptic neuron depending on the characteristics of the synapse. Excitatory

post-synaptic potentials (EPSPs) occur when the membrane potential of the cells is

raised as a result of positivity charged ions, such as sodium (Na+), flowing into the cell

or negatively charged ions, such as chloride (Cl−), flowing out of the cell. Inhibitory

post-synaptic potentials (IPSPs), on the other hand, occur when the membrane po-

tential of the cells is lowered as a result of negatively charged ions flowing into the

cell, or positively charged cells flowing out of the cell.

When the membrane potential is increased above the neuron’s threshold potential,
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the neuron can produce an action potential, which travels along the axon to the

synapse restarting the whole process. EPSPs increase the membrane potential, driving

the neuron closer to threshold level and increasing the probability of the neuron firing

an action potential. IPSPs have the opposite effect, forcing the neuron further away

from the threshold level and decreasing the likelihood of a firing event. There are

many different types of neurons, which are all notably distinct and have a wide variety

of morphologies, functions and electrical responses. However, all neurons send and

receive action potentials, either chemically or electrically.

Glia, derived from the Greek for glue, support and hold the neurons together.

These cells also provide a number of other functions such as delivering nutrients and

oxygen to neurons as well as taking away dead cells and mopping up glutamate and

other toxins. It is believed that there are roughly ten times as many glia cells than

neurons [55]. However, in this thesis will ignore the presence of glia and focus solely

on neurons.

2.2 Brain rhythms

Ever since the first recordings of the human electropherogram by Hans Beregr in 1924

[17], electrophysiological brain recordings of large populations of neurons have been

shown to be dominated by oscillations. These oscillations are thought to be driven

by both the dynamics of the individual neurons and by the interactions between

neurons. When a neuron receives an input it produces oscillations in the form of

rhythmic action potentials, as well as the oscillations of its membrane potential.

Hence, a neural populations can be thought of as a system of oscillators, where the

observed rhythms are due to the synchronised activity of the individual neurons. This

type of activity is usually the result of feedback connections within the population.

When large populations of neurons synchronise in this way, we can observe these
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oscillations at the scalp level. The power and the frequency of these oscillations

can be measured using brain imaging techniques, such as magnetoencephalography

(MEG) and electroencephalography (EEG), see §2.3 for more details on brain imaging

techniques.

Classically brain rhythms have been divided into 5 functionally distinct bands;

delta, theta, alpha, beta, gamma. Each frequency band is associated with different

actions and functions [36, 164].

• Delta 0.5–3.5 Hz: the predominant frequency in deep sleep, associated with

learning and the brain’s reward system [119].

• Theta 4–7 Hz: thought to play a role in working memory and is of particular

interest in place cell studies (for spatial navigation) [93].

• Alpha 8–12 Hz: the most prominent and widely studied brain rhythm, re-

sponsible for the disengagement of task-irrelevant brain areas, working memory

and short term memory retention [62].

• Beta 13–30 Hz: originally discovered in the motor cortex, thought to be

responsible for motor initiation and termination but not execution [57].

• Gamma >30 Hz: responsible for a wide range of processes, such as attention,

movement preparation, memory formation and multisensory and sensorimotor

integration [147].

More recently functionally distinct sub-bands have been reported within the classical

beta and gamma bands [102].

As well as being functionally distinct, different brain rhythms can be localised to

specific areas of brain. This was shown by Jasper and Andrews [91, 92] when they

demonstrated that the beta rhythm present in the vicinity of the primary motor cortex

and the primary somatosensory cortex was not affected by the presentation of a weak
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visual stimulus which suppressed the alpha rhythm, recorded from the occipital lobe

(the portion of the brain responsible for vision).

2.3 Brain imaging

When brain areas synchronise and fire action potentials simultaneously, coherent

synaptic currents are generated. These currents can be measured and examined using

techniques such as EEG and MEG. As the electrical current of a single neuron is very

small, these techniques rely on the synchronous activity of thousands of neurons. One

of the main complications of EEG is that brain activity is measured non-invasively

at scalp level and the skull spatially distorts the electric fields as they pass through,

which impedes source localisation.

In accordance with Maxwell’s laws, an alternating electrical current E generates a

magnetic field B, as follows:

∇× E = −∂B
∂t
. (2.3.1)

Magnetic fields are less susceptible to interference from the skull, hence it has become

increasingly popular in recent years to measure the magnetic field using MEG instead

of the electric field and use (2.3.1) to infer the corresponding electric field. MEG is yet

to overtake EEG in terms of popularity as it has a number of shortcomings. First, the

magnetic fields produced in the brain are very small, hence MEG detectors must be

extremely sensitive. In order to obtain this sensitivity MEG employs superconducting

quantum interference devices (SQUIDs) to successfully measure the magnetic field, see

§2.3.1. Second, MEG detectors are very expensive as SQUIDS require liquid helium

to keep them below their required operating temperature of 3 K. Not only is liquid

helium becoming more and more scarce, the shielding required makes MEG up to 100

times more expensive than EEG. Lastly, there is the inverse function problem; it is

mathematically impossible to determine the location of the currents as there is no
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unique solution to (2.3.1). Instead we must estimate the most likely location of the

sources, see §2.3.4.

2.3.1 Superconducting quantum interference device

Invented in the 1960s, the SQUID is a highly sensitive magnetometer which can

measure magnetic fields as small as 10−16 Tesla. This is achieved by exploiting the

superconducting phenomenon known as Cooper Pairs. As fermions, electrons must

obey Pauli’s exclusion principle, which states that two identical fermions cannot occupy

the same quantum state. However, at low temperatures, sub 30K, two electrons may

bind together to form a Cooper pair, which, as a boson, is no longer restricted by

Pauli’s exclusion principle. Hence any number of pairs can exist in the same quantum

state [53, 13].

Figure 2.3.1. SQUID: The superconducting quantum interference device, a highly
important element of the MEG detectors for accurately measuring small changes in the
magnetic field. Figure reproduced from [1].

The SQUID is a superconducting loop consisting of two superconductors separated

by thin insulating layers which form Josephson junctions, see Fig. 2.3.1. The Cooper

pairs can tunnel quantum mechanically through the Josephson junction, provided the

wavefunctions describing the Cooper pairs on either side of the junction differ in phase.
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As a result current can pass through the superconducting loop, and the magnitude of

the current is dependent on the phase difference across the junction, which is in turn

related to the magnetic flux passing through the loop. The current in fact oscillates

with the applied magnetic flux, and by measuring the frequency of these oscillations

one can measure the magnetic flux of the applied magnetic field [30].

The first MEG recording was performed by David Cohen in 1968, using a copper

induction coil as his detector [42]. Meanwhile in the Ford Research Labs James

Zimmerman and his team were working on creating SQUID devices for MEG [171].

In 1972 Cohen became the first man to record MEG signals using a SQUID device

[43]. Cohen used a single SQUID detector to measure the magnetic field at a number

of different locations on the subject’s scalp. In the 1980s, the use of arrays of sensors

which could cover larger areas became the standard. Now MEG arrays are pre-set

in the MEG helmet which covers the majority of the head. These helmets usually

contain up to 300 sensors.

2.3.2 Background noise and gradiometer

Even with the ability to make such precise measurements one must overcome the

issue of interference. The Earth’s magnetic field is roughly 108 times larger than

the fields produced by the brain. Computers, cars and mobile phones are also a

major problem. In order to overcome this problem MEG scanners are placed inside

magnetically shielded rooms.

Inside the shielded room the subject’s body can still cause interference. Gradiome-

ters are used to reduce this interference by measuring the spatial gradient of the

magnetic field rather than the magnitude alone. Standard gradiometers consist of

oppositely wound coils, placed at different distances from the head. As the magnetic

field decays rapidly with distance this makes for a better measurement of the magnetic

field, significantly reducing the signal-to-noise ratio.
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2.3.3 Optically-pumped magnetometers

An emerging technology known as optically-pumped magnetometers (OPMs) or atomic

magnetometers could be set to replace SQUIDs in MEG scanners [100]. This cutting

edge technology being developed for MEG at SPMIC is likely to make MEG more

pervasive in brain imaging. These devices are also capable of detecting magnetic fields

as small as 10−16 T and do not require extensive shielding or liquid helium for cooling.

Another benefit of OPMs is that they can be placed directly on to the scalp, like EEG

recording devices. This significantly reduces the signal-to-noise ratio, and may even

render the use of gradiometers in MEG obsolete. These devices exploit a quantum

property known as spin to measure an applied magnetic field. Spin is the intrinsic

angular momentum of a particle/nucleus.

Figure 2.3.2. Optically-pumped magnetometer: Schematic of an OPM. The pump
laser aligns the spins and then the applied magnetic field (green) changes the orientation of
these spins. The probe laser (purple) is applied to measure the change in spin orientation.
Figure reproduced from [148].

An OPM cell contains high pressure alkali vapour, which is formed by heating a

small amount of alkali metal to its boiling point inside the glass cell. A pump laser

is applied to the vapour, aligning the spins of the electrons inside the cell. Applying

an external magnetic field will shift the collective orientation of the electron spins,

which alters the index of refraction of the gas. Now applying a linearly polarised probe

laser through the gas allows one to measure the extent of the shift in spin orientation,
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by measuring the polarisation of the laser beam after it passes through the alkali

gas. This shift can the be related back to the strength and orientation of the applied

magnetic field [145].

2.3.4 Inverse function problem

The most challenging problem for MEG is that even after the magnetic fields have

been successfully recorded it is mathematically impossible the turn this data into an

exact 3D current density map, as the inverse problem of (2.3.1) does not have a unique

solution. Various methods exist to approximate a solution of (2.3.1), each of which

uses their own set of a priori assumptions. The most popular of these methods, which

is used in the SPMIC, is beamforming [31]. This method assumes the currents in the

brain can be modelled as current dipoles (a reasonable assumption given the nature

of ionic currents which typically travel in reasonably straight lines) and that temporal

patterns of electrical activity are not the same in two spatially separate brain regions.

Beamforming uses weighted sums of the MEG sensor measurements to obtain a record

of the electrical activity at a particular location, over the course of the experiment.

The weighting factors are calculated to ensure that the signals originating from the

location of interest are preserved, while the signals originating from any other location

(either inside or outside the brain) are suppressed [30, 160]. A common strategy used

for reconstructing spatio-temporal source activities is to assume an equivalent current

dipole model [146], a model of the magnetic field that would have formed had we

placed a dipolar current at the area of interest [143]. Spectrograms which show the

observed power at different frequencies over the course of an experiment (known as

time-frequency spectrograms) can be computed for single brain regions by applying

the beamforming method to the location of interest. If we wish to build a 3D image

of the changes in electrical activity across the brain we simply repeat the process at

multiple locations [30].
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2.4 Conductance based single neuron models

There currently exists a plethora of single neuron models for describing the spiking

dynamics of cortical cells. These models are typically divided into two classes; type

I and type II. The distinction between the two classes stems from differences in

their excitability. This distinction was first introduced by Hodgkin in 1948 [83], and

was later classified in more detail by Ermentrout [63]. The onset of firing in Type

I neurons occurs through a saddle node bifurcation on the invariant circle (SNIC).

However, in type II neurons firing can be brought on by a subcritical Hopf bifurcation,

a supercritical Hopf bifurcation, or a saddle node bifurcation outside the invariant

circle [138]. This corresponds to differences in their characteristic frequency-current

‘f-I’ curves, as shown in Fig. 2.4.1. The onset of firing occurs at zero freqenucy for type

I neurons, and at a non-zero frequency for type II neurons. Hence, type II neurons

can fire at arbitrarily low frequencies in response to constant current injection. This

Figure 2.4.1. Type I versus Type II: Both figures show the oscillation frequency as a
function of the input current I. When the current is increased past the critical current Ic
the system starts to oscillate. For type I neurons (left) the oscillations start at the so called
zero frequency, and the ‘f-I’ curve is continuous. For the type II neuron the oscillations start
at an non-zero frequency, hence, the ‘f-I’ curve is discontinuous.
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results in a continuous ‘f-I’ curve for type I neurons and a discontinuous ‘f-I’ curve

for type II neurons. In both cases the critical current Ic is defined as the minimum

external current needed to induce oscillations in the system.

2.4.1 Hodgkin-Huxley

In the early 1950s, Alan L. Hodgkin and Andrew F. Huxley carried out an extensive

series of experiments on the giant squid axon. They used these results to develop a

model which described the creation and propagation of action potential [84]. The

original model incorporated three types ion channels; a sodium channel, a potassium

channel and leakage channel. The leakage channel accounts for the other channels

which are not described by the model. Hodgkin and Huxley used circuit dynamics to

write the total current through the membrane I as

I = Cm
dV
dt = gK(V − VK) + gNa(V − VNa) + gl(V − Vl), (2.4.1)

where Cm is the membrane capacitance, V is the membrane potential, gi is the

conductance of the ion channel denoted by i and Vi is the corresponding synaptic

reversal potential. The leak conductance gl is assumed to be constant, as it represents

the passive flow of ions through ungated channels. The reversal potential of this

channel Vl was found to be similar to the reversal potential of the potassium channel

VK , as nongated channels are permeable to potassium ions. The potassium and sodium

channels open and close and as such gK and gNa change in time. Using voltage clamps

and current blockers, Hodgkin and Huxley successfully modelled these conductances

in terms of gating variables which we now interpret as the probability of the channel

being open or closed. Figure 2.4.2 shows the behaviour of the model when the input

current I is less than the critical current Ic, roughly equal to the critical current and

larger than the critical current.
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Figure 2.4.2. Hodgkin-Huxley dynamics: Plots of the membrane potential V in the
Hodgkin-Huxley model (2.4.1) for a range of different input currents I. In the first plot
I < Ic so the input does not generate rhythmic firing activity. In the middle plot I ' Ic, and
we see the emergence of rhythmic firing activity at a non-zero frequency. In the final plot
I > Ic, hence, we see a rhythmic firing activity at a higher frequency and lower amplitude.

The Hodgkin-Huxley model built the foundations for more detailed biophysical

neuron models. These extensions include, but are not limited to, other ion channels

[44], stochasticity [71] and more complicated dendrite and axon geometries [103].

Notably, the Human Brain Project is attempting to reconstruct the morphologies of

neurons and their dendritic trees, and have successfully reconstructed and simulated a

population of roughly 31,000 Hodgkin-Huxley type neurons with 13 ion channels [120].

The Hodgkin-Huxely model has also been used as a starting point for the derivation

of simplified neuron models. See [137] for a review of the Hodgkin-Huxley model and

its adaptations.

2.4.2 Quadratic integrate-and-fire

The quadratic integrate-and-fire (QIF) model was designed by Latham et al. [112]

explicity to understand the generation of low firing rate activity in the cortex. This

simple spiking model describes the evolution of the neuronal voltage v, with an ordinary

differential equation and a reset condition that corresponds to a firing event. When
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the voltage reaches a set threshold value vth, the voltage resets to the reset value vreset.

For a single neuron the voltage evolution is given by the following equations:

d
dtv(t) = v(t)2 + η,

v(ts−) = vth,

v(ts+) = vreset,

(2.4.2)

where η is the background drive/external input and ts is the spike time of the neuron.

When η > 0 the QIF model exhibits spiking behaviour, as seen in Fig. 2.4.3a. The

QIF model is a type I model so the onset of spiking occurs through a SNIC bifurcation

and starts at zero frequency, as can be seen in Fig. 2.4.3b. The frequency of oscillation

is given by 2√η.

(a) (b)

Figure 2.4.3. Quadratic integrate-and-fire model: Results for a simulation of a
quadratic integrate-and-fire neuron, given by (2.4.2). (a) Voltage trace for η = 2, vreset =
−6mV, vth = 100mV, showing the evolution of the voltage over time. (b) Frequency of
oscillation as a function of the external drive η, it can be seen that the frequency is given by
2√η.
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2.4.3 Theta neuron

The θ-neuron model or Ermentrout-Kopell canonical model is now widely known

throughout computational neuroscience as a parsimonious model for capturing the

firing and response properties of a cortical cell [68]. It is described by a purely one

dimensional dynamical system evolving on a circle according to

d
dtθ = (1− cos θ) + (1 + cos θ)η, θ ∈ [−π, π), (2.4.3)

where, as in §2.4.2, η represents a constant background drive.

For η < 0 the θ-neuron supports a pair of equilibria θ±, with θ+ < 0 and θ− > 0,

and no equilibria for η > 0. In the former case the equilibria at θ+ is stable and

the one at θ− unstable. In neurophysiological terms, the unstable fixed point at θ−
is a threshold for the neuron model. Any initial conditions with θ ∈ (θ+, θ−) will

be attracted to the stable equilibrium, while initial data with θ > θ− will make a

large excursion around the circle before returning to the rest state. For η > 0 the

θ-neuron oscillates with frequency 2√η. When η = 0 the θ-neuron is poised at a SNIC

Figure 2.4.4. Theta neuron dynamics: The leftmost figure shows the system when
η < 0,in this case there are two fixed points θ±, one of which is stable θ+ while the other is
unstable θ−. The middle figure shows the saddle-node on an invariant circle bifurcation at
η = 0, when θ+ and θ− collide. The last figure shows the behaviour of the system for η > 0;
here no fixed points exist and the system oscillates counter-clockwise.
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bifurcation. A network of θ-neurons can be described with the introduction of an

index i = 1, . . . , N and the replacement η → ηi + Ii, where Ii describes the synaptic

input current to neuron i.

The θ-neuron model is formally equivalent to the QIF model in the limit vreset →

−∞ and vth → +∞, under the transformation vi = tan(θi/2) (so that cos θi =

(1− v2
i )/(1 + v2

i ) and sin θi = 2vi/(1 + v2
i )). As limv→∞(2 tan−1 v) = π, the neuron is

said to ‘spike’ when θ = π.

2.5 Kuramoto model

The Kuramoto model is another phase oscillator model which is often used to describe

synchrony. The model describes the evolution of phases θi = θi(t) of N coupled

oscillators:
d
dtθi = ωi + K

N

N∑
j=1

sin(θj − θi), i = 1, . . . , N, (2.5.1)

where ωi are the intrinsic natural frequencies and K is the coupling strength [104].

The synchrony of the population can be described by the Kuramoto order parameter,

which is defined as

z(t) = R(t)eiΨ(t) = 1
N

N∑
j

eiθj(t). (2.5.2)

Here R is the coherence and Ψ is the average phase. If a population is perfectly

synchronised R = 1, conversely, if the system is perfectly asynchronised then R = 0.

These systems can be imagined on a unit disk in the complex plane, where the

oscillators move around the edge of the disk and the Kuramoto order parameter

lives within the disk. Figure 2.5.1 shows a snapshot of a simulation of 50 phase

oscillators, the angular position of the coloured dots represent the phases of the

individual oscillators and the black circle represents the Kuramoto order parameter,

where its angular position is the average phase of the population Ψ and the distance
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Figure 2.5.1. Kuaramoto model: Snapshot of a simulation of 50 Kuramoto oscillators,
described by (2.5.1), with coupling strength K = 6, where the intrinsic frequencies ωi were
drawn from a Lorentzian distribution with centre π and width π.

from the centre is the coherence R.

If the intrinsic frequencies ωi are chosen from a Lorentzian distribution, the

coherence of the network obeys the following equation in the large N limit:

R =
√

1− 2∆
K
, (2.5.3)

where ∆ is the width at half maximum of the Lorentzian distribution [104].

2.6 Neural mass modelling

It is widely believed that the main information processing power of the brain stems from

the synchronous behaviour of large populations of neurons, and as measurable brain

rhythms are generated by such activity it is impractical to model these oscillations

with large networks of interacting single neuron models. In 1972 Hugh R. Wilson

and Jack D. Cowan proposed that cortical dynamics could be studied through the
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analysis of the mean field dynamics, rather than studying the underlying stocastic

spiking processes themselves [165]. They successfully showed that this allowed them

to employ phase plane methods to analyse the system, as well as allowing them to

construct numerical solutions. This class of modelling later became known as neural

mass modelling, a method which uses low dimensional models to describe the coarse

grained activity of large populations of neurons and synapses. They are typically cast

as systems of ordinary differential equations (ODEs) and in their modern incarnations

are exemplified by variants of the two dimensional Wilson-Cowan model. This is a

simple model which tracks the activity of an excitatory population of neurons coupled

to an inhibitory population of neurons. Augmenting such models to include more

realistic forms of synaptic and network interaction has proved especially successful in

providing fits to neuroimaging data.

Historically one of the first examples in this area is the Zetterberg model for the

EEG rhythm [169]. This minimal model of a cortical column is based on previous

ideas developed by Lopes da Silva and colleagues [115, 116] and is built from three

interacting neural mass models. The first neural mass represents a population of

pyramidal cells, the second a population of excitatory interneurons, and the third a

population of inhibitory interneurons. This model will be examined in more detail

in §2.6.3. Another well known neural mass model is that of Liley [114], which pays

particular attention to the role of synaptic reversal potentials; see [56] for a discussion

of this model within the context of Freeman’s ideas on the importance of chaos for

cognition and perception [72]. As well as proving useful for understanding EEG

rhythms ranging from delta through to gamma [152], neural mass models have been

used to describe brain resonance phenomena [153], resting brain state activity [58]

and are very popular in the neuroimaging community. In this latter instance they are

often used for model driven fusion of multiple neuroimaging modalities, such as EEG

and functional magnetic resonance imaging (fMRI) [158], as well as to augment the
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dynamic causal modelling framework for understanding how event-related responses

result from the dynamics of coupled neural populations [123]. Moreover, they are

now an integral part of the Virtual Brain project that aims to deliver the first open

simulation of the human brain based on individual large-scale connectivity [142], as

well as play a key role in the neuro-computational modelling of neurological and

psychiatric disorders [21]. This latter work is especially viable since neural mass

models can incorporate accurate descriptions of synaptic processing, typically in the

form of a synaptic response function that is driven by firing rate rather than by the

arrival times of individual action potentials. This is precisely what we will discuss in

the next section.

2.6.1 Framework of neural mass models

Neural mass models generate brain rhythms using the notion of population firing rates,

aiming to side-step the need for large scale simulations of more realistic networks

of spiking neurons. However, both approaches often make use of the same level of

description for synaptic processing, in a manner that we shall now clarify.

As stated in §2.1, presynaptic firing results in the release of neurotransmitters at a

synapse which causes a change in the membrane conductance of the post-synaptic

neuron. This post-synaptic current may be written as I = g(vsyn − v), where v is

the voltage of the post-synaptic neuron, vsyn is the membrane reversal potential and

g is a conductance. As was the case in the Hodgkin-Huxley model, see §2.4.1, the

conductance is proportional to the probability that a synaptic receptor channel is in

an open conducting state. This probability depends on the presence and concentration

of neurotransmitter released by the presynaptic neuron. If the post-synaptic current I

is positive (negative) we say that the synapse is excitatory (inhibitory). The effect of

some synapses can be described with a function that fits the shape of the post-synaptic

response due to the arrival of action potential at the pre-synaptic release site. A
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post-synaptic conductance change g(t) would then be given by g(t) = κs(t− T ) for

t ≥ T , where T is the arrival time of a pre-synaptic action potential, s(t) fits the

shape of a realistic post-synaptic conductance, and κ the coupling strength.

For fast pulsatile interactions we may set s(t) = δ(t), where δ is a Dirac-delta

function. For a more realistic form, describing a normalised post synaptic potential

(PSP) with an exponential decay, we may set s(t) = αe−αtΘ(t), whilst for a more

general PSP with both a rise and fall time we would set s(t) = (1/α1−1/α2)−1[α1e−α1t−

α2e−α2t]Θ(t). Here Θ(t) is a Heaviside step function included to enforce causality, and

the parameters α, α1,2 are decay rates. The conductance change arising from a train

of action potentials, with firing times Tm, is given by

g(t) = κ
∑
m∈Z

s(t− Tm). (2.6.1)

If s is the Green’s function of a linear differential operator Q, such that Qs = δ, then

we may write (2.6.1) in the equivalent form

Qg = κ
∑
m∈Z

δ(t− Tm). (2.6.2)

Table 2.6.1 shows list of commonly used synaptic filters s and their corresponding

differential operators Q. From this point forward we will work with the choice

s(t) = α2te−αtΘ(t), describing the so-called α-function. This can be obtained from

the difference of exponentials form described above in the limit α1,2 → α, so that the

corresponding differential operator Q is

Q =
(

1 + 1
α

d
dt

)2

. (2.6.3)

In many neural population models it is assumed that the interactions are mediated

by firing rates rather than action potentials (spikes) per se. To see how this might
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Table 2.6.1. Synaptic filtering: Examples of differential operators and their correspond-
ing temporal filters. The first example shows pulsatile coupling, where no synaptic filtering
has been applied to the incoming spike. The second type of filter shown is an exponentially
decaying function, which accounts for the slow decay of the instantaneous pulse. It does
not however account for the time it take a synapse to process the incoming action potential,
increasing instantaneously to the maximum value as soon as the spike arrives. The last
example takes into account this synaptic processing delay, increasing smoothly to its peak
value and then decaying exponentially back to zero. Note that Θ(t) represents the Heaviside
function.

s(t) Q
Pulsatile δ(t) 1

Slow decay αe−αtΘ(t)
(
1 + 1

α
d
dt

)
Processing delay

(
1
α1
− 1

α2

)−1
[α1e−α1t − α2e−α2t] Θ(t)

(
1 + 1

α1
d
dt

) (
1 + 1

α2
d
dt

)

arise we perform a short-time average of (2.6.2) over some time-scale τ and assume

that s is sufficiently slow so that 〈Qg〉t is approximately constant, where

〈x〉t = 1
τ

∫ t

t−τ
x(t′)dt′, (2.6.4)

then we have that Qg = κf , where f is the instantaneous firing rate (number of spikes

per unit time). For a single neuron (real or synthetic) experiencing a constant drive

it is natural to assume that this firing rate is a function of the drive alone. If we

assume that a neuron spends most of its time close to rest such that vsyn − v ≈ vsyn,

and absorb a factor vsyn into κ, then for synaptically interacting neurons this drive is

directly proportional to the conductance state of the presynaptic neuron. Thus for a

single population of identically and globally coupled neurons operating synchronously

we are led naturally to equations like:

Qg = κf(g). (2.6.5)
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A common choice for the population firing rate function is the sigmoid

f(g) = f0

1 + e−r(g−g0) , (2.6.6)

which saturates to f0 for large g. This functional form, with threshold g0 and

steepness parameter r, is not derived from a biophysical model, rather it is seen as a

physiologically consistent choice. Figure 2.6.1 shows the typical shape of the firing rate

function (2.6.6). The extension to multiple interacting populations is straightforward,

and the popular Jansen-Rit model [89] (which is covered in § 2.6.3), provides a classic

example of such a generalisation.

Figure 2.6.1. Sigmoidal firing rate function: Plot of the firing rate function given by
(2.6.6) for f0 = 10, g0 = 0 and r = 0.7.

2.6.2 Wilson-Cowan model

Hugh R. Wilson and Jack D. Cowan were pioneers in the field of neural mass modelling.

Together they developed the beautifully simple Wilson-Cowan model [165], which

describes the evolution in time of the mean activity of a population of excitatory

neurons (E) and a population of the inhibitory neurons (I). The pair later augmented

30



CHAPTER 2. BACKGROUND

the original model to include a spatial component. This type of model is now known

as a neural field model. We will explore neural field models in Chapter 5. Here, we

will only consider the spatially clamped case.

The mean activity of the populations E/I is the proportion of cells firing in the

corresponding populations. The behaviour of the system depends upon the interactions

between the excitatory and inhibitory populations, as well as their self-interaction.

Each population receives excitatory (inhibitory) input from itself, with coupling

strength wEE (wII), and inhibitory (excitatory) feedback from the other population,

with coupling strength wEI (wIE), as well as an external input PE (PI), see Figure

2.6.2. The model takes the following form

QEE = f(wEEE + wEII + PE), (2.6.7)

QII = f(wIEE + wIII + PI), (2.6.8)

where f is the sigmoidal firing rate given by (2.6.6) and Qi is the linear first order

differential operator

Qi =
(

1 + 1
αi

d
dt

)
, (2.6.9)

for i = {E, I}.

Figure 2.6.3 shows a two parameter bifurcation diagram in PE and PI . The saddle

node bifurcation curves are depicted using solid lines and the Hopf bifurcation with

dashed lines. The saddle node curves collide at cusp bifurcations at PE ' −3, PI ' −5

and at PE ' 3, PI ' −7. We also observe 4 Takens-Bodagnov bifurcations, when the

Hopf curves collides with the saddle node curves. The system has three fixed points

in the area enclosed by these curves, and one elsewhere. In the area enclosed by the

Hopf curves the system oscillates. This simple model has been used time and time

again as the starting point for developing more complicated and biologically realistic

models, see [59] for a short review.
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Figure 2.6.2. Schematic diagram of the Wilson-Cowan model: Diagram showing
the interactions between the two neural populations in the Wilson-Cowan model; excitatory
(E) and inhibitory(I)
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Figure 2.6.3. Bifurcation diagram for the Wilson-Cowan model: Two parameter
bifurcation continuation of the external input currents PE and PI for the Wilson-Cowan
model, as described by (2.6.7)–(2.6.8). The solid black curves represent saddle-node bifurca-
tions and the dashed lines Hopf curves. The system has three fixed points in the areas under
the lower saddle node curve and above the upper saddle node curve, and one fixed point
elsewhere. Oscillatory behaviour exists in the parameter regime between the two Hopf curves.
Note the existence of 2 types of co-dimension 2 bifurcations, we observe cusp bifurcations
when the saddle node curves collide and Takens-Bodagnov bifurcations when the Hopf curve
collides with the saddle node curve. Parameters values: wEE = −wEI = wIE = 10, wII = 2
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2.6.3 Jansen-Rit model

As discussed above, the Zetterberg model was one of the first augmentations of the

Wilson-Cowan model. The Zetterberg model is now more widely known as the Jansen-

Rit model, due to Ben H. Jansen and Vincent G. Rit’s success in using the model to

better understand epileptic seizures [89]. The model consists of 3 interacting neural

masses, a population of pyramidal cells (P), a population of excitatory interneurons

(E) and a population of inhibitory interneurons (I). The model takes the following

form

QEgP = κPf(gE − gI), (2.6.10)

QEgE = κEf(wEgP ) + A, (2.6.11)

QIgI = κIf(wIgP ), (2.6.12)

where Qa is given by (2.6.3) under the replacement α→ αa, and κa, wa are connec-

tivity constants which account for the density of synaptic connections between the

Figure 2.6.4. Schematic diagram of the Jansen-Rit model: Diagram showing the
interactions between the pyramidal neurons (P), the excitatory interneurons (E) and the
inhibitory interneurons (I) for the Jansen-Rit model.
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populations, and A is the external input. A schematic diagram of the model is shown

in Fig. 2.6.4.

As the Jansen-Rit model was developed for modelling epileptic seizures, it is

important that it can support both low amplitude and high amplitude oscillations at

alpha frequency. Figure 2.6.5 shows a one parameter continuation of the external input

A. Solid (dashed) black lines represent stable (unstable) fixed points and green (blue)

circles represent stable (unstable) limit cycles. Noteworthy is the range A ' 3−−5,

where there are two mutually stable limit cycles. If the system is in one of these

oscillating states a perturbation may drive the system to the other limit cycle. This

transition corresponds to an epileptic seizure if the system is perturbed from the low

amplitude state to the high amplitude state.

A two parameter bifurcation of the Jansen Rit model is shown in Fig. 2.6.6. The

red curve represents the continuation of the saddle-node bifurcation and the blue the

Hopf bifurcation. For both a high amplitude and low amplitude oscillatory state to

coexist, as in Fig. 2.6.5, κP must lie in the range of values between roughly 0.0315

and 0.0335, for which the system has 3 Hopf bifurcations, which is a very small range.

Hence, small changes in κP could result in large changes to the behaviour of the

system. One can imagine that the healthy brain state lies either above or below this

range of κP values for which there are 3 Hopf bifurcations. The system only has one

periodic orbit outside this region and hence, if the system were perturbed it would

still return to this state.

Despite its usefulness in describing certain large scale brain rhythms, especially the

alpha rhythm (8−−13 Hz), it suffers the same deficiencies as all other neural mass

models, namely it cannot track the level of synchrony within a neuronal population.
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Figure 2.6.5. One parameter bifurcation diagram for the Jansen-Rit model: One
parameter continuation of the fixed points of (2.6.10)–(2.6.12) in the external drive A. Solid
black lines: stable fixed points; dashed black lines: unstable fixed points; green circles: stable
oscillations; blue circles: unstable oscillations. Importantly there exists a range of parameter
values (A ' 3.5−−5) where both low amplitude and high amplitude oscillations exist and
are stable. Parameter values: κP = 0.0325, κE = 3.5, κI = 14.7, w1 = 135, w2 = 34.2,
αE = 100, αI = 50, ν = 5, r = 0.56, θ = 6.
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Figure 2.6.6. Two parameter bifurcation diagram for the Jansen-Rit model: Two
parameter continuation of the fixed points of (2.6.10)–(2.6.12), in the external drive A and
the inhibitory coupling strength κP . Red: saddle-node bifurcation; blue: Hopf bifurcations.
Note that there are three Hopf bifurcations for only a small range of κP values, hence small
changes in κP would result in large changes to the behaviour of the system, in particular
the destruction of the multiple stable periodic orbits. Parameter values as in Fig. 2.6.2.
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2.6.4 Downfalls of neural mass modelling

It is important to remember that at heart all neural mass models to date are essentially

phenomenological, with state variables that track coarse grained measures of the

average membrane potential, population firing rate or synaptic activity. At best they

are expected to provide appropriate levels of description for many thousands of near

identical interconnected neurons with a preference to operate in synchrony. This

latter assumption is especially important for the generation of a sufficiently strong

physiological signal that can be detected non-invasively. The variation of synchrony

within a neuronal population is believed to underlie the decrease or increase of power

seen in given EEG frequency bands. The former phenomenon is called event-related

desynchronisation (ERD), and the latter, event-related synchronisation (ERS) [130].

Unfortunately the assumption of synchrony within neural mass models means that

they cannot hope to describe ERD and ERS, at least not at the single population

level. Rather, this sets a natural challenge for the next generation of neural mass

models. It is precisely this issue that we deal with in this thesis.
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Next generation neural mass

models I: Derivation and analysis

As discussed in Chapter 2, although neural mass models are motivated by neurobi-

ological considerations they are phenomenological in nature. The state variables in

these models track coarse grained measures of the average membrane potential, popu-

lation firing rate or synaptic activity, and are used to provide a description for many

thousands of near identical interconnected neurons operating in a near synchronous

regime. In Chapter 2, we briefly introduced the phenomena known as event-related

desynchronisation (ERD) and event-related synchronisation (ERS), which correspond

to decreases and increases of power for the different frequency bands. We stated that

these phenomena are believed to be the result of variations in the synchrony of the

underlying neuronal populations. Hence, they cannot be explained using standard

neural mass models, and as such we wish to develop alternative modelling approaches

which can account for these changes in within-population synchrony.

As a starting point to move beyond the current neural mass models we draw

inspiration from the physics of self-organised networks. The observation of macroscopic

coherent states in large networks of coupled spiking neuron models has inspired a
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search for equivalent low-dimensional dynamical descriptions, see [8] for a recent review

of oscillatory network dynamics in neuroscience. However, although the mathematical

step from microscopic to macroscopic dynamics has proved elusive for the majority of

spiking models, the Ott-Antonsen (OA) ansatz [126] has provided a very useful tool

in making this step for a specific case of spiking model. The OA ansatz was originally

developed to construct solutions of the Kuramoto model on a reduced invariant

manifold [105]. The key assumption of the ansatz is that the distribution of phases is

unimodal, and hence, the ansatz is well suited to describing systems that dynamically

evolve between an incoherent asynchronous state and a partially synchronised state,

which is often the case in systems with interactions that are prescribed by harmonic

functions. Unfortunately, it is not capable of describing cluster states; states in which

the neurons form multiple groups with distinct phases. Many people have tried to

extend the OA ansatz to describe cluster states, as well as other types of systems, but

a general theory is yet to be found [149].

Recent work by Luke et al. has shown that the θ-neuron model is amenable to

such a reduction for smooth non-pulsatile coupling [117]. A similar approach was

taken by Montbrió et al., using a formally equivalent Lorentzian ansatz to reduce a

network of QIF neurons [122]. Laing extended this work to include gap junctions and

first order synapses [109]. The work in this chapter shows how we can augment these

approaches to incorporate a biologically realistic form of synaptic coupling which has

been commonly adopted within current neural mass models. In this way we arrive at

the first instance of a next generation neural mass model, with a derived (as opposed

to postulated) population firing rate that directly depends upon the within population

synchrony.

In this chapter we shall introduce the quadratic integrate-and-fire model, with a

realistic form of synaptic coupling. We then transform to the θ-neuron framework

and show how the OA ansatz can be applied to describe the system on a reduced
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invariant manifold. The latter half of this chapter focuses on the bifurcation structure

of this model for both a single population and a two population model. This analysis

highlights the large window of parameter space in which stable oscillations exist and

the exotic bifurcation structure of the two population model. A condensed account of

this work can be found in [48].

3.1 Model description

We consider a network of N QIF neurons, which can be described as follows:

d
dtvi = ηi + v2

i + Ii, i = 1, . . . , N. (3.1.1)

This equation can be obtained from (2.4.2), under the replacement v → vi and

η → ηi + Ii. The synaptic current is chosen to be,

Ii = g(t)(vsyn − vi), (3.1.2)

where g(t) represents a common time-dependent synaptic conductance, which arises

from global coupling.

The synapse is modelled as a second order synapse,

g(t) = κ

N

N∑
j=1

∑
m∈Z

s(t− tmj ), (3.1.3)

where κ is the coupling strength, tmj is the mth firing time of the jth neuron and s is

the synaptic filter s(t) = α2te−αtΘ(t). As discussed in §2.6.1 this choice of synaptic

filter allows us to write (3.1.3) as

Qg(t) = κ

N

N∑
j=1

∑
m∈Z

δ(t− tmj ), (3.1.4)
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Figure 3.1.1. QIF neural network: The diagram on the right shows an all-to-all coupled
network. The zoom on the left shows each of the components of (3.1.1), (3.1.3) and (3.1.4).
The top plot of the zoomed section shows the shape of the synaptic filter for the case that
s(t) is an α-function: s(t) = α2te−αtΘ(t), where α−1 is the time-to-peak. Ii is the total
synaptic current that enters the cell body and vi is the voltage of the cell which oscillates as
shown in the middle plot. The corresponding output spike train is given by a sequence of
Dirac-delta functions δi =

∑
m∈Z δ(t− Tmi ), as illustrated in the bottom plot.

where

Q =
(

1 + 1
α

d
dt

)2

. (3.1.5)

Figure 3.1.1 shows a network schematic, and the behaviour of each of the components

in the model.

In the following we shall draw the background drives ηi from a Lorentzian distri-

bution L(η) with

L(η) = 1
π

∆
(η − η0)2 + ∆2 , (3.1.6)

where η0 is the centre of the distribution and ∆ the full width at half maximum. The

significance of this choice will be made apparent later.

As shown in Fig. 3.1.2, for a model with predominantly inhibitory connections, we

see patterns of coherent spiking. As we have assumed all-to-all coupling, the degree

of coherence is mainly controlled by ∆, the degree of heterogeneity of the constant
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current drives ηi. The numerical scheme used for these simulations is described in

Appendix A.1. In this figure we also track the evolution of two macroscopic order

parameters, the instantaneous firing rate r,

r(t) = 1
N

N∑
j=1

∑
m∈Z

δ(t− tmj ), (3.1.7)

and the average membrane potential V ,

V (t) = 1
N

N∑
j=1

vj(t). (3.1.8)

For large N both of the order parameters r and V show a smooth temporal variation.

In the case of complete synchrony we would expect these mean field signals to show a

periodic temporal variation, essentially following a trajectory reminiscent of a single

QIF neuron receiving periodic drive, whilst for an asynchronously firing population

these mean field signals would be constant in time (modulo finite size fluctuations). To

quantify the degree of coherence (or phase-locking) within an oscillatory population

it is convenient to use the Kuramoto order parameter (2.5.2). However, it is first

necessary to recast the model in terms of phase variables.

As discussed in §2.4.3 the link between the QIF neuron and the θ-neuron is well

known, and as such it is natural to introduce the phase variable θi ∈ [−π, π) according

to vi = tan(θi/2), with reset conditions vi(ts+) =∞ and vi(ts−) = −∞. In this case

we arrive at the θ-neuron network

d
dtθi = (1− cos θi) + (1 + cos θi)(ηi + g(t)vsyn)− g(t) sin θi, (3.1.9)

Qg = 2 κ
N

N∑
j=1

P (θj). (3.1.10)

Here P (θ) = δ(θ−π) and is periodically extended such that P (θ) = P (θ+2π), and we
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Figure 3.1.2. QIF dynamics: The top plot shows a raster depicting the spike times for a
sample of size 100 in a network of 500 QIF neurons, given by (3.1.1)–(3.1.6). The lower plots
show the mean field variables: the firing rate r and the average voltage V . Parameter values
are chosen such that the system exhibits partial synchrony; η0 = 20, ∆ = 0.5, vsyn = −10,
κ = 3.14, α = 0.95.
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have used the result that δ(t− tmj ) = |θ̇j(tmj )|δ(θj(t)− π) (this corresponds to a simple

change of variables). We will only consider the case that θj increases through π (so

that spikes are only generated on the upswing of the corresponding voltage variable).

As well as naturally providing a phase variable the θ-neuron network is more

straightforward to simulate as the model has continuous trajectories on an N -torus

(and there is no need to handle the discontinuous reset conditions). As was the case

for the Kuramoto model, it is possible to describe the system of phase oscillators in

terms of the Kuramoto order parameter, which is defined by (2.5.2). We reiterate

that if the population is perfectly synchronised then R = 1 and similarly if it is

perfectly asyncronous then R = 0. In Fig. 3.1.3 we show a sequence of snapshots of

the Kuramoto order parameter for the dynamics shown in Fig. 3.1.2, as well as the

time evolution of R and Ψ. Much as the order parameters (r, V ) vary smoothly with

time (for large N) so does the pair (R,Ψ). The numerical scheme used to compute

these figures is described in Appendix A.2.

Figure 3.1.4 illustrates the type of network evolution that can be generated with

different values of synchrony. Here we show the distribution of phases for different

values of the network coherence as well as the average network current. As one would

expect, a highly synchronous regime produces a pulse-like periodic signal. Whereas in

the partially synchronous regime the synaptic current is smoother, yet still periodic.

When the system is completely asynchronous the observed synaptic current is constant,

as all of the neurons fire asynchronously.

3.2 Ott-Antonsen reduction

In the limit N → ∞ the state of the network at time t can be described by a

continuous probability distribution function ρ(η, θ, t). Where ρ(η, θ, t)dθ corresponds

to the fraction of oscillators with phase between θ and θ+ dθ and constant background
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(a)

(b)

(c)

Figure 3.1.3. Results for a network of θ-neurons (3.1.9)–(3.1.10): (a) The top set of
plots show the phases of the individual neurons, represented by the coloured dots, at three
different values of time t. The phase of each neuron is the angular position of the coloured
dot. The black dot in the centre represents the Kuramoto order parameter z = ReiΨ. In the
left most plot the system is asynchronous and as such z ' 0. The middle plot illustrates that
the length from the centre of the disk to the black dot represents the population synchrony
R, and the average phase Ψ, is represented by the angular position of the black dot. The
right plot shows the system at a later point in time. (b) A time series of the population
synchrony R. (c) The evolution of the average phase Ψ as functions of time. One observes
that both the population synchrony and average phase continuously oscillate. Parameter
values as in Fig. 3.1.2.
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Distribution of phases Average synaptic current

Figure 3.1.4. Distribution of phases: Figure illustrating the distribution of phases
F (θ) in the large N limit and the average synaptic current for different values of the
population coherence R. For simplicity we have fixed the choice of time so that Ψ(t) = 0.
When the population is completely synchronous (R = 1) all of the neurons have the same
phase and, as a result, all of the neurons fire together such that F (θ) = δ(θ) and the
average synaptic current is very spiky. In the regime where R ' 0.5 the phases are more
distributed. Although a dominant phase can be clearly identified (by the peak value), not
all neurons have this phase. The OA ansatz gives the shape of the distribution in the form
F (θ) = (2π)−1(1−|z|2)/(|eiθ−z|2). This spread in the phase distribution acts to smooth out
the spikes in the average synaptic current to create a smooth oscillatory signal. When the
population of neurons is completely asynchronous (R = 0) there is no dominant phase and
every phase is equally probable such that F (θ) = 1/(2π). In this case all of the neurons fire
at different times as their phases are uniformly distributed which yields a constant synaptic
current. Note that the peak in the distribution of phases move as the system evolves in time,
with a velocity Ψ̇.
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drive η at time t. The probability density function ρ(η, θ, t) satisfies the following

continuity equation (arising from the conservation of oscillators):

∂ρ

∂t
+ ∂

∂θ
(ρvθ) = 0, (3.2.1)

where vθ is a given realisation of θ̇ given by (3.1.9) (remembering that η is a random

variable),

vθ = (1− cos θ) + (1 + cos θ)(η + gvsyn)− g sin θ. (3.2.2)

The global drive to the network, given by the right hand side of (3.1.10), can be

constructed as

lim
N→∞

1
N

N∑
j=1

P (θj) =
∫ 2π

0
dθ
∫ ∞
−∞

dηρ(η, θ, t)P (θ). (3.2.3)

Hence, the evolution of the synaptic conductance g is given by

Qg = κ

π

∑
m∈Z

∫ 2π

0
dθ
∫ ∞
−∞

dηρ(η, θ, t)eim(θ−π), (3.2.4)

where we have used the result that 2πP (θ) = ∑
m∈Z eim(θ−π). The formula for vθ may

be written conveniently in terms of e±iθ as

vθ = βeiθ + γ + βe−iθ, (3.2.5)

where β = ((η− 1) + vsyng+ ig)/2 and γ = (η+ 1) + vsyng, and β denotes the complex

conjugate of β.

Here we make use of the OA ansatz by assuming that ρ(η, θ, t) has the product

structure

ρ(η, θ, t) = L(η)F (η, θ, t), (3.2.6)
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where L(η) is the Lorentzian distribution defined by (3.1.6). This separation, which

is necessary for the reduction, can be viewed as a convenient factorisation. Since

F (η, θ, t) should be 2π periodic in θ it can be written as a Fourier series:

F (η, θ, t) = 1
2π

[
1 +

{ ∞∑
n=1

Fn(η, t)einθ + cc
}]

, (3.2.7)

where cc denotes complex conjugate. The insight in [126] was to restrict the Fourier

coefficients such that Fn(η, t) = a(η, t)n, where |a(η, t)| ≤ 1 to avoid divergence of the

series. There is also a further requirement that a(η, t) can be analytically continued

from real η into the complex η-plane, that this continuation has no singularities in

the lower half η-plane, and that |a(η, t)| → 0 as Im η → −∞. If we now substitute

(3.2.5) into the continuity equation (3.2.1), use the OA ansatz, and balance terms in

eiθ we obtain an evolution equation for a(η, t) as

∂

∂t
a+ ia2β + iaγ + iβ = 0. (3.2.8)

It is now convenient to introduce the continuum Kuramoto order parameter

z(t) =
∫ 2π

0
dθ
∫ ∞
−∞

dηρ(η, θ, t)eiθ, (3.2.9)

where |z| ≤ 1. Substituting both (3.2.6) and (3.2.7) into (3.2.9), and performing the

integral over θ we find

z(t) =
∫ ∞
−∞

dηL(η)a(η, t). (3.2.10)

Here, we have made use of the orthogonality properties of eiθ, namely
∫ 2π

0 eipθeiqθdθ =

2πδp,−q, where δij is the Kronecker delta function. By noting that the Lorentzian

(3.1.6) has simple poles at η± = η0 ± i∆, we may use contour integration to evaluate

the integral in (3.2.10) along a large semi-circle contour in the lower half η-plane. This

yields the result z(t) = a(η−, t). It is important to highlight the significance of the
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choice of distribution for the background drives ηi. This step in the reduction can

only be completed if the distribution contains a simple pole in the lower half η-plane.

Here, we have chosen a Lorentzian distribution but any distribution which satisfies

this criteria can be used. Using similar techniques to evaluate (3.2.4), we find that

the mean field dynamics of the synaptic conductance g can be written as

Qg = κf(z), (3.2.11)

where

f(z) = 1
π

[
1 +

{ ∞∑
m=1

(−1)mzm + cc
}]

= 1
π

1− |z|2

1 + z + z + |z|2
. (3.2.12)

where |z| < 1.

It is illuminating to express f as function of W using (3.2.18) from which we find

f(W ) = 1
π

W +W

2 = r. (3.2.13)

This demonstrates that f(z) is indeed the firing rate of the population, driving the

global synaptic current. Figure 3.2.1 shows f as a function of z. As expected f takes

its highest value when z ' eiπ, corresponding to high synchrony where all of the

neurons fire and reset at the same time. To obtain the dynamics for z we note that

z(t) = a(η−, t), substitute this into (3.2.8), and take the complex conjugate which

yields,

dz
dt = −i(z − 1)2

2 + (z + 1)2

2 (−∆ + iη0 + vsyng)− z2 − 1
2 g. (3.2.14)
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Figure 3.2.1. Firing rate dynamics: Density plot showing the firing rate f (3.2.12)
as a function of the complex number z = ReiΨ. Firing is highest near z = eiπ, which
corresponds to highly synchronous behaviour where all of the phases of the neurons go
through π simultaneously.

It is convenient to separate (3.2.14) as dz/dt = F(z; η0,∆) + G(z, g; vsyn), where

F(z; η0,∆) = −i(z − 1)2

2 + (z + 1)2

2 [−∆ + iη0] , (3.2.15)

G(z, g; vsyn) = i
(z + 1)2

2 vsyng −
z2 − 1

2 g. (3.2.16)

As a reminder to the reader ∆ is the heterogeneity parameter which is defined as the

width of the Lorentzian distribution, η0 is the mean of the background drive which is

the centre of the Lorentzian distribution and vsyn is the synaptic reversal potential.

Here we interpret (3.2.15) as describing the intrinsic population dynamics and (3.2.16)

the dynamics induced by synaptic coupling. Thus the form of the mean field model

is precisely that of a standard neural mass model discussed in §2.6, and given by

(2.6.5). Importantly the firing rate f is a derived quantity that is a real function of

the complex Kuramoto order parameter for synchrony. This in turn is described by a
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complex ODE with parameters from the underlying microscopic model.

Figure 3.2.2 shows results for a simulation of 500 θ-neurons (red) and a simulation

of the reduced mean field model (blue). It is strikingly clear that the two simulations

agree very well. If the size of the population in the large scale simulations is reduced

then one can begin to see finite size fluctuations as expected. Remarkably, the mean

field equations provide a good fit for the dynamics of a θ-neuron network with a

population size as small as 10. The finite size effects are apparent, but the underlying

behaviour is visible and still matches the mean field dynamics. The macroscopic

order parameters (r, V ) in the reduced mean field model are plotted in Fig. 3.2.3. As

expected, they behave similarly to the corresponding order parameters for the large

scale simulations plotted in Fig. 3.1.2. Likewise, the mean field representation of

(R,Ψ), plotted in Fig. 3.2.4, agree extremely well with those shown in Fig. 3.1.3. The

mean field simulations can easily be performed using MATLAB’s built in ODE solvers.

Figure 3.2.2. Validity of reduction: Comparison between the reduced mean field
network (3.2.15)–(3.2.16) (blue) and simulation a network of 500 θ-neurons (3.1.9)–(3.1.10)
(red). Phase plane for the Kuramoto order parameter z = ReiΨ is shown on the left and the
phase plane for the synaptic conductance g is shown on the right. Parameter values as in
Fig. 3.1.2.
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Figure 3.2.3. Mean field reduction for a QIF network: Time series for the mean
field variable W = πr+ iV , where r is the population firing rate and V is the average voltage.
Comparing these plots to the corresponding plots for a 500 neuron simulation in Fig. 3.1.2
it is clear to see that they agree well. The finite size fluctuation for V are quite apparent
when comparing the results for the large scale simulation to those of the reduced mean field
model. However, the overall behaviour is similar. Parameters as in Fig. 3.1.2.

Interestingly, Montbrió et al. have recently shown that a similar reduction exists

for a network of QIF neurons. Using a Lorentzian distribution as their ansatz for

the distribution of membrane potentials vi, they have found an alternative continuity

equation which describes the system in terms of the population firing rate r and the

average membrane potential V . More importantly they also provided a mechanism for

transforming between order parameters in the phase and the voltage descriptions with

the use of a conformal transformation [122]. The key observation made by Montbrió

et al. was to note that the Lorentzian distribution represents the Poisson distribution

on the half-plane and the OA ansatz corresponds to the the Poisson distribution on
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Figure 3.2.4. Mean field dynamics of the θ-neuron network (3.2.15)–(3.2.16): Phase
plane of the Kuramoto order parameter z, showing R(t) andnΨ(t), as well as a time series
for both R and Ψ. Once again the plots match very well with the corresponding plots for
the simulation of 500 θ-neurons in Fig. 3.1.3. Interestingly even the initial behaviour is well
matched. Parameters as in Fig. 3.1.3.
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the unit disk, and hence, it is easy to establish a conformal mapping between the

two representations. If we introduce the complex order parameter for the voltage

description as

W = πr + iV, (3.2.17)

then the conformal transformation is given as

W = 1− z
1 + z

, (3.2.18)

where z denotes the complex conjugate of z. We refer the reader to [122] for a more

thorough description of the Lorentzian reduction, used by Montbrió et al..

3.3 Next generation neural mass model:

analysis

The mean field model derived in §3.2 is a natural candidate for a next generation

neural mass model. It generalises the form of the phenomenological neural mass model

whilst maintaining contact with biological reality in that it preserves the notion of

both population firing rate and synchrony. Note that a similar model has recently

been discussed by Laing [110], although here the focus was on smooth (non-pulsatile)

interactions and a first order synapse model (namely Q = (1 + α−1d/dt)) with no

provision for synaptic reversal potentials. In mathematical terms we are now faced

with understanding the dynamics of a coupled system of ODEs given by

Qg = κf(z), (3.3.1)
dz
dt = F(z; η0,∆) + G(z, g; vsyn), (3.3.2)
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with f , F and G given by (3.2.12), (3.2.15) and (3.2.16) respectively, and Q a linear

differential operator given by (3.1.5). One practical way to assess the emergent

behaviour of the model under parameter variation is through numerical bifurcation

analysis. We now pursue this for (3.3.1) and (3.3.2) as well as for its natural extension

to cover two interacting populations.

3.3.1 Single population

We first consider the case of a predominantly inhibitory population. Using XPPAUT

[66] we find that for a wide range of system parameters it is possible to find a Hopf

bifurcation of a steady state to a periodic orbit under parameter variation of η0

(controlling the mean value of the background drive). Figure 3.3.1 shows such a

bifurcation diagram. It can be seen that a stable periodic orbit exists for η0 roughly

between 0 and 90. It is also possible to find a Hopf bifurcation in a predominantly

excitatory population, provided we have sufficiently fast synapses α & 2.5. In the

case of a predominantly excitatory population we also have a series of saddle-node

bifurcations. Figure 3.3.2 shows a one parameter continuation in η0, illustrating that

the Hopf bifurcation is subcritical in this case. A two parameter continuation was

computed in the mean background drive η0 and the synaptic reversal potential vsyn

to trace both the Hopf and the saddle-node bifurcations, see Fig. 3.3.3. It can be

seen that the saddle-node bifurcation only exists for positive vsyn (excitatory coupling)

and negative η0 (inhibitory background drive). The switch from sub- to super-critical

behaviour appears to happen at vsyn ' 0, when the coupling changes from being

excitatory dominated to inhibitory dominated.

To illustrate the large region of parameter space that can support oscillations

we show a two parameter continuation of the Hopf bifurcation in ∆ and η0 (the

parameters which control the shape of the Lorentzian distribution (3.1.6)), for several

values of the coupling strength κ and reversal potential vsyn, see Fig. 3.3.4. The
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Figure 3.3.1. Bifurcation diagram for an inhibition dominated network: One
parameter continuation in the mean background drive η0, for the mean field model described
by (3.2.15)–(3.2.16) with negative value of the synaptic reversal potential vsyn (predominantly
inhibitory synapses). For η0 ≤ 0 there exists a stable fixed point (solid red line). At η0 ' 0
the fixed point goes unstable (dashed black line) at a Hopf bifurcation and we see the
emergence of periodic solutions. The solid green curve shows the minimum and maximum
of the periodic orbit. These periodic solutions are destroyed at a second Hopf bifurcation at
η0 ' 90. Parameter values: ∆ = 0.5, vsyn = −10, κ = 1, α = 3.
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Figure 3.3.2. Bifurcation diagram for an excitation dominated network: One pa-
rameter continuation in the mean background drive η0, for the mean field model described by
(3.2.15)–(3.2.16) with a positive value of the synaptic reversal potential vsyn (predominantly
excitatory synapses). For η0 ≤ −40 there exists a stable fixed point (solid red line). At
η0 ' −40 there is a saddle-node of periodic orbits bifurcation, where we see the emergence
of both stable (green) and unstable (blue) limit cycles. As η0 is increased further we see a
saddle-node bifurcation, and hence the creation of another stable fixed point, as well as an
unstable fixed point (dashed black). The stable branch then goes unstable at a subcritical
Hopf bifurcation which destroys the unstable branch of periodic solutions. As η0 is increased
through roughly 5 there is a second saddle-node bifurcation, which destroys the remaining
stable fixed point solution and one of the unstable solutions, leaving a single unstable fixed
point and stable periodic solution. Parameter values: ∆ = 0.5, vsyn = 10, κ = 5, α = 3.
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Figure 3.3.3. Two parameter bifurcation diagrams for the mean field model
(3.2.15)–(3.2.16): (a) Two parameter continuation in the mean background drive η0 and
the synaptic reversal potential vsyn, showing the Hopf curve (blue) and the saddle-node
curves (red), which meet at a cusp bifurcation at η0 h 1, vsyn h 2. Oscillatory solutions
exist above the Hopf curve, and there are 3 fixed points between the two saddle-node curves.
In the region above the Hopf curve and inside the saddle-node curves there exist a limit
cycle, a stable solution and two unstable solutions. In the region below the Hopf curve and
inside the saddle-node curves there exist two stable solutions and an unstable solution. (b)
Zoomed version of plot on the left, to show the saddle-node of periodic orbits (dashed blue).
Parameter values as in Fig.3.3.2.
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system supports oscillations in the regions below the curves.

(a) (b)

Figure 3.3.4. Two parameter bifurcation diagram for a predominantly inhibitory
network: Two parameter continuations of a Hopf bifurcation, for the model (3.2.15)–(3.2.16),
in the mean background drive η0 and the heterogeneity of the background drive ∆, for
various values of (a) the coupling strength κ and (b) the synaptic reversal potential vsyn.
The system oscillates for the parameter values under the curves. Parameter values as in Fig.
3.3.1.

3.3.2 Two populations

Next we consider a two population system, one excitatory dominated and one inhibitory

dominated, with reciprocal connections. Introducing the labels E and I for each

population then the natural generalisation of (3.3.1) and (3.3.2) is

Qabgab = κabf(zb), (3.3.3)
dza
dt = Fa(za) +

∑
b

Gb(za, gab), (3.3.4)

where a, b ∈ {E, I}. Here, Qab is obtained from (2.6.3) under the replacement

α → αab, Fa(za) = F(za; ηa0 ,∆a) and Gb(za, gab) = G(za, gab; vabsyn). The set up of the
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Figure 3.3.5. Set up of two population network: Schematic of the two population
system, illustrating each of the connections and associated parameters.

two population system is shown in Fig. 3.3.5. The system now consists of 12 ODES,

there is one second order equation for each synaptic connection (namely (3.3.3)), of

which there are 4, and a complex ODE describing the Kuramoto order parameter for

each of the populations (namely (3.3.4)). The system of equations (3.3.4) generalises

those recently presented by Laing [110]. Here, we extend his model to include synaptic

Figure 3.3.6. PING rhythm in two population network: Evolution of the firing rate
of the excitatory (blue) and inhibitory (red) populations for network defined by (3.3.4)–
(3.3.3). It can be seen that the two populations oscillate at the same frequency, but that
the inhibitory population lags slightly behind. Parameters values: αEI = 0.8, αIE = 10,
κEI = 0.5, κIE = 0.65, vEIsyn = −10, vIEsyn = 10, ηE0 = 10, ηI0 = 0, ∆E = ∆I = 0.5,
κEE = κII = 0.

reversal potentials and self coupling. Our model also includes a more biologically
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realistic form of synaptic coupling. The model presented by Laing assumed a smooth

non-pulsatile interaction term with first order synaptic processing. Whereas our

model assumes pulsatile interactions with second order synaptic processing. Laing

highlighted the ability of his model to produce a so-called pyramidal-interneuronal

network gamma (PING) rhythm [24]. The PING rhythm corresponds to oscillatory

behaviour involving the interplay of an excitatory population of pyramidal neurons

and an inhibitory population of interneurons, whereby the excitatory population

synchronises the inhibitory population, causing them to fire at the same frequency,

but with a slight lag. We found that our augmented network can also support the

PING rhythm (in the absence of self-coupling), which can be seen in Fig. 3.3.6.

There are a number of mechanisms which can destroy the PING rhythm. Using

bifurcation theory, we will show how our model satisfies the criteria for a PING

rhythm laid out in [24, 25], namely when the synaptic connections between the two

populations are too weak or the external drive into the inhibitory population is

too strong we do not see the PING rhythm. Figure 3.3.7 shows a one parameter

bifurcation digram for the coupling strength between the excitatory and the inhibitory

populations κIE. It can be seen in the bifurcation diagram that periodic behaviour

can be destroyed in a supercritical Hopf bifurcation as κIE is decreased. In Fig. 3.3.8

we show a bifurcation diagram under the variation of κEI . Again, as the strength of

the synaptic connections between the inhibitory and the excitatory populations κEI
is weakened periodic behaviour is destroyed in a supercritical Hopf bifurcation. We

test the hypothesis that increasing the external input to the inhibitory population

destroys the PING rhythm by varying the mean background drive to the inhibitory

population ηI0, which is shown in Fig. 3.3.10. Increasing ηI0 leads to a supercritical

Hopf bifurcation which also terminates the PING rhythm.

To fully explore the two population system we reintroduce the self coupling

connections, κEE 6= 0, κII 6= 0, and carry out a one parameter continuation of the
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Figure 3.3.7. Bifurcation diagram in κIE for the two population model: Bifurca-
tion diagram for a reciprocally connected PING network defined by (3.3.4)–(3.3.3) under
variation of the strength of the connection from the excitatory population to the inhibitory
population κIE , for both the excitatory (blue) and inhibitory (red) populations. Solid lines:
stable; dashed lines: unstable. Circles show maximum and minimum values of f(zE) and
f(zI) over one period of oscillation when no steady states are stable. Parameters values as
in Fig. 3.3.6

63



CHAPTER 3. NEXT GENERATION NEURAL MASS MODELS I: DERIVATION
AND ANALYSIS

Figure 3.3.8. Continuation in κEI for the two population model: Corresponding
bifurcation diagrams to Fig. 3.3.7 under variation of the strength of the connection from the
inhibitory population to the excitatory population κEI , for both the excitatory (blue) and
inhibitory (red) populations. Note that PING rhythms can be terminated by decreasing the
strength of coupling to the excitatory population from the inhibitory population. Parameters
as in Fig. 3.3.7 with κIE = 0.9.
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Figure 3.3.9. Bifurcation diagram in ηI0 for the two population model: Corre-
sponding bifurcation diagrams to Fig. 3.3.7 and Fig. 3.3.8 under variation of the mean
background drive to the inhibitory population ηI0 , for both the excitatory (blue) and in-
hibitory (red) populations. Note that PING rhythms can be terminated by increasing the
natural frequency of the inhibitory population. Parameters as in Fig. 3.3.7 with κIE = 0.9.
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mean background drive to the inhibitory population ηI0, see Fig. 3.3.10. As ηI0 is

increased we observe the appearance of oscillatory behaviour through a supercritical

Hopf bifurcation, which is destroyed at a second supercritical Hopf bifurcation when ηI0
is increased further. Note the appearance/disappearance of period doubling through

two period doubling bifurcations on this branch of periodic solutions. We also observe

the appearance and disappearance of an isola of periodic orbits through two saddle

Figure 3.3.10. Continuation in ηI0 of the two population model: Bifurcation di-
agram, for the model described by (3.3.4)–(3.3.3), in the mean background drive to the
inhibitory population ηI0 . It can be clearly seen that the inclusion of self coupling in the
twpo population system leads to a rich bifurcation structure. Solid lines: stable; dashed
lines: unstable; green (blue) dotted line: stable (unstable) oscillations; orange crosses:
period doubling bifurcations; red stars: torus bifurcations. Of particular interest is the
appearance/disappearance of an isola at ηI0 ' 15−−50. Parameters: αEE = 1, αEI = 0.7,
αIE = 1.4, αII = 0.4,κEE = 3, κEI = 1, κIE = 2, κII = 1.5, vEIsyn = 10, vIEsyn = −vEIsyn = 8,
vIIsyn = −12, ηE0 = 20, ∆E = ∆I = 0.5.
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node bifurcations of periodic orbits. The first saddle node occurs before the second

Hopf bifurcation, i.e. there exists two stable periodic orbits for this window of

parameter space. Further increasing ηI0 leads to another saddle node bifurcation of

periodic orbits, shortly followed by a torus bifurcation and then a saddle-node on

invariant circle bifurcation which destroys the unstable branch of the periodic orbit.

The stable branch of the periodic orbit is destroyed at a supercritical Hopf bifurcation,

as ηI0 is increased further. Along the unstable fixed point branch there are four Hopf

bifurcations all of which either create or destroy unstable periodic behaviour. Between

the second and third of these bifurcations there are two torus bifurcations, one on

each periodic orbit.

Figure 3.3.11 shows the behaviour of the system for ηI0 = −20 and ηI0 = 25

respectively. In both cases the excitatory population has two frequencies; the fast

gamma rhythm is modulated by the lower frequency, which is synchronised to the

inhibitory population oscillations. For ηI0 = 25, the system follows the orbit created

by the isola, and there are two peaks in the (inhibitory) firing rate per period.

3.4 Discussion

We began this chapter with a discussion of the failures of the standard neural mass

model, in particular its inability to support the well documented phenomena of

ERS and ERD, which set the scene for our next generation neural mass model. We

introduced a network of θ-neurons, and outlined how the OA ansatz was used to reduce

the network to an equivalent fourth order system of equations. The model presented

here is very much in the original spirit of neural mass modelling, yet importantly it

can be interpreted directly in terms of an underlying spiking model. Moreover, the

derived structure of the macroscopic equations can be viewed as a modification of

the standard neural mass framework whereby the firing rate of the system is now
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Figure 3.3.11. Behaviour of two population model (3.3.4)–(3.3.3): Firing rate for
the excitatory (blue) and inhibitory (red) populations, showing the exotic behaviour that is
present when self coupling is reintroduced. Plots corresponds to Fig. 3.3.10 at ηI0 = −20
(top) and ηI0 = 25 (bottom). Parameters values as in Fig. 3.3.10.
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coupled to the degree of synchrony within a population. Also, the firing rate function

in this generalised neural mass model is a derived quantity, rather than the standard

sigmoidal function.

An extensive bifurcation analysis was carried out on the single population system,

which highlighted the system’s preference to oscillate for a large set of parameter

values. The two population bifurcation analysis exposed a number of interesting

bifurcations, which would be interesting to explore further. In particular, to explore

the model as a potential candidate for epilepsy modelling, given that we found areas

of parameter space where both low amplitude and high amplitude oscillatory states

coexist.

This chapter highlighted the capabilities of the model, but we must also note

some of its drawbacks. The network is all-to-all coupled, which many would argue is

unrealistic. However, we believe that all-to-all coupling is a reasonable assumption

when considering small densely connected areas of cortex. The main failing of this

model is its inability to generate cluster states, and other more exotic types of

behaviour. Unfortunately we do not have the tools necessary for reducing general

spiking neuron models at present. However, advances have been made in this direction,

and they are discussed in Chapter 7

In the next chapter we outline the recent success of this model in explaining

β-rebound, and discuss other possible applications.
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Chapter 4

Next generation neural mass

models II: Applications to

magnetoencephalography

The model presented in Chapter 3 is an ideal candidate for population-level modelling

approaches aimed at understanding in vivo brain activity. It takes the form of a

generalised neural mass model, while also maintaining biological relevance, as it

preserves the notions of both within population synchrony and population firing

rate. We believe it will prove particularly useful in understanding event-related

desynchronisation (ERD) and event-related synchronisation (ERS), two important

phenomenon which standard neural mass models fail to incorporate.

Our focus will be on two special cases of ERD and ERS, movement related beta

decrease (MRBD) and post movement beta rebound (PMBR). MRBD and PMBR

are beta band modulations, believed to be caused by changes in synchrony within

a relatively localised region of motor cortex. To describe these effects we are faced

with modelling at a mesoscopic brain scale, with particular emphasis on the changes

in synchrony within a population of, say, 106−7 excitatory pyramidal cells and their
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associated inhibitory interneurons. A neural mass model would be ideal for this scale,

if the question of interest related to rate rather than spike. As such, this problem

presents the perfect opportunity to use our next generation neural mass modelling

approach.

This chapter begins with an introduction to the beta rhythm, followed by a

recapitulation of what is already known about MRBD and PMBR. We then discuss

the experimental design and results of the median nerve experiment which we carried

out as part of this study. The focus then shifts to how the model described in

Chapter 3 can be used to describe the MRBD and PMBR. The last section of the

chapter concentrates on a two population model and demonstrates how the additional

population provide a better fit to the observed time-scales of MRBD and PMBR. The

first half of this chapter is set to be published in [35].

4.1 Beta rhythms and β rebound

4.1.1 The beta rhythm

The modelling of brain rhythms is now a well established and vibrant part of com-

putational neuroscience. As discussed in Chapter 2, recordings of large populations

of neurons are well known to be dominated by oscillations (rhythmic activity in cell

assemblies) across a wide range of temporal scales and scientists have sought to develop

large scale models to describe the five main frequency bands: delta, theta, alpha, beta

and gamma. Moreover, it has long been known, since the early works of Jasper and

Andrews [91, 92], that different brain rhythms can be localised to specific areas of the

brain, and that these rhythms are functionally distinct.

Hans Berger was the first to associate the beta rhythm with the motor cortex [18].

He noted that the beta oscillations had a smaller amplitude and higher frequency

than the previously seen alpha rhythms. This was later confirmed by Jasper and
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Penfield during a recording from the cortical surface of epilepsy patients [90]. They

showed that the characteristic resting frequency of the motor cortex is about 25

Hz. However, premotor areas tend to exhibit a lower beta frequency of about 17–22

Hz [136]. Although the beta rhythm has been predominantly studied in relation to

sensorimotor behavior, it also plays a role in attention [76] and anxiety [80, 70].

4.1.2 Beta decrease and rebound

In their seminal 1949 paper [90], Jasper and Penfield discovered that the beta rhythms

generated in the motor cortex were suppressed during voluntary movement, and

lasted for the entirety of the movement, as well as approximately 0.5 seconds after

movement termination. This phenomenon later became known as movement related

beta decrease (MRBD). MRBD was originally thought to be the consequence of

planning and executing movement. Interestingly, in the case of voluntary movements

MRBD is seen roughly 1 s before movement initiation. Hence, movement planning

must play some role in MRBD. However, as MRBD is also present in tactile movement

and for median nerve stimulation [128, 2], this cannot be the entire story. The current

belief is that the desynchronisation of beta oscillations is related to neural activation

and an increase in processing power [129].

It wasn’t until 1994 that Salmelin and Hari [141] discovered the temporary rise

in amplitude of the beta oscillations following movement cessation. This increase

in power is now known as post-movement beta rebound (PMBR), and can last

anywhere between 1− 10 seconds [136, 132, 97]. The length of PMBR varies greatly

with experimental design and between participants [73]. In general, high amplitude

beta oscillations are thought to reflect inhibition [37, 75], a hypothesis supported by

quantifiable relationships between beta amplitude and local concentrations of the

inhibitory neurotransmitter gamma aminobutyric acid (GABA) [75, 78, 94, 124]. As

such, PMBR is thought to reflect the active inhibition of neuronal networks post-
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movement [3, 150]. An alternative, but not mutually exclusive hypothesis, which has

been proposed by Donner and Siegal, is that the beta signal, in part, represents long

range integration across multiple brain regions [60] (see also [98]). Indeed this is a

hypothesis supported by some evidence suggesting that large scale distributed network

connectivity is mediated by beta oscillations [32, 79, 82].

Multiple papers have employed a large number of carefully controlled experimental

paradigms, in humans and animals, to further investigate beta rebound phenomena,

see [40, 98] for reviews. It is clear that beta band modulation is robust across subjects,

occurring during internally and externally cued movements [130]. However, despite

the robust nature of beta task induced decrease and post stimulus rebound, the effect

itself is relatively poorly understood. Interestingly, both MRBD and PMBR have been

seen in studies where the subject is asked to think about moving, without carrying

out the movement [144, 133].

Recent work, reviewed in [32, 33, 140], has begun to show the potential importance

of beta band modulation. For example, Fig. 4.1.1 shows two relative time-frequency

spectra depicting the changes in neural oscillations in sensorimotor cortex in response

to a cued finger movement task. The time-frequency spectrum is extracted from

a location of interest in left primary motor cortex. The left hand panel (a) shows

the case for healthy individuals. Notice that in the beta band, the MRBD and

PMBR are observed clearly. The right hand panel (b) shows the case for patients

with schizophrenia. Note the significant reduction in PMBR. Furthermore, this same

study showed that the magnitude of the beta rebound correlated significantly with

the severity of ongoing symptoms of schizophrenia, thus highlighting direct clinical

relevance of the measurement. This is just one example of how beta band oscillations

have been identified as a potential biomarker of disease; other examples include

Parkinson’s disease [156]. In addition, the robustness of MRBD and PMBR has

meant that they have also been used in neuroscience applications ranging from brain
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computer interfaces [131] to markers of neural plasticity [74, 121].

(a) (b)

Figure 4.1.1. The beta rebound and its disruption in patients with schizophre-
nia: (a) Time-frequency spectrograms showing changes in the amplitude of neural oscillations,
in contralateral sensorimotor cortex, when subjects execute a 2s finger movement. Note
that, in the beta band, a loss in oscillatory power during movement is accompanied by an
increase in power on movement cessation. (b) Equivalent time-frequency spectrogram in
patients with schizophrenia. Note the significant reduction in the beta rebound. (Figure
reproduced with permission from [140].)

It is also noteworthy that the beta band power loss and rebound, whilst commonly

thought of as being observable in the sensorimotor cortex, is not a sole property of

the sensorimotor system. For example, Fig. 4.1.2 shows instances of observation of

very similar phenomena in other cortical areas. Figure 4.1.2a shows time-frequency

oscillatory dynamics of a network of brain areas encapsulating the bilateral insular

cortex (the area between the temporal and parietal lobes), throughout a cognitive

task [113, 33]. The task itself involves presentation of a series of visual stimuli; some

stimuli are relevant to the task, others irrelevant. Subjects were asked to respond

if the relevant stimuli match some predetermined condition. Note here that only

the results for the non-target stimuli are shown (meaning that the subjects did not

actually make a response). In the relevant condition, clear beta modulation is observed

with a decrease in amplitude followed by a rebound above baseline. Furthermore, this

effect was also shown to be abnormal in schizophrenia, again demonstrating its clinical
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(a) (b)

Figure 4.1.2. Task induced beta band decrease and rebound phenomena in
other cortical regions: (a) Time-frequency dynamics in a network of brain areas including
bilateral insular. The task involved visual stimuli that were relevant and irrelevant to the
task. Note the significant reduction and rebound in beta oscillations in the relevant condition.
(Reproduced with permission from [113].) (b) Timecourse showing the envelope of beta
oscillations in primary visual cortex during passive viewing of a visual grating. Visual
stimulation occurred in the 0–4 s window. Note again the task induced power loss and post
stimulus rebound. (Figure reproduced with permission from [154].)

relevance. Figure 4.1.2b shows the case for simple sensory stimulation of the visual

cortex [154]. Here, subjects were asked to passively view a drifting visual grating; the

figure shows the envelope of beta band oscillations throughout the task. Note again

the clear structure with a loss in beta amplitude during stimulation and an increase

on stimulus cessation. These represent two simple examples which show that the

beta band effect is not simply a property of the sensorimotor system, but rather is a

ubiquitous effect that is observed robustly across many cortical regions.

The above indicates that stimulus related beta power loss and post stimulus

rebound are general observable effects, seen in many cortical areas, during both

sensory and cognitive tasks. Further, the perturbation to the post stimulus rebound

in disease has been robustly demonstrated. Thus, the generation of new mathematical

models from which we can accurately predict task induced beta band dynamics are of

much importance.
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4.2 Experimental Study

4.2.1 Experimental paradigm and data collection

A somatosensory paradigm was used to demonstrate the robustness of beta band

modulation in sensorimotor cortex. Two subjects took part in the study, which was

approved by the University of Nottingham Medical School Ethics Committee. The

paradigm comprised of electrical stimulation to the subject’s left median nerve. This

was achieved by locating the subject’s median nerve and applying a series of 500 µs

duration current pulses to two gold electrodes placed on the subject’s wrist. The

current was delivered using a Digitimer DS7A constant current stimulator, and the

amplitude was increased slowly until a visible movement of the thumb was observed.

Each experimental run comprised of a total of 80 pulses delivered with an inter-

stimulus-interval (ISI) of 10 s. A single experimental run lasted approximately 13

minutes. Each subject performed the study twice, on two separate days, to assess

robustness. Median nerve stimulation was used in order to obtain a clean data

set with a controlled paradigm and minimal interference. Experiments which use

voluntary movement over median nerve stimulation are far less reproducible, regardless

of whether the movement is cued or self-cued [128].

MEG data were captured using the third order synthetic gradiometer configuration

of a 275-channel CTF whole-head MEG system (MISL, Port Coquitlam, Canada). The

subject was positioned upright, with their head in the MEG helmet, whilst data were

recorded at a 600 Hz sampling rate. Three localisation coils were attached to the head

as fiducial markers (one above the nose and one slightly on front of each ear) prior to

the recording. These markers are used as references, energising these coils at the start

and end of data acquisition enables the localisation of the fiducial markers relative to

the MEG sensor geometry as well as determination of total head movement. In order to

co-register brain anatomy to the MEG sensor array, prior to the MEG recording each
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subject’s head shape was digitised relative to the fiducial markers using a 3D digitiser

(Polhemus IsoTrack, Colchester, VT, USA). Volumetric anatomical MR images were

acquired using a 3T MR system (Phillips Achieva, Best, Netherlands) running an

MPRAGE sequence (1 mm3 resolution). Following data acquisition, the head surface

was extracted from the anatomical MR image and coregistered (via surface matching)

to the digitised head shape for each subject. This allowed complete coregistration of

the MEG sensor array geometry to the brain anatomy, thus facilitating subsequent

forward and inverse calculations.

4.2.2 Data analysis

First the MEG data were inspected visually (by myself) and any trials containing

excessive interference were removed. The first trial in each run was also excluded

as the surprise of the first stimulation caused an increase in noise. Data were then

analysed using synthetic aperture magnetometry (SAM) [163], a beamforming variant

[159, 77, 81, 139, 161] that has been applied successfully in many studies to localise

neural oscillatory amplitude changes. Data were first filtered to the beta band (13–30

Hz). Following this the SAM beamformer was applied and the oscillatory amplitude

was contrasted between an active and a control time window in order to delineate

the spatial signatures of the beta amplitude changes. This allowed us to obtain a

spatial area for the generation of spectrograms. The forward model was based upon a

multiple local sphere head model and the forward calculation by Sarvas [86, 143].

The data was filtered into different frequency bands, ranging in length from 4

Hz to 10 Hz. In order to compute the average across trials a Hilbert transform was

taken. Taking the average across the 80 raw signals would result in a massive loss in

information, as the signals’ phases differ and hence, would cancel each other out. The

average of the Hilbert transformed signals was taken for each frequency band, and

the mean baseline activity (8− 10 s) was then subtracted from each, to produce the
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relative time-frequency spectrograms.

4.2.3 Experimental results

Figure 4.2.1 shows the relative time-frequency spectrograms for each of the participants

on two separate days, where baseline activity has been subtracted. The top line

represents participant 1 and the bottom line represents participant 2. Day 1 is shown

in the left hand column and Day 2 in the right hand column. For each trial shown

there is a 10− 20% decrease in power at t = 0 s, which lasts for approximately 0.5 s,

demonstrating MRBD. At t ' 0.5 s there is a 60−100% increase in power, exemplifying

PMBR. Although the comparison between participants shows dissimilarities in the

shape and length of PMBR, the maximum strength and timing of both the MRBD

and PMBR are comparable. Importantly, the similarity between each participant’s

time-frequency spectrogram on the two separate days is unmistakable. Although

the median nerve stimulation, and subsequent thumb movement, only lasts for a few

milliseconds, the evoked response caused by the stimulation lasts significantly longer.

This can be seen by examining the bottom left corner of each of the time-frequency

spectrograms in Fig. 4.2.1. One can notice an increase in the low frequency activity at

t ' 0 s, which appears to last for roughly 0.3− 0.4 s, corresponding to the transduced

median nerve stimulation. Also, noteworthy is the increase in gamma band activity

during movement, which is most prominent in participant 1’s spectrograms.
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Figure 4.2.1. Robust beta rebound for median nerve stimulation: Time-frequency
spectrograms showing the percentage change from baseline of the activity in the motor cortex,
for two participants on two separate days. The top row shows the results for participant
1 and the second row represents data from participant 2. Each participant displayed a
clear difference in their PMBR. However, the strength and timing of both the MRBD and
PMBR are consistent between subjects and trials. PMBR for each participant appears to be
strikingly reproducible.
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4.3 A mechanistic interpretation of movement

induced changes in the beta rhythm

In order to utilise the model presented in Chapter 3 here, we must first alter the model

to give it physiological units. This is done by adding a number of terms into (3.1.1),

C
d
dtvi = ηi + σv2

i + Ii, i = 1, . . . , N, (4.3.1)

where C is the capacitance and σ is a proportionality constant, which from now on

(without loss of generality) will be set to unity. The reset conditions remain unchanged.

Now (4.3.1) describes the evolutions of a current, with units µA. Hence, C has units

mF, vi has units mV, σ has units AV−2, g has units mΩ−1, and the natural frequency

of oscillation for the single neuron is given by 2√ηi/C Hz. Reducing the model, as

described in Chapter 3, we arrive at the following the mean field model:

Qg = kf(z), (4.3.2)

C
dz
dt = F(z; η0,∆) + G(z, g; vsyn), (4.3.3)

where k = κ/C and f , F and G are unchanged and given by (3.2.12), (3.2.15) and

(3.2.16) respectively.

In §4.2 we demonstrated how an externally cued thumb movement caused a decrease

in beta band power, lasting roughly 0.5 s, followed by a 2− 4 s increase in beta band

power, typifying MRBD and PMBR, respectively. The median nerve stimulation

only lasts 500 µs, however, the evoked response lasts significantly longer. In §4.2

we identified an increase in the low frequency activity immediately after stimulation,

which lasted for around 0.3− 0.4 s. We interpret this as the evoked response caused

by the median nerve stimulation and base the design of the external drive on this

transduced signal, rather than the median nerve stimulation itself. This is a reasonable
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assumption as we are modelling a small area of cortex and this is the drive as perceived

by this area.

We model the transduced signal as a temporally filtered drive A = A(t), that is

received by every neuron in the model. In this case the dynamics of z obey (4.3.3)

under the replacement η0 → η0 + A, with

QDA(t) = Ω(t), (4.3.4)

where QD is the differential operator obtained from Q in (3.1.5) under the replacement

α→ αD, and Ω(t) is a rectangular pulse,

Ω(t) = ΠΘ(t)Θ(τ − t), (4.3.5)

where Π is the strength of the drive and Θ is once again the Heaviside function. As the

evoked response in the experimental data lasts between 0.3 and 0.4 s, we set τ = 0.4 s.

The parameter values were set such that the system oscillated at beta frequency,

in a partially synchronous regime (these parameter values are given in the caption of

Fig. 4.3.1). The system was evolved until transients had dropped off and then the

stimulus was applied. The time of stimulation was set to be t = 0. Figure 4.3.1 shows

the phase plane for the Kuramoto order parameter z = ReiΨ, as well as a time series

of R, in response to the drive described above. The colours correspond to the different

time periods: before drive (blue), during drive (red), after drive (green). The system

oscillates in partial synchrony with R oscillating between approximately 0.05− 0.6 in

the absence of drive. Once the drive is switched on the amplitude of these oscillations

decreases and hence the power is also reduced, corresponding to MRBD. Note that the

frequency also increases during this period. After the drive is switched off, the level of

coherence increases as the value of the order parameter is drawn towards the edge of

the unit disk before spiralling back to the original limit cycle. This corresponds to
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Figure 4.3.1. Response of the system to drive: Plots showing the variation of the
Kuramoto order parameter z in the model given by (4.3.2)–(4.3.3), when it is stimulated with
a drive described by (4.3.4)–(4.3.5). Top: Phase plane for z, demonstrating the behaviour
of the system in response to the drive A(t). The blue curve represents the system before the
pulse arrives, as it settles to its non-perturbed dynamics (t < 0), the red curve illustrates
how the system behaves when the pulse is switched on (0 < t < τ) and the green shows
how the system reacts once the drive is switched off (t > τ). Bottom: Time series of the
within population synchrony R showing the change in the level of coherence; before (blue),
during (red) and after (green) the drive is switched on. The amplitude of the oscillations in
R appear significantly reduced while the drive is switched on. Parameter values: η0 = 21.5
µA (mean background drive), ∆ = 0.5 µA (heterogeneity of background drive), vsyn = −10
mV (synaptic reversal potential), k = 3.14 (coupling strength), α−1 = 35 ms (synaptic time
constant), C = 30 mF (membrane capacitance), τ = 0.4 s (length of drive), α−1

D = 5.6 ms
(synaptic time constant for drive) and Π = 15 mA (strength of drive).

PMBR. Importantly the system does not rebound until t ' 0.5 s as seen in the real

data. It should be noted that the stimulus corresponds to roughly 80% of this time
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to rebound. However, as the evoked response is present in 60− 80% of the 0.5 s of

MRBD in the real data we believe that this is a satisfactory result.

Figure 4.3.2. Response of the synaptic current to drive: Time series and spectro-
gram of the synaptic current, in the model given by (4.3.2)–(4.3.3), showing the response of
the system to the external drive A(t) (4.3.4). The colours in the time series (left) correspond
to the different time periods; before drive (blue), during drive (red), after drive (green).
Both figures clearly demonstrate the rebound of the system, there is an increase in amplitude
(and hence power) at t ' 0.5s, after the drive was switched on. Parameters values as in Fig.
4.3.1

As MEG measures synaptic current, it is important to examine the effects of the

drive on the synaptic current in the model. To do this we must use the transformation

(3.2.18) identified by Montbrio et al. [122], to determine the average population voltage

V and substitute it into the formula for the average synaptic current I = g(vsyn − V ).

Figure 4.3.2 shows a time series and spectrogram for this current. The time series (left)

shows that when the drive is switched on the synaptic current is reduced. However,

the neurons are now also receiving a strong excitatory current in the form of the drive.

There is a large increase in the amplitude of the oscillations at t ' 0.5 s, corresponding

to PMBR. The extent of the rebound can be seen more clearly in the time-frequency

spectrogram (right). The initial increase in amplitude is very large; however, the
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percentage increase between t = 0.5− 1.5 s is relatively small. The synaptic current

appears to have fully settled back to its pre-drive behaviour by t ' 1 s, indicating a

PMBR of roughly 1 s, which is not as long as the PMBR seen in our experimental

data. However, PMBR can last for anywhere between 1 and 10 seconds. An increase

in power can also be seen at roughly 26 Hz at t ' 0 s, corresponding to the increase

in frequency during the drive on period. This high-beta activity can be interpreted as

the processing of the motor input.

Interestingly, we see a direct correlation between synchrony and synaptic current.

The time series in Fig. 4.3.1 (bottom) shows a peak in synchrony at t ' 0.5 s, just

as the time series in Fig. 4.3.2 (left) shows a sharp increase in the amplitude of

the synaptic current at t ' 0.5 s. This increase in amplitude can also be seen in

the spectrogram, Fig. 4.3.2 (right). It was found that the strength of the drive Π

dictates the extent of the rebound; the greater the strength of the drive, the greater

the rebound. However, it also prescribes the frequency of the oscillations during the

interval when the drive is switched on. Therefore it is important to find the balance,

where we have a prominent PMBR but also a physically realistic frequency during the

interval of time when the drive s switched on. As stated in §4.2, there is an increase

in gamma band activity during stimulation (Fig. 4.2.1). This is a commonly observed

effect in motor tasks, which can also be seen in the time-frequency spectrograms in

§4.1.2 (Fig. 4.1.1).

4.4 Two hemisphere model

The current literature suggests that inter-hemispheric connections are important in

the production of movement-related modulation of the beta band [97]. It is believed

that the interplay between the right and the left hemisphere may be responsible for

the overshoot seen in beta rebound. Jurkiewicz et al. found that MRBD and PMBR
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were present in both hemispheres during a self paced finger tapping exercise [97]. In

both cases the strongest response was seen in the contralateral hemisphere [97]. A

recent paper by Zaepffel et al. found that MRBD was strongest in the contralateral

hemisphere in the planning phase, before becoming more bilateral as one approached

movement execution [168]. This would also tie in with Donner and Siegal’s theory

that the beta rhythm represents long range integration across the brain [60].

To test these hypotheses we set up a system of two identical interacting populations

of neurons, where one population represents the left motor cortex and the other the

right. As the connections between the two populations are long range they must be

excitatory. The system of equations take a similar form of those given in §3.3.2,

Qabgab = kabf(zb), (4.4.1)

C
d
dtza = F(za) +

∑
b

G(za, gab; vabsyn), (4.4.2)

where a, b ∈ {1, 2}, kab = κab/C and f , F and G are given by (3.2.15), (3.2.15)

and (3.2.16), respectively. As the two population are identical k11 = k22, k12 = k21,

v11
syn = v22

syn, v12
syn = v21

syn, α11 = α22 and α12 = α21. We shall label the intra-population

connection with aa and the inter-population connections as ab. Note that this model

differs from the two population model described in Chapter 3 as the two populations

are identical in this case, and this model also contains a capacitance term C.

4.4.1 Bifurcation analysis

First we carried out a bifurcation analysis to assess whether or not the additional

population added any interesting dynamics. Figure 4.4.1 shows a one parameter

bifurcation of the mean background drive η0, as a function of the firing rate of

population 1, f1 = f(z1). It can be seen that there are two oscillatory states, one

of which is fully synchronous and the other is a phase locked state. The oscillatory
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Figure 4.4.1. Bifurcation diagram in η0 for the two hemisphere model: One
parameter bifurcation diagram for the model described by (4.4.1)–(4.4.2), in the mean
background drive η0. Solid red lines: stable fixed point; dashed black lines: unstable
fixed point; green (blue) circles: stable (unstable) oscillations; red stars: torus bifurcations.
Starting from the right and reducing η0 the system undergoes a Hopf bifurcation which
results in synchronous oscillations forming in the two populations. Decreasing η0 further
sees a second Hopf bifurcation and the creation of unstable oscillations, which are out of
phase. This oscillatory state then becomes stable at a torus bifurcation at η0 ' 22. As
η0 is decreased further the synchronous state bifurcates into two branches, one stable and
one unstable. The unstable branch remains synchronous, but we see a loss in synchrony
along the stable branch. The stable branch goes unstable at another torus bifurcation at
η0 ' 18. Parameter values: kaa = 4.5, kab = 5.4, vaasyn = −10 mV, vabsyn = 10 mV, ∆ = 0.5
µA, α−1

aa = 30 ms, α−1
ab = 75 ms, C = 30 mF.

activity that ceases as η0 is increased through roughly 27 µA corresponds to the

synchronous solution. This solution is seen in the single population model. The

branching of this oscillatory solution is, however, not seen in the single population

case, and it corresponds to a symmetry breaking. The unstable branch remains
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synchronous, but the stable branch does not. The stable branch then goes unstable at

a torus bifurcation. The phase locked solution, which is destroyed as η0 is increased

through about 22 µA, does not exist in the single population model. Here the two

populations prescribe the same orbit but are out of phase. This solution becomes

stable at another torus bifurcation as η0 is increased through approximately 20 µA.

Figure 4.4.2. Examination of inter-hemisphere synchrony: Plots of the firing rate
of population 1 (f1) against the firing rate of population 2 (f2), showing the different
synchronisation regimes, for the model defined by (4.4.1)–(4.4.2). On the left the two
populations are fully synchronous (η0 = 24.54 µA), in the centre the two populations are
phase-locked (η0 = 21.22 µA) and in the final plot on the right the populations no longer
oscillate in synchrony (η0 = 9.138 µA). Parameter values as in Fig. 4.4.1.

Figure 4.4.2 shows the phase planes of the firing rates, f1 and f2 = f(z2), for each of

the types of behaviour that the system exhibits. The left plot shows the synchronous

solution at η0 = 24.54 µA. The centre plot is for the phase-locked solutions at

η0 = 21.22 µA. The figure on the right shows the non-symmetric solution at η0 = 9.138

µA; one can clearly see that the phase plane no longer shows a symmetric solution.

This demonstrates that the two populations are no longer operating in synchrony.

As further evidence that the second population is behaving differently to the first

population we show the bifurcation diagram in η0 as a function of the firing rate

of population 2, f2, see Fig. 4.4.3. It can be clearly seen that when the branching

bifurcation occurs the stable branch takes a different path to the corresponding branch

in Fig. 4.4.1.
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Figure 4.4.3. Bifurcation diagram in η0 for f2 for (4.4.1)–(4.4.2): We see a similar
diagram to that in Fig. 4.4.1, but for the firing rate of the other population. Note that
when the system undergoes the branching bifurcation (at η0 ' 18 µA) the emergent stable
branch takes a different course to the stable branch in Fig. 4.4.1. This shows that the two
populations are no longer operating in synchrony, and in fact have different periodic orbits.
Parameter values as in Fig. 4.4.1 .

4.4.2 Simulations

We chose our parameter values such that there is multi-stability in the system, namely

at least two periodic solutions, as we believe that multi-stability is key for lengthening

PMBR. The stimulus, as described in §4.3, was applied to one of the populations

(contralateral) once the system had settled to its relative equilibrium behaviour.

The behaviour of the Kuramoto order parameter for each of the populations is

shown in Fig. 4.4.4. As before the blue, red and green represent the before, during

and after drive intervals, respectively. It is immediately obvious that the extent of the

88



CHAPTER 4. NEXT GENERATION NEURAL MASS MODELS II:
APPLICATIONS TO MAGNETOENCEPHALOGRAPHY

change in synchrony in the contralateral population is higher than in the ipsilateral

population. Also noteworthy is the fact that the magnitude of the overshoot of the

order parameter, even in the stimulated population, is significantly smaller than in

the single population case. In order to get a better view of how the order parameter is
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Figure 4.4.4. Rebound in two hemisphere model: Phase planes of the Kuramoto
order parameters zi for the two hemisphere model (4.4.1)–(4.4.2), illustrating how the system
reponds when one of the populations receives an input. The Kuramoto order parameter
from the stimulated population z1 is shown on the left and the non-stimulated on the right.
Colouring same as in Fig. 4.3.1. Rebound can be seen in both plots, but it is greater in the
stimulated population. Parameter values as in Fig. 4.4.1, with η0 = 23 µA.

behaving we plotted R as a function of time for each of the populations, see Fig. 4.4.5.

The PMBR lasts for over 3 seconds, which is significantly closer to the value observed

in our experiments. It can also be seen that the initial increase in amplitude of the

oscillations in the driven population is significantly larger. However, both populations

appear to oscillate with approximately the same amplitude after roughly 1 second.

Close examination of the zoomed in plot in Fig. 4.4.5 reveals that the stimulus knocks

the two populations out of phase and that it takes over 1.5 seconds for the populations

to re-establish phase synchrony.

As in §4.3 we must also examine the response of the synaptic current to the drive.

In this case the synaptic current has two parts, one arising from self coupling and
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Figure 4.4.5. Response of the within population synchrony for the two hemi-
sphere model: Time series of the within population synchrony R, in the model given by
(4.4.1)–(4.4.2), which shows the effect of the stimulus on R lasts for significantly longer than
in the single population case. The top two plots illustrate the response of the contralateral
(red) and ipsilateral (blue) populations. The bottom plot shows both populations together
to illustrate how they desychronise when the drive is applied. Parameter values as in Fig.
4.4.4.

other from the reciprocal coupling, Ia = gaa(vaasyn − Va) + gab(vabsyn − Vb). Before the

drive is applied the two populations are synchronous, hence, I1 = I2. The application

of the stimulus results in a breaking of symmetry and the two currents are no longer
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the same, see Fig. 4.4.6. The stimulated population (red) has both a strong MRBD

and PMBR, whereas the other population has a weaker response. As seen in the

plots of the within population coherence the magnitude of the PMBR appears to be

roughly equal in the two populations after approximately 1 second. Figure 4.4.7 shows

the time-frequency spectrograms for both I1 and I2. These plots confirm that after

around 1 − 1.5 s the magnitude of the PMBR is of a similar magnitude in the two

populations. One may note that the high frequency activity, present when the drive is

switched on in the single population case, is no longer present. However, this is not

the case. We have chosen to only show the 13− 35 Hz activity as we are interested in

beta band activity, if we look at a larger range of frequency values one can observe

high frequency activity at around 45 Hz in the stimulated population when the drive

is switched on.

Interestingly, the system’s response to drive depends on the initial data; Fig. 4.4.8

shows a sample of these responses. We found the response was dependent upon which

state the system was in when the stimulus was applied, as well as the phase of the

oscillations. These criterion fit nicely with our current view on beta rebound, which is

that for the individual trials we have little to no rebound in some cases, as the brain

is in a suboptimal state or at a suboptimal phase in its oscillatory cycle. It is possible

that in our experiment the individual trials match each of these types of behaviour

and the act of averaging gives us the stereotypical definition of MRBD and PMBR.

More investigation would be needed to verify this hypothesis, which could eb carried

out using the data set we collected, but we did not have time to carry out this study.

4.5 Discussion

We have shown that the simple mechanistic model presented in Chapter 3 exhibits

both MRBD and PMBR. We demonstrated that the transient response of the reduced
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Figure 4.4.6. Effect of the drive on the synaptic currents in the two hemisphere
model: Time series of the synaptic current in the two hemisphere model (4.4.1)–(4.4.2),
showing both MRBD and PMBR in both of the populations. (Top) Contralateral population,
shows strong MRBD and PMBR. (Bottom) Ipsilateral population, the effects are weaker
but still notably apparent. Parameter values as in Fig. 4.4.4.

model is sufficiently rich to capture the time scales of both MRBD and PMBR, when

it is stimulated whilst operating in the beta frequency range. Importantly, the model

parameters can be altered so that the population oscillates at other frequencies, and

hence it can be used to explain other ERD/ERS phenomena in the brain. In the case

of the single population model, the length of the PMBR was shorter than that seen in

our experimental data. However, the model still provided sufficient insight into the

two mechanisms, revealing a clear link between the model responses and the changes

in within-population coherence. This gives further support to the notion that beta

band amplitude changes, and in particular those in MRBD and PMBR, are in fact

due to changes in synchrony.

Experimental evidence suggests that the connections between right and left motor
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Figure 4.4.7. Spectrograms of the synaptic currents in the two hemisphere
model (4.4.1)–(4.4.2): Time-frequency plots for the synaptic current of each of the popula-
tions; contralateral (left), ipsilateral (right). This highlights the extent and the length of
both MRBD and PMBR in each of the populations. Note that the frequency of oscillation
lies within the beta band in both cases. Parameter values as in Fig. 4.4.4.

cortex play an important role in the generation of MRBD and PMBR, as such, we

constructed a two hemisphere model. The two hemisphere model provided a richer set

of structures within the phase space, such as symmetry breaking and torus bifurcations.

Consequently, the two hemisphere model was capable of producing PMBR with a

range of different lengths, more consistent with experimental observations. A further

study of the data would be required to compare the magnitude of MRBD and PMBR

in the ipsilateral hemisphere.

This work presents a number of possible extensions and exciting further research

questions. It is also possible that noise may play a constructive role in MRBD and

PMBR. Recently, Lai et al. demonstrated that the OA ansatz can be extended

to perform a mean-field reduction for Kuramoto networks in the presence of noise

[106], and this approach could also be used to treat QIF and θ-neuron networks.

Other factors that could perhaps lead to a more biologically realistic response include
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additional populations, additional synaptic receptors and spatial extension. We will

discuss how to spatially extend the model in the next chapter. Other extensions are

discussed in more detail in Chapter 7.
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Figure 4.4.8. Different responses to the stimulus for the two hemisphere model:
Time series of the synaptic current of each of the populations in (4.4.1)–(4.4.2), showing
how the response differs with the choice of initial conditions. The stimulated population is
shown on the left (red) and the undriven population on the right (blue). The first row shows
a short PMBR, the second row shows an medium length PMBR, the third row illustrates
a long PMBR and the last row presents a different type of response. The response in the
last row appears to exhibit a short sharp PMBR, followed by some desynchronisation in the
contralateral population, while there is only PMBR in the ipsilateral population. Note that
the magnitude of the MRBD and PMBR also changes between each of the rows. Parameter
values as in Fig. 4.4.4.
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Chapter 5

Next generation neural fields I:

Analytical calculations for

global patterns

The act of passing information between brain regions produces waves of neural activity

across the cortex, which are are readily observed using non-invasive techniques such

as electroencephalography (EEG) and magnetoencephalography (MEG), as well as in

brain slices [65]. Another commonly observed spatial pattern is the so called “bump

attractor”. This spatially-localised increase in population firing is produced in working

memory tasks and the location of the bumps can be linked to the memory location

[167]. As point models, neural mass models fail to describe these spatially distributed

brain states. It is customary instead to use neural field models to describe wave and

bump states in the brain.

This chapter begins with a brief overview of neural field modelling, which reviews

the standard approach of neural field models. Section 5.2 provides an introduction

to Turing instability analysis, for a one dimensional neural field model with spike

frequency adaptation. We then move on to our next generation neural field model
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by describing how to spatially extend the model presented in Chapter 3. The latter

half of the chapter focuses on a Turing instability analysis of our next generation

neural field model in both one and two spatial dimensions. In this section we also

illustrate the types of patterns that the system can support, by performing numerical

simulations.

5.1 Neural field modelling

Neural field models have been shown to mimic many of the phenomena commonly

observed in real cortical tissue. They have been particularly successful in describing

neurophysiological phenomena, such as EEG/MEG rhythms [170], working memory

[111], binocular rivalry [28] and orientation tuning in the visual cortex [14]. They

are typically cast as a system of non-local differential equations which describe the

spatiotemporal evolution of coarse grained population variables, such as the firing

rate of a neuronal population, the average synaptic current, or the mean membrane

potential [52].

The first attempt at a neural field model is attributed to Beurle [20]. He built a

model to describe the propagation of activation in a given volume of neural tissue. His

model was purely excitatory, but, even so, allowed him to examine the propagation

of large scale brain activity. It wasn’t until the 1970s that Wilson and Cowan [166]

extended this model to a two layer system. This model was also an extension of their

previous local neural mass model [165], described in Chapter 2. Unlike Beurle, they

were interested in spatially localised bump solutions, which were believed to be related

to working memory. In his seminal paper, Amari created what is known today as the

standard neural field equation [5, 6]. By introducing a Mexican hat type coupling

function (local excitation and long range inhibition), he reduced the system to a single

equation with a mixture of excitatory and inhibitory connections. This allowed him to
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construct explicit solutions for a number of spatial patterns, and assess their stability

(at least for a Heaviside firing rate function) [95, 96, 47].

Unlike neural mass models, neural field models are inherently non-local. This

leads to the introduction of a weighting function w, which accounts for the interaction

between two points in the tissue,

f → w ⊗ f, (5.1.1)

where f is the population firing rate and ⊗ represents a spatial convolution. Neural

field models are typically cast as variants of the Amari model,

1
α

∂

∂t
u(x, t) = −u(x, t) +

∫ ∞
−∞

dyw(y)f(u(x− y, t)), (5.1.2)

where u represents the activity of the tissue at position x and time t and α is the

synaptic time constant. In the case of the Amari model, the firing rate f is chosen to

be the Heaviside function, and more generally it is chosen to be a sigmoid. There exist

a number of natural extensions to this model to include more biologically realistic

features, such as multiple populations/cortical sheets [64, 46], delays [135, 45, 87, 108],

adaptation [15, 50, 54, 99], inhomogeneity [49, 11, 26] and dendritic processing [27, 51].

Like their counterparts, neural field models fail to incorporate changes in the

underlying synchrony, as they assume that the tissue operates in a near synchronous

regime. As such, these models cannot account for the changes in synchrony within

spatial patterns. In Chapter 3 we demonstrated that in the absence of a spatial

component it is possible to use the OA ansatz to derive an exact mean field model for

a network of θ-neurons. In this chapter we will build on this work to construct a next

generation neural field model.
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5.2 Introduction to Turing instability analysis

Neural field equations are typically analysed using linear stability analysis, in particular

Turing instability analysis. In 1952, Alan Turing proposed a mechanism for the

emergence of patterns in biological systems [157]. Although originally intended for

the study of reaction-diffusion equations, Turing’s seminal work has been used to

analyse many spatially distributed systems. See [118] for an in depth review of pattern

formation in biological systems. Here, we are interested in the application of Turing’s

work to neural field equations. For Mexican hat connections, neural field models

with sigmoidal firing rates are well known to support Turing instabilities to spatially

patterned states [29, 47]. This was first studied by Wilson and Cowan in 1972 [165],

and later by Ermentrout and Cowan, who extended this work to describe visual

hallucinations [67].

Using a one dimensional neural field model with linear adaptation as an example,

we will describe how the spatially homogeneous steady state can go unstable to global

Turing patterns. The inclusion of adaptation ensures that the system can undergo

both Turing and Turing-Hopf instabilities. The spike frequency adaptation occurs in

the form of an additional ODE, which accounts for the fact that the firing rate of a

population of neurons is temporarily reduced after the initial increase which occurs

when it is stimulated with an external drive. The system is described as follows,

1
α

∂

∂t
u(x, t) = −u(x, t) + (w ⊗ f(u))(x, t)− βa(x, t), (5.2.1)

∂

∂t
a(x, t) = −a(x, t) + u(x, t), (5.2.2)

where the spike frequency adaptation a provides negative feedback, and β is the

strength of this effect. There exists a spatially homogeneous steady state solution

(u∗, a∗), where u(x, t) = u∗ and a(x, t) = a∗ for all x and t. At steady state u∗ = a∗
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and

(1 + β)u∗ = Wf(u∗), (5.2.3)

where W =
∫

R dyw(y). For a balanced kernel, the integral W is equal to zero, which

fixes the homogeneous steady state as u∗ = a∗ = 0. We will assume a balanced kernel

for the rest of this section. We linearise around (u∗, a∗) by letting u(x, t)→ u∗+δu(x, t)

and a(x, t) → a∗ + δa(x, t), with |δu|, |δu|, << 1. If the steady state is stable this

perturbation will simply decay. However, we are interested in the case where the

steady is unstable state and the perturbation grows in time. The perturbation takes

the form (δu(x, t), δa(x, t)) = (U,A)eλteikx for some real amplitudes (U,A) where

λ ∈ C is the growth-rate and k ∈ R is the wave number.

Linearising (5.2.1) and (5.2.2) about the fixed point gives

1
α

∂

∂t
δu(x, t) = −δu(x, t) + f ′(0)(w ⊗ δu)(x, t)− βδa(x, t), (5.2.4)

∂

∂t
δa(x, t) = δu(x, t)− δa(x, t). (5.2.5)

We now introduce a Fourier transform of the form

ψ̂(k) =
∫ ∞
−∞

eikxψ(x)dx, (5.2.6)

to exploit the fact that w ⊗ eikx = ŵ(k)eikx, where ŵ(k) is the Fourier transform of

w(x). This allows us to write the system as

∂

∂t

δu
δa

 =

−α + αf ′(0)ŵ(k) −αβ

1 −1


δu
δa

 ≡ J (k)

δu
δa

 . (5.2.7)

The stability of the system is assessed by analysing the characteristic equation

E(λ, k) = 0, where

E(λ, k) ≡ det(J (k)− λ(k)I2), (5.2.8)
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and In is a n× n identity matrix. Using the above and (5.2.7) we find

(−α + αf ′(0)ŵ(k)− λ)(−1− λ) + αβ = 0, (5.2.9)

which can be solved for λ as,

λ(k) =
−m(k)±

√
m(k)2 − 4n(k)
2 , (5.2.10)

where

m(k) = 1 + α(1− f ′(0)ŵ(k)), (5.2.11)

n(k) = α(1 + β − f ′(0)ŵ(k)). (5.2.12)

To compute the Turing and Turing-Hopf bifurcations we split λ into its real and

imaginary parts, λ = µ + iω. A static Turing bifurcation can be achieved when

µ = 0 and ω = 0, and a dynamic Turing-Hopf bifurcation can occur when µ = 0

and ω 6= 0. A non-zero imaginary component of λ is required to generate oscillatory

behaviour. The homogeneous steady state is stable if Re(λ) < 0 for ∀k ∈ R. To

achieve Turing patterns the wave number must be non-zero, as a wave number of

zero doesn’t introduce any spatial patterning, and instead results in the formation of

another homogeneous state, this is known as a bulk instability. At bifurcation there

exists a value of k such that Re(λ) = 0. This value is found by solving the following

equation, which arises from the implicit function theorem,

FkGω − FωGk = 0, (5.2.13)

where F and G are the real and imaginary parts of the characteristic equation (5.2.9),

namely, F = Re(E), and G = Im(E). This condition states that bifurcations only
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occurs when the eigenspectrum λ(k) grazes the imaginary axis. Solving (5.2.13) for k

gives us kc, the critical wave number, for which a bifurcation occurs.

In the case of the 1D neural field model with adaptation (5.2.13) has a solution

provided ŵ(k) has maxima for k 6= 0. The value of k at the maxima is the solution

to (5.2.13). We will examine the system for a specific choice of Mexican hat type

connectivity kernel, namely the balanced Wizard hat connectivity kernel,

w(x) = (1− |x|)e−|x|. (5.2.14)

The Fourier transform of this connectivity kernel (5.2.14) is given by

ŵ(k) = 4k2

(1 + k2)2 , (5.2.15)

which has maxima at k = ±1, hence |kc| = 1. We will observe static Turing patterns

in the case where λ(kc) is purely real. This occurs when n(kc) = 0, and hence,

λ+(kc) = 0 and λ−(kc) = −m(kc). As w is balanced, if n(kc) = 0, f ′(0)ŵ(kc) = 1 + β.

An additional condition is that λ−(kc) < 0, i.e. m(kc) > 0, and hence, αβ < 1.

For a dynamic Turing-Hopf bifurcation λ(kc) must appear as a purely imaginary

complex conjugate pair, hence m(kc) = 0 and n(kc) > 0. The first condition is met if

f ′(0)ŵ(kc) = 1 + 1/α, and the second for αβ > 1. Figure 5.2.1 shows a bifurcation

diagram in α and f ′(0), which shows the Turing (blue solid) and Turing-Hopf (red

dashed) curves for a particular value of β. The two curves collide at αβ = 1, generating

a Takens-Bodagnov bifurcation [22].

At bifurcation the pattern e±ikcx is excited. Beyond the bifurcation point, this

pattern will grow in time, and there exists a range of k ∈ (k1, k2) for which Re(λ(k)) > 0.

As we move away from bifurcation the linear approximation breaks down and the

behaviour is dominated by the nonlinear terms. The approach described above can

be easily generalised to two spatial dimensions, by replacing eikx with eik·r, where
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Figure 5.2.1. Turing bifurcation for 1D neural field model with adaptation:
Bifurcation diagram in α and f ′(0), for the model described by (5.2.1)–(5.2.2), showing the
Turing (blue solid) and Turing-Hopf (red dashed) bifurcation curves, for β = 0.5. The two
curves meet at a Takens-Bodagnov bifurcation when αβ = 1 (black star).
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k = [kx, ky], · represents the dot product, and the wave number is given by k = |k|.

As there are an infinite number of choices for kx and ky for a given k, it is common to

restrict choices to doubly periodic solutions which can be expressed in terms of the

basic symmetry groups of hexagon, square and rhombus [46].

5.3 Model description

We consider a globally coupled network of N θ-neurons, spatially distributed along a

line of length L such that the jth neuron is at position xj = j∆x, where ∆x = L/(N−1)

is the spacing between neurons. The coupling between neuron i and neuron j depends

solely upon the distance between the two neurons, wij = w(|xi − xj|). The inclusion

of space alters (3.1.9) and (3.1.10) in the following way,

∂

∂t
θj = 1− cos θj + (1 + cos θj)(ηj + gjvsyn)− gj sin θj, (5.3.1)

Qgj = 2κ
N

N∑
i=1

wijδ(θi − π), (5.3.2)

for j = 1 . . . N , where θj ≡ θ(xj, t), gj ≡ g(xj, t). As a reminder to the reader, ηi
are the background drives, vsyn is the synaptic reversal potential, κ is the coupling

strength, Q is the following differential operator,

Q =
(

1 + 1
α

∂

∂t

)2

, (5.3.3)

and α−1 is the synaptic time scale.

5.3.1 Mean field limit

As seen in Chapter 3, taking the limit N → ∞ allows us to describe the system in

terms of the continuous probability distribution function ρ(x, η, θ, t), which now also
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depends on x and satisfies the continuity equation:

∂ρ

∂t
+ ∂ρvθ

∂θ
= 0, (5.3.4)

where vθ is a given realisation of θ̇ (5.3.1) (remembering that η is a random variable),

vθ = βeiθ + γ + β̄e−iθ, (5.3.5)

and β and γ are unchanged from Chapter 3. The continuum limit of (5.3.2) now also

includes an integral over space,

Qg = κ

π

∑
m∈Z

∫ ∞
−∞

dy
∫ 2π

0
dθ
∫ ∞
−∞

dηw(y − x)eim(θ−π). (5.3.6)

The Ott-Antonsen (OA) ansatz [126] still holds for the spatially extended case,

and allows us to write ρ as

ρ(x, η, θ, t) = L(η)
2π

{
1 +

∞∑
n=1

a(x, η, t)neinθ + cc
}
. (5.3.7)

Substituting (5.3.1) into the continuity equation (5.3.4) we arrive at the same evolution

equation for a,
∂

∂t
a+ ia2β + iaγ + iβ = 0, (5.3.8)

where a now also depends on x. Once again the background drive η is drawn

from a Lorentzian distribution, given by (3.1.6), which allows us to perform contour

integration to show that z(x, t) = a(x, η0 + i∆, t), where η0 is the centre of the

Lorentzian distribution and ∆ is the full width at half maximum. This allows us to

simplify the mean field dynamics of the synaptic conductance g to

Qg = κ
∫
w(y − x)f(z(y, t))dy, (5.3.9)
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The dynamics of z are unchanged and given by

∂z/∂t = F(z; η0,∆) + G(z, g; vsyn), (5.3.10)

where z and g are now functions of space as well as time: z ≡ z(x, t) and g ≡ g(x, t),

and F and G are given by (3.2.15) and (3.2.16) respectively.

5.4 Turing analysis

5.4.1 One spatial dimension

It is first interesting to consider a standard Turing instability analysis of our next

generation neural field model. Given that standard neural field models support Turing

instabilities for Mexican Hat type connectivity kernels, we shall choose the balanced

Mexican hat connectivity kernel, w(x) = (1− |x|) exp(−|x|). This connectivity kernel

is often called a Wizard hat connectivity kernel. The balance condition ensures that

at steady state g(x, t) = g∗ = 0, for all x and t. We denote the corresponding value of

z(x, t) by z∗, which can be found by solving

F(z∗; η0,∆) = 0, (5.4.1)

as G(z∗, 0; vsyn) = 0 by definition. As Q is second order and z is complex the system

is 4th order and it is useful to introduce the state variable, u = [z, z̄,K, g]T , where

K = (1+α−1∂/∂t)g, and the superscript T denotes transpose. The system of equation
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is given as follows:

∂z

∂t
= −i(z − 1)2

2 + (z + 1)2

2 (−∆ + iη0) +
[
ivsyn

(z + 1)2

2 − z2 + 1
2

]
g, (5.4.2)

∂z̄

∂t
= i

(z̄ − 1)2

2 + (z̄ + 1)2

2 (−∆− iη0) +
[
−ivsyn

(z̄ + 1)2

2 − z̄2 + 1
2

]
g, (5.4.3)

∂K

∂t
= α

(
−K + κ

π

∫
w(y)f(z(y − x, t))dy

)
, (5.4.4)

∂g

∂t
= α (−g +K) . (5.4.5)

For convenience, in the following, we will define a and b as follows,

a = ∂z

∂t
(x, t); b = ∂z̄

∂t
(x, t).

Note that a = b̄.

We apply the following perturbation u(x, t) = u∗ + δu(x, t), where δu(x, t) =

Aeλteikx, and A ∈ R4. As in §5.2, we exploit the fact that w⊗ eikx = ŵ(k)eikx to write

∂

∂t
δu(x, t) = J (k)δu(x, t), (5.4.6)

where J is the following (k-dependent) Jacobian

J (k) =



∂a

∂z
0 0 ∂a

∂g

0 ∂b

∂z̄
0 ∂b

∂g

ακ
∂f

∂z
ŵ(k) ακ

∂f

∂z̄
ŵ(k) −α 0

0 0 α −α



∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
u∗

. (5.4.7)
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The terms in J (k) are given as follows,

∂a

∂z
= −i(z − 1) + (z + 1)(−∆ + iη0) = −2z + 1

z − 1(−∆ + iη0), (5.4.8)

∂a

∂g
= ivsyn

(z + 1)2

2 − z2 + 1
2 , (5.4.9)

∂f

∂z
= 1

(1 + z)2 , (5.4.10)

ŵ(k) = 4k2

(1 + k2)2 . (5.4.11)

where
∂a

∂z
= ∂b

∂z̄
,

∂a

∂g
= ∂b

∂g
,

∂f

∂z
= ∂f

∂z̄
. (5.4.12)

As in the introduction to Turing analysis (§5.2), we must solve the characteristic

equation E(λ, k) = 0, where,

E(λ, k) ≡ det (J (k)− λ(k)I4). (5.4.13)

Using the above and (5.4.7) gives the following characteristic equation,

(
∂a

∂z
− λ

)(
∂b

∂z̄
− λ

)
(−α− λ)2 + α2κ

∂b

∂g

∂f

∂z̄
ŵ(k)

(
∂a

∂z
− λ

)

+ α2κ
∂a

∂g

∂f

∂z
ŵ(k)

(
∂b

∂z̄
− λ

)
= 0. (5.4.14)

Using (5.4.12) allows us to simplify (5.4.14) to,

∣∣∣∣∣∂a∂z
∣∣∣∣∣
2 (
λ2 + 2αλ +α2

)
− 2Re

(
∂a

∂z

)(
λ3 + 2αλ2 + α2λ

)
+
(
λ4 + 2αλ3 + α2λ2

)
+ 2α2κ

[
Re

(
∂a

∂g

∂b

∂z̄

∂f

∂z

)
− λRe

(
∂a

∂g

∂f

∂z

)]
ŵ(k) = 0. (5.4.15)
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To compute (5.2.13) we must separate (5.4.15) into its real and imaginary compo-

nents. To do so we must make use of the substitution λ = µ+ iω, which leads us to

the following equation,

∣∣∣∣∣∂a∂z
∣∣∣∣∣
2

( µ2 − ω2 + 2iµω + 2α(µ+ iω) + α2
)
− 2Re

(
∂a

∂z

)(
µ3 − 3µω2 + i(3µ2ω−

ω3) + 2α(µ2 − ω2 + 2iµω) + α2(µ+ iω)
)

+
(
µ4 − 6µ2ω2 + ω4 + i(4µ3ω

−4µω3) + 2α(µ3 − 3µω2 + i(3µ2ω − ω3)) + α2(µ2 − ω2 + 2iµω)
)

+ 2α2κ

[
Re

(
∂a

∂g

∂b

∂z̄

∂f

∂z

)
− (µ+ iω)Re

(
∂a

∂g

∂f

∂z

)]
ŵ(k) = 0. (5.4.16)

It is now easy to separate (5.4.16) into its real and imaginary parts,

F ≡
∣∣∣∣∣∂a∂z

∣∣∣∣∣
2 (
µ2 − ω2 + 2αµω + α2

)
− 2Re

(
∂a

∂z

)(
µ3 − 3µω2 + 2α(µ2 − ω2)

+α2µ)
)

+
(
µ4 − 6µ2ω2 + ω4 + 2α(µ3 − 3µω2) + α2(µ2 − ω2)

)
+ 2α2κRe

(
∂a

∂g

∂b

∂z̄

∂f

∂z
− µ∂a

∂g

∂f

∂z

)
ŵ(k) = 0, (5.4.17)

G ≡
∣∣∣∣∣∂a∂z

∣∣∣∣∣
2

(2µω + 2αω)− 2Re
(
∂a

∂z

)(
3µ2ω − ω3 + 4αµω + α2ω

)
+
(
4µ3ω − 4µω3

+2α(3µ2ω − ω3) + 2α2µω
)
− 2α2κωRe

(
∂a

∂g

∂f

∂z

)
ŵ(k) = 0. (5.4.18)

In order to evaluate (5.2.13), we shall first differentiate F and G with respect to ω,

Fω = 2
∣∣∣∣∣∂a∂z

∣∣∣∣∣
2

(−ω + αµ) + 4ωRe
(
∂a

∂z

)
(+3µ+ 2α)

− 2
(
6µ2ω − 2ω3 + 6αµω + α2ω

)
, (5.4.19)

Gω = 2
∣∣∣∣∣∂a∂z

∣∣∣∣∣
2

(µ+ α)− 2Re
(
∂a

∂z

)(
3µ3 − 3ω2 + 4αµ+ α2

)
+ 2

(
2µ3 − 6µω2

+3α(µ2 − ω2) + α2µ
)
− 2α2κRe

(
∂a

∂g

∂f

∂z

)
ŵ(k). (5.4.20)
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When differentiating F and G with respect to k, we note that ŵ(k) is the only

component of each that depends on k,

d
dk ŵ(k) = 42k(1 + k2)2 − 2(1 + k2)(2k)(k2)

(1 + k2)4 = 8k(1− k4)
(1 + k2)4

= 8k(1− k2)
(1 + k2)3 .

Hence,

Fk = 16α2κ
k(1− k2)
(1 + k2)3 Re

(
∂a

∂g

∂b

∂z̄

∂f

∂z
− µ∂a

∂g

∂f

∂z

)
(5.4.21)

Gk = −16α2κω
8k(1− k2)
(1 + k2)3 Re

(
∂a

∂g

∂f

∂z

)
. (5.4.22)

The coefficients |∂a/∂z|2, Re (∂a/∂z), Re
(
∂a
∂g

∂f
∂z

)
and Re

(
∂a
∂g

∂b
∂z̄

∂f
∂z

)
are computed

in Appendix B. Interestingly, we find that

Re
(
∂a

∂g

∂f

∂z

)
= −1

2f(z), (5.4.23)

which will be of use subsequently.

Turing instability

For a static Turing bifurcation µ = 0 and ω = 0, which yields the following character-

istic equation

∣∣∣∣∣∂a∂z
∣∣∣∣∣
2

+ 2κRe
(
∂a

∂g

∂b

∂z̄

∂f

∂z

)
ŵ(k) = 0, (5.4.24)

and bifurcation equation

k(1− k2)
Re

(
∂a

∂g

∂b

∂z̄

∂f

∂z

)∣∣∣∣∣∂a∂z
∣∣∣∣∣
2

− αRe
(
∂a

∂z

)
+ 1

2ακf(z)ŵ(k)
 = 0. (5.4.25)
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Upon analysing this equation we found that the term inside the square brackets has

no real roots and hence, k(1− k2) = 0. Since the wave number k must be non-zero

to excite patterned Turing states, |kc| = 1, where kc is the critical value of k, as

described in §5.2. This implies that if we choose parameter values which satisfy

(5.4.24) for |k| = 1 and plot λ(k) in the (µ, ω)-plane, the branch of solutions will graze

the imaginary axis at ω = 0, corresponding to a static Turing bifurcation. Figure 5.4.1

shows the continuous spectrum λ(k) at a static Turing bifurcation. It can be seen

that the spectrum does indeed touch the imaginary axis at ω = 0.

Figure 5.4.2 shows a two parameter bifurcation diagram in the synaptic reversal

potential vsyn and the mean background drive η0, for a range of values for the coupling

strength κ. The system is unstable to static Turing patterns in the parameter window

enclosed by the curves. It can be seen that there are two critical values for η0 if vsyn & 0

and no Turing bifurcation if vsyn . 0. If we take the lower of the these two values of η0

and begin to increase η0, the branch of solutions (shown in Fig. 5.4.1) is pushed to the

right in the (µ, ω)-plane, implying that Re(λ) > 0 for a range of k ∈ (k1, k2), and that

the system is unstable and, hence, can exhibit static Turing patterns. If η0 is increased

further the branch of solutions tends back to the left in the (µ, ω)-plane, until we hit

the second Turing bifurcation, resulting in a restoration of stability and a homogeneous

steady state. For particular parameter sets, increasing η0 may result in additional

bifurcations occurring, namely a Turing-Hopf bifurcation. We will discuss this in the

next subsection. For all values of η0 there exists one critical value of vsyn. As vsyn is

increased through this value we see the emergence of static Turing patterns. Increasing

κ results in an increase in the angle made between the to sections of the bifurcation

curve, and hence, a larger window of instability. Changing the heterogeneity of the

background drive ∆ has very little effect on the location and existence of the Turing

bifurcations, and altering the synaptic time constant α has no effect, as it only scales λ.
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Figure 5.4.1. Static Turing bifurcation for next generation neural field model:
Continuous spectrum of the system described by (5.4.2)–(5.4.5), at the static Turing bifur-
cation. This plot was computed by solving (5.4.24)–(5.4.25) to find the parameter values at
which a Turing bifurcation occurs. Theses parameter values were then used to solve (5.4.14)
for λ(k) = µ(k) + iω(k), which is plotted parametrically as a function of k. The solution
branch can be seen to graze the imaginary axis at ω = 0 (black star). Parameter values:
η0 = −1.515, vsyn = 10, ∆ = 0.5 α = 1.
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Figure 5.4.2. Static Turing bifurcation for next generation neural field model,
given by (5.3.9)–(5.3.10): Two parameter bifurcation diagram in synaptic reversal potential
vsyn and the mean background drive η0, showing the Turing curve for a number of different
values of coupling strength κ. The system is unstable in the enclosed region. It can be seen
that increasing κ increases the area of instability. Parameter values: ∆ = 0.5, α = 1.
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Turing-Hopf instability

As covered in §5.2, dynamic Turing-Hopf bifurcations occur when µ = 0 and ω 6= 0.

Substituting µ = 0 into (5.4.19), (5.4.20), (5.4.21) and (5.4.22) yields the following

Fω = −2ω
∣∣∣∣∣∂a∂z

∣∣∣∣∣
2

+ 8αωRe
(
∂a

∂z

)
+ 4ω3 − 2α2ω,

Gω = 2α
∣∣∣∣∣∂a∂z

∣∣∣∣∣
2

+ 2Re
(
∂a

∂z

)(
3ω2 − α2

)
− 6αω2 + αf(z),

Fk = 16α2κ
k(1− k2)
(1 + k2)3 Re

(
∂a

∂g

∂b

∂z̄

∂f

∂z

)
,

Gk = +8α2κω
k(1− k2)
(1 + k2)3 f(z).

Hence, the condition for a Turing-Hopf bifurcation is,

k(1− k2)
ω2f(z)

∣∣∣∣∣∂a∂z
∣∣∣∣∣
2

+ 4αRe
(
∂a

∂z

)
+ 2ω2 − α2

− Re
(
∂a

∂g

∂b

∂z̄

∂f

∂z

)

×

α ∣∣∣∣∣∂a∂z
∣∣∣∣∣
2

+ Re
(
∂a

∂z

)(
3ω2 − α2

)
− 3αω2 + 1

2α
2κf(z)

 ŵ(k)
 = 0,

(5.4.26)

with the characteristic equation (split into real and imaginary parts),

∣∣∣∣∣∂a∂z
∣∣∣∣∣
2 (
−ω2 + α2

)
+ 4αω2Re

(
∂a

∂z

)
+ (ω4 − α2ω2) + 2α2κRe

(
∂a

∂g

∂b

∂z̄

∂f

∂z

)
ŵ(k) = 0,

(5.4.27)

α

∣∣∣∣∣∂a∂z
∣∣∣∣∣
2

+ Re
(
∂a

∂z

)(
ω2 − α2

)
− αω2 − 1

2α
2κf(z)ŵ(k) = 0. (5.4.28)

Once again the term in the square brackets in (5.4.26) has no real roots, and hence,

|kc| = 1. Figure 5.4.3 shows the branch of solutions for a set of parameter values

which satisfy (5.4.27) and (5.4.28), for |k| = 1. The branch of solutions λ(k) grazes
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the imaginary axis at ω = ±1.327 (black stars), corresponding to a Turing-Hopf

bifurcation.

µ
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Figure 5.4.3. Turing-Hopf bifurcation for next generation neural field model:
Continuous spectrum of the system described by (5.4.2)–(5.4.5), at the dynamic Turing
bifurcation. This plot was computed by solving (5.4.26)–(5.4.28) to find a parameter set
for which a Turing-Hopf bifurcation arises in the system. Using these parameter values,
(5.4.14) was solved for λ(k) = µ(k) + iω(k), which is plotted parametrically as a function of
k. The black stars represent the Turing-Hopf bifurcations which occur when |k| = 1 and
ω = ±1.327. Parameter values: η0 = −0.414, vsyn = −10, ∆ = 0.5, α = 1.

The Turing-Hopf curve is plotted as a function of synaptic reversal potential vsyn

and average background drive η0 in Fig. 5.4.4, for a range of different values of the

synaptic time constant α. There is a noteworthy value of α where the system switches

from having one critical value of η0 for every value of vsyn to having two critical values

for vsyn . 0 and the Turing-Hopf bifurcation not existing for vsyn & 0. This value
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depends on upon both ∆ and κ. For the parameters chosen in Fig. 5.4.4 the bifurcation

structure undergoes this switch for α = 1.585. In both cases there exists one critical

value of vsyn for every value of η0 and the system displays dynamic Turing patterns,

namely periodic travelling plane waves, as vsyn is decreased through this value. As

was the case for the static Turing bifurcation curve, increasing κ increases the angle

between the two sections of the bifurcation curve. Changing the heterogeneity of the

background drive ∆ has little effect on the location of the Turing-Hopf bifurcation.

The most exotic patterns occur when the Turing and Turing-Hopf bifurcations

collide, due to the excitation of two different modes. As such, we choose values of ∆,

κ and α for which this is possible. In particular we need α to be large enough that

a Turing-Hopf bifurcation can occur for vsyn > 0. Figure 5.4.5 shows a bifurcation

diagram in η0 and vsyn for such a choice of parameter values, the blue curve represents

the Turing-Hopf curve and the red the Turing curve. The system exhibits stationary

patterns in the area to the right of the red curve and dynamic oscillatory patterns

to the left of the blue curve. In the area where the two regions overlap we see more

exotic patterns, which cannot be described by linear stability analysis. The insets

show the behaviour of the synchrony R (where R is the magnitude of the Kuramoto

order parameter z) near to the bifurcations. The details of the numerical scheme used

to obtain these results is described in Appendix C.1. Here we simulated on a domain

of length 50, with 600 grid points. Simulations were also done on finer meshes, and

we can confirm that the results were unchanged.

Figure 5.4.6 shows a sample of the types of patterns that are seen in the system.

As above, the numerical scheme is described in Appendix C.1. Here we simulated

on a domain of length 40, with 600 grid points. The static Turing bumps are seen

close to the Turing curve, but go unstable to different patterns further away from the

curve. The dynamic Turing waves are seen close to the Turing-Hopf curve, and are

stable even far away from this curve. The system can also support global breathers
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Figure 5.4.4. Turing-Hopf bifurcation for next generation neural field model:
Two parameter bifurcation diagram in the synaptic reversal potential vsyn and the mean
background drive η0, for the system described by (5.4.2)–(5.4.5), showing the Turing-Hopf
curve for a number of different values of α. The system is unstable in the enclosed region/area
above the curve. It can be seen that increasing α through roughly 1.6 changes the bifurcation
structure, such that the system has one Turing-Hopf point for every value of vsyn, rather
than having two bifurcation points for vsyn . 0 and none for vsyn & 0. Parameter values:
∆ = 0.5, κ = 5.
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Figure 5.4.5. Turing analysis for next generation neural field model, given by
(5.3.9)–(5.3.10): Two parameter bifurcation diagram in the synaptic reversal potential vsyn
and the average background drive η0, showing the Turing curve (red) and the Turing-Hopf
curve (blue). In the area to the left of the Turing curve we see stationary patterns and in
the area to the right of the Turing-Hopf curve we see dynamic patterns. In the area where
the two regions overlap we see more exotic patterens. The insets show the typical behaviour
of R in each of the regions. Parameter values: ∆ = 0.5, κ = 5, α = 5.
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Figure 5.4.6. Zoo of patterns: Sample of the patterns that the system described by
(5.3.9)–(5.3.10) can support. The left hand column shows the synchrony R and the right
column shows the synaptic conductance g. (a) Static Turing bumps, η0 = 0, vsyn = 3.
(b) Dynamic Turing waves, η0 = 15, vsyn = −10. (c) Structures within bumps, η0 = 60,
vsyn = 10. (d) Breathers, η0 = 15, vsyn = −10. (Note change of timescale in (d).) Parameter
values: ∆ = 0.5, κ = 5, α = 5.
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in this region. Breathers are bumps whose width oscillates in time. The breathers

are shown in Fig. 5.4.6d and it can be seen that they are periodic in both space and

time, with the amplitude of the breathers also oscillating in time. These states can

exist for prolonged periods of time, but ultimately give way to the dynamic Turing

waves. To obtain periodic travelling waves we applied perturbations of the form

δz = A1(cosx + i sin x), δg = δK = A2 cosx. For the periodic breathing states, the

perturbation to g and K was unchanged but δz = A1(cosx + i cosx). The more

exotic patterns which have structure within the bumps are seen in a large parameter

window, both inside the Turing-Hopf region and outside it. Both the Turing and

Turing-Hopf bifurcations appear to be subcritical, based on observations from our

numerical simulations. These patterns do not exist if we choose parameter values such

that the Turing and Turing-Hopf regions do not overlap. Structures within bump

solutions are not seen in standard neural field models. They are, however, commonly

seen in networks of spiking neurons [107, 41], which suggests that this next generation

neural mass model retains information about the underlying spiking model. Figure

5.4.7 shows the results for a simulation of 500 θ-neurons distributed on a ring of

circumference 2π. It can be seen that a bump of oscillatory activity manifests in the

system, a clear spatial order in the firing events cannot be seen, but the pattern of

firing is not random.

5.4.2 Two spatial dimensions

It is trivial to extend the system to include a second spatial dimension. This is achieved

by considering a network of θ-neurons on a two dimensional grid of length Lx and

width Ly, instead of a one dimensional line of length L. The reduction follows the same

procedure outlined in §5.3.1, and the reduced system is described by (5.4.2)–(5.4.5),

under the replacement x→ r and y → r′, where r = [x, y] is a two dimensional vector.

Results from the 1D case described above would suggest that we should find Turing
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Figure 5.4.7. Bump attractor in simulation of 500 θ-neurons: Results for a sim-
ulation of 500 θ-neurons, spatially distributed on a ring with circumference 2π, showing
the value of θi for i = 1 . . . 500, as a function of space and time. A bump of firing activity,
centred around 0, can be clearly seen.
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and Turing-Hopf bifurcations in the 2D case for w(r) = (1− |r|)e−|r|. As this kernel is

not balanced in 2D and the 2D Turing analysis is simplest if we choose forms of w(r),

which allow us to make use of known formulae for Bessel functions, when computing

the 2D Fourier transform of w(r), we shall work with an alternative coupling kernel.

This choice of kernel is given by w(r) = E(r)− E(βr)/γ [127], where

E(r) = 2
3π (K0(r)−K0(2r)), (5.4.29)

and Kν(x) is the modified Bessel function of the second kind of order ν. The properties

of the modified Bessel function mean that this connectivity kernel has a ‘nice’ Fourier

transform. This will allow us to easily evaluate the spatial convolution in the subsequent

analysis. This kernel maintains the key properties of short range excitation and long

range inhibition for β < 1 and γ > 1, and it is balanced for γ = 1/β2. Figure 5.4.8

shows a plot of w(r) for β = 0.5 and γ = 4. Introducing a two dimensional Fourier

Figure 5.4.8. Two dimensional Mexican hat function: Plot of the connectivity kernel
w(r) = E(r))− E(βr)/γ, for β = 0.5, γ = 4.
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transform of the form

ψ̂(k) =
∫

R2
eik·rψ(r)dr, (5.4.30)

and noting that the Hankel transform of K0(pr)) is Hp(k) = (k2 + p2)−1 we can

compute the 2D Fourier transform of w,

ŵ(k) = 2
3π

[
H1(k)−H2(k) + H2β(k)

γ
− Hβ(k)

γ

]
. (5.4.31)

To simplify the calculations that follow, we shall once again let

a = ∂z

∂t
(r, t); b = ∂z̄

∂t
(r, t).

In this case perturbations take the form u(r, t) = Aeλteik·r, where k = [kx, ky] and the

wave number is given by k = |k|. Applying a perturbation of this form gives

∂

∂t
δu(r, t) = J (k)δu(r, t), (5.4.32)

where J (k) is the Jacobian matrix given by (5.4.7). The entries of (5.4.7) are given

by (5.4.8)–(5.4.10), apart from ŵ(k) which is given by (5.4.31).

As before, we must solve the characteristic equation (5.2.9) and corresponding

bifurcation condition (5.2.13). As ŵ(k) takes a different form, Fk and Gk need to be

recomputed. Once again we note that the only part of F and G that depends on the

wave number k is ŵ(k),

d
dk ŵ = 2

3π

[
dH1

dk −
dH2

dk + 1
γ

(
dH2β

dk − dHβ

dk

)]
, (5.4.33)

and where
dHp

dk (k) = −2k
(p2 + k2)2 . (5.4.34)
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Hence

Fk = 2α2κ
dŵ
dk

[
Re

(
∂a

∂g

∂b

∂z̄

∂f

∂z

)
+ 1

2µf(z)
]
, (5.4.35)

Gk = α2κω
dŵ
dk f(z). (5.4.36)

Turing instability

As before we observe a static bifurcation when µ = 0 and ω = 0, which yields the

following set of equations

∣∣∣∣∣∂a∂z
∣∣∣∣∣
2

+ 2κRe
(
∂a

∂g

∂b

∂z̄

∂f

∂z

)
ŵ(k) = 0, (5.4.37)

dŵ
dk

∣∣∣∣∣∂a∂z
∣∣∣∣∣
2

− αRe
(
∂a

∂z

)
+ 1

2ακf(z)ŵ(k)
 = 0. (5.4.38)

In this case, the term inside the square brackets can have real roots if

∣∣∣∣∣∂a∂z
∣∣∣∣∣
2

− αRe (∂a/∂z) < 0, (5.4.39)

as ακf(z)ŵ(k)/2 > 0, for ∀k. We were unable to find parameter values for which this

inequality held, as the first term is always positive and the second term is always

negative. The derivative of ŵ(k) has three real roots 0,±k∗. Figure 5.4.9 shows a

plot of k∗ as a function of β, in the case that γ = 1/β2. Again, one cannot excite

patterns with the wavenumber k = 0. Hence, |kc| = k∗. Remember that k = |k|, so

perturbations for which
√
k2
x + k2

y = kc will excite Turing patterns, when the parameter

values are chosen such that (5.4.37) is satisfied.

The continuous eigenspectrum λ(k) is shown in Fig. 5.4.10. The black star

corresponds to the static Turing bifurcation, which occurs at k = 0.3863. Increasing
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Figure 5.4.9. Critical k value as a function of β: Plot of the positive non-zero root
of dŵ/dk as a function of β, for a balanced kernel (γ = 1/β2). Roots of dŵ/dk occur as
[−k∗, 0, k∗].

the mean background drive η0 would result in pushing the spectrum to the right in

the (µ, ω)-plane, and hence, the system would go unstable to static Turing patterns.

Figure 5.4.11 shows the Turing bifurcation curve as a function of the synaptic reversal

potential vsyn and the average background drive η0 for a range of different values of (a)

the connectivity parameter β and (b) the coupling strength κ. It can be seen in Fig.

5.4.11a that increasing β decreases the area of instability. Note that the critical value

of k changes with β, for β = 0.1 kc = 0.2585, for β = 0.2 kc = 0.3863, for β = 0.5

kc = 0.6373 and for β = 0.7 kc = 0.7593. In Fig. 5.4.11b we vary the values of κ, and

fix β = 0.2. Here, increasing the value of κ increases the area in which we see static

Turing patterns. As in the 1D case, altering the heterogeneity of the background drive

∆ has little effect on the Turing bifurcation points and synaptic time constant α has

no effect, as it simply scales λ.

Close to bifurcation the system can support a variety of different stationary
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Figure 5.4.10. Static Turing bifurcation for next generation neural field model
in 2D: Eigenspectrum of the system described by (5.4.2)–(5.4.5) with two spatial dimensions
for parameter values which correspond to a Turing bifurcation. To obtain this plot we solved
(5.4.37)–(5.4.39) for η0 to find a parameter set for which a Turing bifurcation occurs. These
parameter values were then used to solve (5.4.14) for λ(k) = µ(k) + iω(k), which is plotted
parametrically as a function of k. The solution branch grazes the imaginary axis at ω = 0
(black star), which corresponds to kc = 0.3863. Parameter values: η0 = −0.1832, vsyn = 10,
∆ = 0.1, κ = 10, α = 3, β = 0.2.
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(a) (b)

Figure 5.4.11. Static Turing bifurcation for next generation neural field model
in 2D: Turing bifurcation curves, for the model describe by (5.3.9)–(5.3.10), plotted as
functions of the synaptic reversal potential vsyn and the average background drive η0 for a
range of different values of (a) the connectivity parameter β and (b) the coupling strength
κ. Increasing β can be seen to decrease the area of instability, while increasing κ increases
the area of instability. Parameter values: ∆ = 0.1, κ = 10, α = 1, β = 0.2.

patterns, such as Turing spots and stripes. Figure 5.4.12 shows a sample of these

patterns. These simulations were run on a large square domain of width 80 with

Neumann boundary conditions. The details of the numerical scheme used is described

in Appendix C.2. As the numerical scheme is highly computationally extensive we

were forced to simulated on a coarsely-grained lattice with 250× 250 mesh points. A

number of additional simulations were carried out on a finer lattice to confirm that

the patterns observed were not merely due to the coarseness of the lattice. However,

the spatial resolution was deemed satisfactory, by inspection. The different patterns

are achieved by applying different spatial perturbations ũ(x, y) = eikR·r to the steady

state solution of the system close to the Turing bifurcation, where R are basis vectors

for the basic symmetry groups of hexagon, square and rhombus. The three patterns

shown below coexist in the same parameter space and appear (from our simulations)

to all be stable.
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(a)

(b)

(c)

Figure 5.4.12. Stationary patterns for two spatial dimensions: Plots of the
synchrony R (left) and synaptic conductance g (right) illustrating a number of differ-
ent types of static Turing patterns that the system supports. The initial conditions
are varied between the plots by applying different spatial perturbations ũ(x, y) to the
steady state solution. (a) Turing stripes ũ(x, y) = A cos(kc(x + y)/

√
2) . (b) Turing

spots (square lattice) ũ(x, y) = A(cos kx + cos ky). (c) Turing spots (hexagonal lattice)
ũ(x, y) = A(cos kcx+ cos(kc(x+

√
3y)/2) + cos(kc(x−

√
3y)/2)). Parameter values: η0 = 0,

vsyn = 4, ∆ = 0.1, κ = 3, α = 1, β = 0.5, kc = 0.6373.
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Turing-Hopf bifurcation

As in the case for one spatial dimension, we set µ = 0, as dynamic Turing bifurcations

occur when λ = ±iω. This yields the following set of equations,

dŵ
dk

ω2f(z)
∣∣∣∣∣∂a∂z

∣∣∣∣∣
2

+ 4αRe
(
∂a

∂z

)
+ 2ω2 − α2

− Re
(
∂a

∂G

∂b

∂z̄

∂f

∂z

)

×

α ∣∣∣∣∣∂a∂z
∣∣∣∣∣
2

+ Re
(
∂a

∂z

)(
3ω2 − α2

)
− 3αω2 + 1

2α
2κf(z)

 ŵ(k)
 = 0,

(5.4.40)

∣∣∣∣∣∂a∂z
∣∣∣∣∣
2 (
−ω2 + α2

)
+ 4αω2Re

(
∂a

∂z

)
+ (ω4 − α2ω2) + 2α2κRe

(
∂a

∂G

∂b

∂z̄

∂f

∂z

)
ŵ(k) = 0,

(5.4.41)

α

∣∣∣∣∣∂a∂z
∣∣∣∣∣
2

+ Re
(
∂a

∂z

)(
ω2 − α2

)
− αω2 − 1

2α
2κf(z)ŵ(k) = 0. (5.4.42)

Once again, we were unable to find any real roots for the term inside the square

brackets in (5.4.40). Hence, as was the case for the Turing bifurcation kc is determined

by finding the roots of dŵ/dk, the reader is reminded that the positive non-zero root is

shown as a function of β in Fig. 5.4.9. For β = 0.2, if we choose parameter values which

satisfy (5.4.41) and (5.4.42), the system is unstable to dynamic Turing patterns for

spatial perturbations of the form ũ(x, y) = Aei(kxx+kyy), for
√
k2
x + k2

y = 0.3863. The

continuous eigenspectrum λ(k) is shown in Fig. 5.4.13 at a Turing-Hopf bifurcation.

The spectrum can be seen to touch the imaginary axis at ω ' 1.3, corresponding to a

dynamic Turing-Hopf bifurcation.

Figure 5.4.14 shows the Turing-Hopf bifurcation curve as a function of the synaptic

reversal potential vsyn and the average background drive η0, for a range of different

values of (a) the connectivity parameter β and (b) the synaptic time constant α.
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Figure 5.4.13. Turing-Hopf bifurcation for next generation neural field model
in 2D: Eigenspectrum of the system, described by (5.4.2)–(5.4.5), in two spatial dimensions
for parameter values which correspond to a Turing Hopf bifurcation. This plot was computed
by solving (5.4.40)–(5.4.42) to find the parameter values for which the system undergoes
a Turing-Hopf bifurcation. These parameter values were then used to solve (5.4.14) for
λ(k) = µ(k) + iω(k), which is plotted parametrically as a function of k. The solution branch
grazes the imaginary axis at ω = ±1.3 (black star), when kc = 0.3863. Parameter values:
η0 = −0.1832, vsyn = 10, ∆ = 0.1, κ = 10, α = 3, β = 0.2.
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We noted in the 1D case that there was a critical value of α for which the system

switched from having a single Turing-Hopf bifurcation for every η0 and vsyn to having

two bifurcation points for vsyn . 0 and none for vsyn & 0. This is also the case here.

Figure 5.4.14a shows that increasing β causes the angle between the two sections of

the Turing-Hopf curve to decrease and undergo this switch in behaviour at β ' 0.48.

It can be seen in Fig. 5.4.14b that decreasing α has a similar effect, and the switch

in behaviour happens at α ' 1.47. In both plots the system is unstable to dynamic

(a)
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Figure 5.4.14. Turing-Hopf bifurcation curves for next generation neural field
model in 2D: Turing-Hopf bifurcation curves, for the system described by (5.3.9)–(5.3.10)
with two spatial dimension, plotted as functions of the synaptic reversal potential vsyn and
the mean background drive η0 for a range of different values of (a) the connectivity parameter
β and (b) the synaptic time constant α. Increasing β reduces the angle between the two
sections of the Turing-Hopf curve, increasing α has the opposite effect, increasing the angle
and hence, increasing the are of instability. We observe dynamic Turing pattens to the
left/of the bifurcation curves. Parameter values: ∆ = 0.1, κ = 10, α = 2, β = 0.2.

Turing patterns (planar and radial waves) in the region above/to the right of the

curves.

Near to the Turing-Hopf bifurcation the system supports standing and planar

waves, which can be seen in Fig. 5.4.15. A perturbation of the form ũ(x, y) =

A(cos(kc(x + y)/
√

2) initially induced standing waves, stationary waves in which
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the amplitude oscillates in time. After some time the waves no longer oscillate in

amplitude and move across the domain at a fixed speed, which is determined by the

wave number kc. These waves are known as planar waves. As in the 1D case, the

t = 0 t = 4 t = 20

Figure 5.4.15. Planar waves in two dimensions: Plots of the synchrony R (top row)
and synaptic conductance g (bottom row) for a number of time points, showing the evolution
of planar waves in the two dimensional system, for a spatial perturbation of the form
ũ(x, y) = A(cos(kc(x+ y)/

√
2). The perturbation initially induces standing waves. These

waves then transition into planar waves which move across the domain at a fixed speed.
Parameter values: η0 = 0, vsyn = −10, ∆ = 0.1, κ = 3, α = 3, β = 0.5, kc = 0.6373.

system can supports breathers, whose amplitude and width oscillate in time. If the

system is perturbed with a hexagonal pattern, we see the emergence of breathers on a

hexagonal lattice, this is shown in Fig. 5.4.16. Breathers can also develop on a square

lattice, when the system is perturbed with a square pattern.
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t = 0 t = 2.2 t = 4.2

Figure 5.4.16. Breathers in two dimensions: Snapshots of the synchrony R (top) and
synaptic conductance g (bottom) at a number of time points, depiciting breathers on a two
dimensional domain. The steady state solution is perturbed with the hexagonal pattern
ũ(x, y) = A(cos kcx+ cos(kc(x+

√
3y)/2) + cos(kc(x−

√
3y)/2)). These patterns only exist

for a finite amount of time before transitioning into the solutions shown in Fig. 5.4.17.
Parameter values: η0 = 0, vsyn = −10, ∆ = 0.1, κ = 3, α = 3, β = 0.5, kc = 0.6373.
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Unlike in the 1D case these breathing states transition to standing waves, rather

than periodic travelling waves, which are shown in Fig. 5.4.17. The breathers shown

in Fig. 5.4.16 only exist for a finite amount of time before transitioning to these

standing waves. The hexagonal structure of the spots remains constant as the positive

and negative conductance states alternate, i.e the spots, which had a positive synaptic

conductance, switch to a negative value of synaptic conductance and the surrounding

area does the opposite. This solution could be formed by an interaction of a left- and

right-travelling wave. We will discuss possible further analysis of this in Chapter 7.

The patterns shown in Fig. 5.4.15, 5.4.16 and 5.4.17 all exist in the same parameter

t = 26.6 t = 27.5 t = 28.1 t = 29.2

Figure 5.4.17. Standing waves in two dimensions: Two dimensional plots of the
synaptic conductance g at different time points, showing the evolution of two dimensional
standing waves. These dynamic patterns manifest in the system when it is perturbed with a
hexagonal pattern (as in Fig. 5.4.16) and allowed to evolve for a sufficient amount of time.
At t = 26.6, the spots have a positive value of g, and as the system evolves this positive
activity state becomes a negative activity state. Parameter values: η0 = 0, vsyn = −10,
∆ = 0.1, κ = 3, α = 3, β = 0.5, kc = 0.6373.

window, and the planar waves and standing waves appear (from numerical simulation)

to both be stable. Appendix C.2 describes the numerical scheme used to create these

plots, the domain size and number of mesh points was chosen to be the same as in

§5.4.1.

As in §5.4.1 we wish to explore the behaviour of the system when both the Turing

and Turing-Hopf bifurcations coincide. Figure 5.4.18 shows a two parameter bifurcation
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diagram in synaptic reversal potential vsyn and mean background driveη0 where the

other parameters are chosen such that the Turing and Turing-Hopf bifurcations curves

collide. If we compare this diagram to Fig. 5.4.5, we see that the point at which the

two curves collide occurs for a larger value of vsyn and η0 for the system with two

spatial dimensions. If we chose a set of parameter values that put the system in the

vsyn

0 20 40 60 80

η0

0

50

100

150

200

250

Figure 5.4.18. Turing and Turing-Hopf bifurcations in 2D: Bifurcation diagram for
the system given by (5.4.2)–(5.4.5) with two spatial dimension, in the synaptic reversal
potential vsyn and the mean background drive η0 showing the Turing (red) and Turing-Hopf
(blue) bifurcations curves. The system supports static Turing patterns to the right of the
Turing curve and dynamic Turing waves in the region to the left of the Turing-Hopf curve.
In the area where the system can supports both static and dynamic patterns we observe
more exotic patterns that cannot be explained using linear stabilty analysis. Parameter
values: ∆ = 0.1, κ = 15, α = 2, β = 0.2.

vicinity of both the Turing and Turing-Hopf bifurcations we observe two dimensional
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versions of the patterns seen in the 1D case. Figure 5.4.19 shows the evolution of these

patterns on the two dimensional hexagonal lattice. Radial waves develop in the centre

of the spots and propagate out to the edge of the spots. This production of radial

waves is periodic. As in the one dimensional patterns, the structure inside the spots

is only seen in the order parameter z and not in the synaptic conductance g. The

amplitude of the synaptic current g performs small oscillation which are not visible

here. If we perturb the system with a square pattern, we see the same behaviour.

The only difference is that the spots are distributed on a square lattice rather than

a hexagonal one. Alternatively, if we perturb the system with a striped pattern, a

stripe of activity is generated in the centre of the high activity stripes, which splits

and propagates away from the centre of the stripe. As the wavelength kc was shorter

in this simulation we chose a larger domain size of 100, to minimise the edge effects.

The number of mesh points and numerical scheme were unchanged from the previous

simulations.

5.5 Discussion

In this chapter we outlined how to spatially extend the model presented in Chapter 3.

This was achieved by spatially distributing our network of θ-neurons on a line and

including a synaptic weighting function that depended upon the distance between

two neurons. As shown in §5.3.1, the OA ansatz still holds and we arrive at our next

generation neural field model, which takes the form of a generalised neural field model.

The population firing rate depends upon the within-population synchrony, which is

now a function of space and time. This allows us to track the evolution of synchrony

within patterns and waves.

Our new model is first analysed in one spatial dimension, using Turing instability

analysis. It was found that the model supports patterns typically seen in standard
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t = 0.11 t = 0.13 t = 0.15

Figure 5.4.19. Dynamic Turing bumps in two spatial dimensions: Two dimensional
surface plots of the synchrony R (top) and synaptic conductance g (bottom) at a series of
time points, showing spots on a two dimensional hexagonal lattice in the region of parameter
space that the Turing and Turing-Hopf bifurcations collide. Radial waves can be seen
emanating from the centre of the spots for a prolonged period of time, which then breaks
down and a oscillating structre appears in the bumps. Parameter values: η0 = 130, vsyn = 40,
∆ = 0.1, κ = 15, α = 2, β = 0.2, kc = 0.386.
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neural field models, such as stationary periodic patterns, planar waves and breathers.

More interestingly, the model also supported states not commonly seen in standard

neural field models. We discovered periodic solutions in which there was an oscillating

structure inside the bumps. These exotic patterns are more typically seen in networks

of spiking models, which led us to the conclusion that our reduced model preserves

some notion of the underlying spiking behaviour.

Including a second spatial dimension, once again provided us with a wide range of

global patterns, some of which can been seen in standard neural field models and some

of which which cannot. In particular, we observed standing waves in the system with

two spatial dimensions, which were not seen in the system with one spatial dimension.

We also observe the periodic states in which there is an oscillating structure within

the bumps, as seen in the 1D system.

As Turing instability analysis is a linear analysis, it can only describe the system

arbitrarily close to bifurcation. Traditionally, when analysing neural field equations,

one would perform a weakly nonlinear analysis to describe the behaviour of the system

as it is moved away from bifurcation. As such an analysis is only valid close to

bifurcation, and our system is highly nonlinear, we will instead use numerical analysis

techniques to explore the behaviour of the system away from bifurcation. Using

numerical analysis allows us to explore the behaviour of the system more thoroughly.

This analysis is carried out in Chapter 6.
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Chapter 6

Next generation neural fields II:

Numerical analysis of patterned

states

In Chapter 5 we described the derivation of our next generation neural field model,

and carried out a Turing instability analysis, in both one and two spatial dimensions.

It was stated that as we move away from bifurcation the linear approximation breaks

down and that the behaviour is dominated by the nonlinear terms. It is customary to

consider a weakly nonlinear analysis to describe the behaviour of the system away from

bifurcation. However, as our model is highly nonlinear, we opt for a numerical analysis

when considering the system away from bifurcation. Using numerical machinery

developed by Daniele Avitabile [10], we can continue global Turing patterns, as well

as localised states. In this chapter we will only consider parameter continuations for

the system in one spatial dimension.

In the field of theoretical neuroscience, the analysis of waves and patterns in

standard neural field theories has contributed to many biological advances. A variety

of neurological disorders such as epilepsy and spreading depression during migraine
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episodes are characterized by spatially localized oscillations and waves propagating

across the surface of the brain. As biological systems are not confined to operate

near bifurcation points, it is important to analyse the system away from these points

to gain a full understanding of the behaviour of the system. Unlike typical neural

field models, we cannot use the Heaviside approximation to make further analytical

progress since the firing rate is now a fixed real valued function of the Kuramoto

order parameter. As such, we must use numerical techniques to analyse the system

away from bifurcation. Numerical analysis is particularly important for analysing

travelling fronts, solutions which connect two fixed points of the system. Travelling

fronts connecting high activity states to low activity states or high blood oxygen states

to low blood oxygen states are commonly observed in human brain recordings [4, 39].

In particular, such fronts are seen during strokes, epilepsy and migraines [151, 19].

This chapter begins with an overview of the set up of our system and a brief

introduction to Avitabile’s numerical continuation software, describing how we can

apply it to our model. We first consider the static Turing patterns to verify the

analytical calculations, which were carried out in Chapter 5. Using numerical methods

we can also examine the behaviour of these solutions away from bifurcation. In

§6.2.2, we consider periodic travelling waves and calculate dispersion curves for these

travelling waves. The final section concerns itself with the continuation of local states,

and in particular travelling fronts.
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6.1 Overview of the numerical problem

We are faced with the challenge of constructing solutions and numerically analysing

them for the system,

(
1 + 1

α

∂

∂t

)2

g = κ
∫ ∞
−∞

dyw(y − x)f(z(y, t)) (6.1.1)

∂z

∂t
(x, t) = F(z(x, t); η0,∆) + G(z(x, t), g(x, t); vsyn), (6.1.2)

where f , F and G given by (3.2.12), (3.2.15) and (3.2.16) respectively. As the analysis

in Chapter 5 was carried out on the infinite domain, we will (unless otherwise stated)

use Neumann boundary conditions on a suitably large domain in order to imitate

the infinite domain. For computational convenience we transform the system to an

equivalent partial differential equation (PDE) system, using Fourier transforms to

expose spatial derivatives. This step is required to numerically evaluate the spatial

convolution in (6.1.1) on the infinite domain. We could employ MATLAB’s built-in

fast Fourier transform algorithm to compute the integral, if the problem were posed

on a ring with periodic boundary conditions, but unfortunately that is not the case

here. We shall define φ as the spatial convolution in (6.1.1),

φ(x, t) =
∫ ∞
−∞

dyw(y − x)f(z(y, t)). (6.1.3)

For now we will assume the synaptic kernel w(x) = (1− |x|)e−|x|. Introducing a two

dimensional Fourier transform of the form

ψ(x, t) = 1
(2π)2

∫ ∞
−∞

dk
∫ ∞
−∞

dλei(kx+λt)ψ̂(k, λ), (6.1.4)
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and assuming that the Fourier transform of f exists allows us to express (6.1.3) as

φ̂(k, λ) = ŵ(k)f̂(z(k, λ)), (6.1.5)

where ŵ is the one dimensional Fourier transform of w given by (5.4.11) and f̂ is the

two dimensional Fourier transform of f . Upon cross multiplication of the denominator

of ŵ(k) and application of the inverse Fourier transformation [45], we arrive at the

following equation

(1− ∂xx)2φ(x, t) = −4f(z(x, t)). (6.1.6)

Hence, the system of equations can be written as,

(1− ∂xx)2
(

1 + 1
α
∂t

)2
g = −4κ∂xxf(z), (6.1.7)

∂tz = F(z; η0,∆) + G(z, g; vsyn), (6.1.8)

where f , F and G are given by (3.2.12), (3.2.15) and (3.2.16), respectively.

The Turing analysis in Chapter 5 exposed the existence of periodic travelling waves.

To analyse these waves numerically it is convenient to transform to the travelling

wave frame ξ = x− ct, where c is the speed of the wave. This allows us to construct

the travelling wave (TW) solutions as stationary profiles in this reference frame. As

in Chapter 5 we will define a state vector u = [zR, zI , K, g]T , where zR = Re(z),

zI = Im(z) and K = (1 + α−1∂/∂t)g. As the numerical machinery used here does

not support complex variables, we separate z into its real and imaginary components

rather than using z̄ as our additional variable. First we let u(x, t)→ U(x− ct) ≡ U(ξ),

where U(ξ) = [ZR(ξ), ZI(ξ), K̃(ξ), g̃(ξ)]T . Substituting this into (6.1.7) and (6.1.8)
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gives the following set of TW ODEs,

(
1− d2

dξ2

)2 (
1− c

α

d
dξ

)2

g̃ = −4κ d2

dξ2f(Z), (6.1.9)

−c d
dξZ = F(Z; η0,∆) + G(Z, g̃; vsyn). (6.1.10)

This system of equations can be continued numerically with c as a variable, provided

we include an additional phase condition,

Ψ(Û , U) =
∫

dξdÛ
dξ (ξ)(U(ξ)− Û(ξ)) = 0, (6.1.11)

where Û(ξ) is a suitable reference solution, such as the initial wave profile found from

simulations. This condition minimises the difference between the solution U(ξ) and

the reference solution Û(ξ).

For convenience, we shall write the system defined by (6.1.7) and (6.1.8) as,

M∂tu(x, t) = F (u(x, t)), (6.1.12)

whereM is the mass matrix operator

M =



1 0 0 0

0 1 0 0

0 0 (1− ∂xx)2 0

0 0 0 1


. (6.1.13)

This set of equations will be used when performing parameter continuations of the

stationary Turing patterns. In the travelling wave coordinates (6.1.12) becomes,

− cM d
dξU = F (U), (6.1.14)
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whereM is given by (6.1.13) under the replacement ∂xx → d2/dξ2. We will use this

system of TW equations when examining the dynamic Turing waves.

Discretising the system into N points, on a line of length L, transforms the

operators d/dξ and d2/dξ2 into N×N matrices denoted by Dx and Dxx, respectively.

We choose to use central finite differences with a second order of accuracy, and as

such define Dx and Dxx as,

∑
j

Dxi,jvj = −vi−1 + vi+1

2∆x , (6.1.15)

∑
j

Dxxi,jvj = vi−1 − 2vi + vi+1

∆x2 , (6.1.16)

where ∆x = L/(N − 1). Enforcing Neumann boundary conditions imposes the

following

Dx(1, j) = Dx(j, 1) = 0, ∀j = 1 . . . N, (6.1.17)

Dxx(1, 2) = Dxx(N,N − 1) = 2
∆x2 . (6.1.18)

The matrix operatorM becomes a 4N × 4N matrix M,

M =



IN 0 0 0

0 IN 0 0

0 0 (1−Dxx)2 0

0 0 0 IN


. (6.1.19)

The discretisation of (6.1.11) is given as

Ψ(Û , U) = ∆x
∑
j

(DÛ)Tj (Uj − Ûj) = 0, (6.1.20)
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where

D =



Dx 0 0 0

0 Dx 0 0

0 0 Dx 0

0 0 0 Dx


. (6.1.21)

The continuation software employs the Newton generalised minimal residual method

(Newton-GMRES) to iteratively solve the system

cMDxU + F (U) = 0, Ψ(Û , U) = 0,

for (U, c).

To calculate the stability of the patterns in the TW frame we linearise around the

TW solution U(x− ct),

u(x, t) = U(x− ct) + εeλtŨ(x− ct) +O(ε2). (6.1.22)

Substituting this into (6.1.12) (and neglecting higher order terms) gives

M∂t
[
U(x− ct) + εeλtŨ(x− ct)

]
= F (U(x− ct)) + εeλtF ′(U(x− ct))Ũ(x− ct).

(6.1.23)

Transforming to the co-moving frame (ξ, t) and noting that M∂tU = F (U) (from

(6.1.14)), we find that

M
[
λeλtŨ(ξ)− ceλt d

dξ Ũ(ξ)
]

= eλtF ′(U(ξ))Ũ(ξ), (6.1.24)

which allows us to write

λMψ(ξ) =
[
cM d

dξ + F ′(U(ξ))
]
ψ(ξ). (6.1.25)
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In the discretised system this equation takes the form,

λMψ(ξ) = [cMDx + F ′(U(ξ))]ψ(ξ). (6.1.26)

The continuation software estimates the stability of the the TW solution by computing

the eigenvalues of cMDx + F ′(U) at each point along the continuation branch.

6.2 Continuation of global patterns

6.2.1 Static Turing patterns

We will first numerically continue the stationary patterns seen in Chapter 5 to verify

the results and examine the behaviour of these solutions away from bifurcation. As

these patterns are static we do not require the transformation to the travelling wave

frame, and we can instead continue steady state solutions of (6.1.8) and (6.1.7).

Discretising the system into 1000 points on a domain of length 16π allows us to

continue these stationary patterns. Figure 6.2.1 shows a one parameter continuation

in the mean background drive, η0. Solid (dashed) lines represent stable (unstable)

states. The bump solution bifurcates off the homogeneous steady state (g∗ = 0) at

η0 = −0.89 and η0 = 15.8; these values matches the values found for the Turing

bifurcations in Chapter 5. It is clear to see that these patterned Turing states exist

for η0 < −0.89 and η0 > 15.8, confirming that the Turing bifurcations are indeed

subcritical (at least for the parameter values chosen here). Figure 6.2.1 illustrates

that the static Turing pattern is stable for a wide range of values of η0. Increasing

the synaptic reversal potential vsyn was found to increase this range even further. If

vsyn is decreased through zero the patterned state no longer exists for any value of η0,

which is to be expected from Fig. 5.4.2.

A selection of solution states were chosen from the branch shown in Fig. 6.2.1 and

146



CHAPTER 6. NEXT GENERATION NEURAL FIELDS II: NUMERICAL
ANALYSIS OF PATTERNED STATES

Figure 6.2.1. Continuation of the spatially periodic Turing pattern: Bifurcation
diagram in the mean background drive η0 of a global patterned state, which is a stationary
solution of the system described by (6.1.7)–(6.1.8). Solid (dashed) lines represent stable
(unstable) patterned states. The patterned solution bifurcates off the homogeneous steady
steady (g∗ = 0) at Turing bifurcations at η0 = −0.89 and η0 = 15.8. Parameter values:
vsyn = 5, ∆ = 0.5, κ = 5, α = 1.
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the synchrony R and synaptic conductance g at each of these points are displayed in

Fig. 6.2.2. Figure 6.2.2a shows the solution along the unstable branch at η0 = −2.

It can be seen that when the activity is high (larger |g|) there is low synchrony, and

when the activity is low, there is high synchrony. Figure 6.2.2b shows the solution

along the stable branch at η0 = 0. The low activity state still has a lower value of

synchrony. However, it is not as low as in Fig. 6.2.2a. Figure 6.2.2c shows another

stable solution, this time for η0 = 30. For this solution state there appears to have

been a switch in the behaviour; the synaptic conductance g is now predominately

negative rather than positive. A possible explanation for this is the system switches

from being dominated by excitation to being dominated by inhibition. However, we

do not explore this further.

6.2.2 Dynamic Turing patterns

It is now interesting to examine the periodic waves found in the vicinity of the Turing-

Hopf bifurcation. As these waves are periodic it is convenient to switch to periodic

boundary conditions. For periodic boundary conditions Dx and Dxx are given by

(6.1.15) and (6.1.16), respectively, with the following boundary constraints,

Dx(1, N) = −Dx(N, 1) = − 1
∆x (6.2.1)

Dxx(1, N) = Dx(N, 1) = 1
∆x. (6.2.2)

By enforcing periodic boundary conditions we fix the spatial period of the wave, to the

length of the domain. Altering the domain size allows us to examine the relationship

between this period p and the wave speed c. Note that the domain size may also be

integer multiples of the spatial period. We will not focus on that case here. Figure

6.2.3 shows the evolution of a periodic wave on a domain of length π, 2π and 4π,

respectively. Examining the gradient of the waves we can see that the waves travel
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(a)

(b)

(c)

Figure 6.2.2. Global patterns away from bifurcation: Plots showing the behaviour
of the synchrony R (left) (where R is the magnitude of the Kuramoto order parameter z)
and the synaptic conductance g (right) at different points along the continuation branch
shown in Fig. 6.2.1. (a) Unstable branch at η0 = −2. (b) Stable branch at η0 = 0. (c)
Stable branch at η0 = 30. Parameter values: vsyn = 5, ∆ = 0.5, κ = 5, α = 1.

149



CHAPTER 6. NEXT GENERATION NEURAL FIELDS II: NUMERICAL
ANALYSIS OF PATTERNED STATES

faster on the larger domains. Near a Turing-Hopf bifurcation the speed of the wave is

given as ω/k, hence, the smaller the wave number the faster the waves will travel. It

is also interesting to note that the amplitude of the waves is greatest for the domain

of length 2π. In Chapter 5 we found that at bifurcation the system was unstable

to perturbations of the form eikcx, where |kc| = 1, hence, the spatial period of these

patterns is 2π. As such, the periodic patterns found here, on the domain of length 2π,

correspond to the Turing waves found in Chapter 5. These simulations were carried

out using the numerical scheme described in Appendix C.1, for 400 grid points.

Figure 6.2.3. Periodic waves on domains of different lengths: Surface plots showing
the evolution of the synaptic conductance g for the system given by (6.1.7)–(6.1.8), on
domains of different sizes with periodic boundary conditions. It can be seen that the waves
travel faster on the larger domains. Parameter values: η = 0, vsyn = −5, ∆ = 0.5, κ = 5,
α = 5.

We carried out a one parameter continuation of the average background drive η0

for each of these waves, by numerically continuing (6.1.9) and (6.1.10), where the

domain was discretised into 400 spatial points. Figure 6.2.4 shows (a) the wave speed

c and (b) the 2-norm of the synaptic conductance g as a function of η0. The solid

(dashed) lines correspond to stable (unstable) patterned states, and the stars represent

the point at which the system goes unstable to the spatially patterned states. The

red curve represents the domain of length π, the blue line shows the values for the

domain of length 2π and the green line corresponds to the system with a domain of
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length 4π. It can be seen that these waves emerge from the homogeneous steady state

(g∗ = 0) with a non-zero wave speed, at different values of η0. The value for which

periodic waves emerge when the domain size is 2π corresponds to the Turing-Hopf

bifurcation found in Chapter 5, as the wave number for this wave solution corresponds

to the most unstable wave number |kc| = 1. For the simulations on the domain of size

π and 4π the wave numbers are k = 2 and k = 0.5, respectively. It can be seen that

homogeneous steady state goes unstable to these patterns at a larger value of η0.

(a) (b)

Figure 6.2.4. Continuation in η0 for periodic waves: One parameter bifurcation
diagram in the mean background drive η0 of the stationary wave solution of the system
defined by (6.1.9)–(6.1.10). The continuation is shown as a function of (a) the speed of the
wave and (b) the 2-norm of the synaptic conductance g as a function of η0 for a domain of
size π (red), 2π (blue) and 4π (green). The stars indicate the point at which the system goes
unstable to patterns in each case. Solid (dashed) lines represent stable (unstable) patterned
states. Parameter values: vsyn = −5, ∆ = 0.5, κ = 5, α = 1.

To fully explore the relationship between the wave speed c and the spatial period p,

it is convenient to normalise the system such that the domain size is 1 and p becomes
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a model parameter. This leads to the following system of equations:

(
p2 − d2

dξ2

)2 (
p− c

α

d
dξ

)2

g̃ = −4p4κ
d2

dξ2f(Z), (6.2.3)

−c∂ξZ = p(F(Z; η0,∆) + G(Z, g̃; vsyn)). (6.2.4)

Finding solutions to these equations and continuing them in p allows us to compute

dispersion curves for the system, as shown in Fig. 6.2.5. We can see that periodic

waves, such as those shown in Fig. 6.2.5, only exist for a finite range of spatial periods.

For every value of p there exists two wave solutions with different speed, one of which

is stable (solid) and one of which is unstable (dashed), as expected from examining

Fig. 6.2.4a. Stability was computed numerically as described in §6.1. If we increase

the mean background drive η0 the dispersion curve is no longer a closed loop and the

system has one stable speed for every value of spatial period.

6.3 Continuation of local patterns

In this section we will focus on travelling fronts, localised patterns which connect

two fixed points of the system. Hence, in order for the system to support these local

patterns it must have at least two steady states, which is not possible with a balanced

connectivity kernel. As such, we opt for a change in coupling kernel and choose the

unbalanced normalised exponentially decaying function, w(x) = exp(−|x|)/2. The

Fourier transform of w(x) is given as ŵ(k) = 1/(1 + k2). Using the methods described

in §6.1, we can transform to an equivalent PDE system, which gives

(1− ∂xx)
(

1 + 1
α
∂t

)2
g = κf(z), (6.3.1)

∂tz = F(z; η0,∆) + G(z, g; vsyn), (6.3.2)

152



CHAPTER 6. NEXT GENERATION NEURAL FIELDS II: NUMERICAL
ANALYSIS OF PATTERNED STATES

Figure 6.2.5. Dispersion curve for periodic travelling waves: One parameter con-
tinuation for the system described by (6.2.3)–(6.2.4), showing the relationship between wave
speed c and the spatial period p of the periodic travelling waves. Solid (dashed) lines show
stable (unstable) solutions. We can see that for the chosen parameter values the periodic
waves only exist for a finite range of periods. Parameter values: η0 = 0, vsyn = −5, ∆ = 0.5,
κ = 5, α = 1.

153



CHAPTER 6. NEXT GENERATION NEURAL FIELDS II: NUMERICAL
ANALYSIS OF PATTERNED STATES

where f , F and G are given by (3.2.12), (3.2.15) and (3.2.16), respectively. Once

again, we use Neumann boundary conditions on a suitably large domain.

Before analysing the travelling wave solutions we first examine the spatially clamped

system. At steady state,

g∗ = 4κf(z), (6.3.3)

F(z∗; η0,∆) + G(z∗, g∗; vsyn) = 0, (6.3.4)

where we have used the fact that
∫

dyw(y) = 1. The solutions to these equations

were found numerically and continued in the synaptic reversal potential vsyn and the

mean background drive η0 using XPPAUT [66]. Figure 6.3.1 shows a two parameter

bifurcation diagram in vsyn and η0. The system has three fixed points in the region

enclosed by the saddle-node curves (red). Hence, we will look for travelling fronts in

this region of parameter space. Increasing the synaptic time constant α introduces

a Hopf bifurcation in this region, which may lead to interesting oscillating fronts,

which connect nodes to periodic orbits or periodic orbits to other periodic orbits.

However, as the numerical machinery considered here only allows for the continuation

of solutions which are stationary in the travelling wave frame we will not consider

them further here. These states are discussed briefly in Chapter 7.

Figure 6.3.2 shows a typical wave profile, which connects a high activity state to a

low activity state. At steady state the synaptic conductance g is directly proportional

to the firing rate. As such, we shall refer to the high (low) activity state as the state

with a large (small) value of synaptic conductance g. Interestingly, we see ripples in

the wake of the front, which may indicate that the solution connects a node to a focus.

To examine this further we plotted the solution in the phase space [Re(z), Im(z), g],

see Fig. 6.3.3. This illustrates that it is indeed a node-focus connection. The focus is

the high activity state and the node the low activity state.
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Figure 6.3.1. Spatially clamped system with exponential kernel: Two parameter
bifurcation diagram of the steady state solutions of (6.3.3)–(6.3.4) in the synaptic reversal
potential vsyn and the mean background drive η0, showing the saddle node curve. In the
area enclosed by the saddle node curve there are 3 fixed points, there is one fixed point
elsewhere. Parameter values: ∆ = 0.5, κ = 5, α = 1.
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Figure 6.3.2. Profile of the travelling wave solution: Profile of the travelling wave
solution showing the synaptic conductance g and the synchrony R, from a simulation of
(6.3.1)–(6.3.2). Parameter values: η0 = −3, vsyn = 4, ∆ = 0.5, κ = 5, α = 1.

Before numerically continuing the travelling wave solution we simulated (6.3.1)

and (6.3.2) for a range of different parameter sets. Figure 6.3.4 shows the evolution of

the travelling front for a number of different values for the mean background drive η0.

One can clearly observe that increasing η0 results in a faster wave speed. Examining

the left hand column of Fig. 6.3.4 reveals that the ripples seen in the wake of the

front, as shown in Fig. 6.3.2, become more prominent and long-lived as η0 is increased.

The numerical scheme used to produce these plots is described in Appendix C.3. Here

we used 1000 mesh points on a domain of length 60. As the front never reaches the

edge of the domain in the period of time we are interested in the simulated behaviour

is not affected by edge effects.

To continue the travelling front solution we once again transform to the travelling
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Figure 6.3.3. Phase portrait of the travelling wave solution: Three dimensional
phase space plot of the travelling wave solution, corresponding to the front shown in Fig.
6.3.2, showing the connection between the two fixed points; high activity state U∗1 and the
low activity state U∗2 . Parameter values as in Fig. 6.3.2.
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(a)

(b)

(c)

Figure 6.3.4. Simulations of a travelling front in (6.3.1)–(6.3.2): Surface plots
showing the front moving across the domain, for a number of different value of the mean
background drive η0: (a) η0 = 4, (b) η0 = 7.5, (c) η0 = 10. The left hand column shows the
synchrony R (where R is the magnitude of the Kuramoto order parameter z) and the right
column shows the synaptic conductance g. It can be seen that increasing η0 increases the
speed at which the wave propagates across the domain. Also noteworthy is that increasing η0
increases the prominence of the ripples in the wake of the front. Parameter values: vsyn = −5,
∆ = 0.5, κ = 5, α = 5.
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wave frame u(x, t)→ U(x− ct) ≡ U(ξ),

(
1− d2

dξ2

)(
1− c

α

d
dξ

)2

g̃ = κf(Z), (6.3.5)

−c d
dξZ = F(Z; η0,∆) + G(Z, g̃; vsyn). (6.3.6)

The wave profile in Fig. 6.3.2 was numerically continued in the average background

drive η0 to create the bifurcation diagram shown in Fig. 6.3.5 (red). The mirror image

of the wave profile was also continued; this accounts for the second solution set (blue).

Note that the two solutions sets are symmetric. The solid (dashed) lines correspond to

stable (unstable) solutions. The same solution was also continued in vsyn (the synaptic

reversal potential), which can be seen in Fig. 6.3.6. As in Fig. 6.3.5, the blue curve

represents the mirror image of the solution represented by the red curve.

An examination of Fig. 6.3.5 demonstrates that for every value of η0 there are 6

possible values for c. However only 3 of these are unique, as moving at speed c1 in the

case where the excited state is on the left is the same as moving at speed −c1 in the

case where the excited state is on the right. This is also the case for the continuation

of vsyn in Fig. 6.3.6 Of the 3 unique values of c, one is stable and two are unstable.

We note that there are ripples in the wake of the stable branch solutions and the

solutions for the upper of the two unstable branches, but not for the lower of the

two unstable branches. To examine this further we explored the eigenstructure of

the homogeneous steady states for each of the values of c. Figure 6.3.7 shows the

eigenvalues, λ = ω + iν of both fixed points for each of the possible values of c, as

well as the profile of R, where the high activity state is on the left. The key difference

between the cases where we see ripples and the case in which we do not is that there

is only one stable eigenvalue in the case without ripples and it is purely real. However,

in the other case the unstable eigenvalues are complex and real. The reduction in

|ν| between c = 0.3594 and c = 0.9470 cases likely accounts for the reduction in the
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Figure 6.3.5. Continuation in η0 of the travelling wave solution: Bifurcation
diagram in the mean background drive η0, showing the wave speed c as a function of η0.
This plot was calculated by continuing stationary solutions of (6.3.5)–(6.3.6). Solid lines
represent stable branches and dashed lines unstable branches. Red lines have a profile similar
to that in Fig. 6.3.2 (excited state on the left) and the blue lines represent the mirror image
of that state. Parameter values: vsyn = 4, ∆ = 0.5, κ = 5, α = 1.
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Figure 6.3.6. Continuation in vsyn of the travelling wave solution: Bifurcation
diagram for the model prescribed by (6.3.5)–(6.3.6), demonstrating how the synaptic reversal
potential vsyn influences the wave speed c. Solid lines represent stable branches and dashed
lines unstable branches. As in Fig. 6.3.5 the red curve corresponds to solutions which have
profile similar to that shown in Fig. 6.3.2 and the blue curve represent the mirror image of
that state. Parameter values: η0 = −3, ∆ = 0.5, κ = 5, α = 1.
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Figure 6.3.7. Eigenstructure of fixed points in system with exponential kernel:
Wave profile and eigenvalues, λ = ω + iν, of both of the fixed points, for the 3 possible
values of c. These calculations were carried out for the system described by (6.3.5)–(6.3.6).
a) c = −0.8769, b) c = 0.3594, c) c = 0.9470. Parameter values: η0 = −3, vsyn = 4, ∆ = 0.5,
κ = 5, α = 1.
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amplitude of the ripples.

6.4 Discussion

This chapter was a natural extension of the work presented in Chapter 5. Here we

used numerical techniques to analyse the spatio-temporal patterns presented in the

previous chapter. As the population firing rate in our model is a fixed derived function,

we cannot make use of the convenient Heaviside approximation, which allows for the

stability of spatial patterns to be examined away from bifurcation in standard neural

field models. As such, we use numerical analysis to examine the system away from

bifurcation, which allows us to explore the behaviour of the system more thoroughly.

We began this chapter with an overview of the numerical machinery that was used

to carry out the subsequent analysis. The analysis of the spatially periodic states

confirmed that the Turing bifurcations found in Chapter 5 were subcritical.

Making a switch to periodic boundary conditions enabled us to explore the be-

haviour of the periodic travelling waves away from bifurcation. We found an isolated

closed dispersion curve in §6.2.2, with one stable and one unstable branch. Inter-

estingly, these periodic travelling waves can achieve high wave speeds, which could

be interesting for further study. Further explorations may lead to the discovery of

more branches of the dispersion curve. Another interesting extension would be to

extend machinery described in §6.1 to continue periodic solutions, like the ones seen

in Chapter 5 when the Turing and Turing Hopf bifurcations collide.

Making a switch to an alternative coupling kernel, in §6.3, allowed us to analyse

local patterns, in particular, travelling fronts. At the beginning of the chapter, we

outlined the biological significance of such solutions and stated the importance of

developing numerical techniques to examine these solutions. In particular, Aquino et

al. [7] discovered blood oxygen level dependent (BOLD) waves propagating across the
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cortex at speeds of roughly 2–12 mms−1. Discrepancies in BOLD waves are believed to

play an important role in the generation of strokes [151]. In our model, we discovered

travelling front solutions which connected a node to a focus in phase space, allowing for

ripples to form in the wake of the front. We briefly mentioned the existence of fronts

which connected nodes to periodic orbit, which would make for an interesting further

study, and are discussed in more detail in the next and final chapter. Further analysis

of these waves would be required to understand their role in neurological disorders

such as stoke and epilepsy. It is also important to note that this analysis was carried

out for a system spatially extended in one spatial dimension. The cortical surface is a

two dimensional object and as such, a further analysis of our next generation neural

fields model in two spatial dimensions would be needed to make real biological links.
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Discussion

To conclude this thesis we now look back on the main results presented here and also

look to the future to explore possible extensions of this work.

7.1 Recapitulation of thesis

The goal of this thesis was to develop a new modelling approach to aid in the

understanding of brain imaging experiments. The key requirement of this new approach

was that it must be able to describe within population synchrony in the mean field

limit.

After a brief overview of the thesis, we began with an introduction to neuronal

dynamics and discussed the prevalence of oscillations in human EEG/MEG studies.

Also in Chapter 2, we reviewed the use of MEG for measuring brain activity. The

focus of this chapter then shifted to mathematical modelling of brain dynamics. We

reviewed the use of both single neuron models and mean field type models in theoretical

neuroscience, which set the scene for the development of our next generation neural

mass model.

We began Chapter 3 with a discussion of the shortcomings of standard neural mass
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modelling, paying particular attention to their inability to describe synchronisation

phenomena. We then introduced our next generation neural mass model which makes

use of the OA ansatz to reduce a network of θ-neurons to an equivalent low dimensional

system. We found that the inclusion of a realistic form of synaptic coupling leads to

a mean field model which takes the form of generalised neural mass model, where

the firing rate function is now a derived quantity that implicitly depends on the

within population synchrony. A bifurcation analysis of the single population model

demonstrated that the system supports oscillations for a wide window of parameter

space, unlike a standard neural mass model that cannot support oscillations without

the presence of delays or a second population. Including a second population and

creating an excitatory-inhibitory pair provided us with a rich bifurcation structure.

In particular, the two population system was found to support torus, isola and period

doubling bifurcations.

Chapter 4 began with an introduction to the beta rhythm, and discussed movement-

induced changes of this brain rhythm: movement-related beta decrease (MRBD) and

post movement beta rebound (PMBR). We presented experimental results which

illustrated the key features of MRBD and PMBR for a median nerve stimulation

protocol. Using the single population model we showed that the reduced model could

support both MRBD and PMBR. As the single population model failed to reproduce

PMBR of the desired length, we introduced a second identical population to test the

theory that the ipsilateral hemisphere plays an important role in the generation of

PMBR. The two hemisphere model provided both a stronger and longer PMBR.

Given that neural mass models are themselves the building blocks of neural field

models, we construct a neural field model using similar techniques to those presented

in Chapter 3 to reduce a spatially distributed network of θ-neurons to arrive at our

next generation neural field model. We carried out a Turing instability analysis in

both one and two spatial dimensions, and found a range of different patterned state,
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including static Turing patterns, global periodic breathers, dynamic Turing waves,

and most interestingly globally periodic bumps states in which there exists a structure

inside the bump. These exotic states have not be seen in standard neural mass models.

They are, however, typically seen in large networks or spiking neurons, which implies

that our reduced model retains some knowledge of the underlying spiking network.

These patterned states were found in the region or parameter space where the Turing

and Turing-Hopf bifurcations collided. Importantly, as the two bifurcations were found

for a fixed critical wave number kc this is a real intersection of the two curves, rather

than crossing at different values of kc.

The work presented in Chapter 5 nicely set the scene for Chapter 6, where we

used numerical techniques to analyse the full nonlinear system. In this chapter we

used numerical machinery developed by Avitabile [10] to verify the analytical results

and explore the behaviour of these global patterns away from bifurcation. The final

section of Chapter 6 focused on numerically continuing travelling fronts, solutions

which connect two fixed points of the system. These connections were found to be

connect a node to a focus, which resulted in ripples forming in the wake of the front.

Upon reflection, we realised that the inclusion of shunts in our next generation

neural field model was biologically unrealistic. A more biologically realistic model is

presented in [34], and the analysis undertaken in Chapter 5 and 6 is redone for this

model.

7.2 Future work

This work raised a lot of interesting questions and provided many potential projects

for the future. Given the model’s ability to track within population synchronisation

and its success in explaining beta rebound, we strongly advocate its subsequent use in

future population-level modelling approaches for understanding in vivo brain activity
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states. ERD and ERS are commonly observed phenomena in electrophysiological

brain recording, which cannot be explained using standard neural mass modelling

approaches. Here, we have presented a mechanistic model which can both reproduced

and explain these phenomena. The model points to a strong link between within

population synchronisation and observed spectral power.

There is plenty of scope for extending the model to include more biologically

relevant features. One possible extension to the model would be to include a variety of

different synaptic receptors. We have assumed that PMBR and MRBD are mediated

by the same type of synaptic receptor. However, Hall et al. suggest that MRBD is a

GABA-A mediated process, whilst PMBR appears to be generated by a non-GABA-A

receptor mediated process [78]. A further model that distinguishes between receptors,

may offer important insights into motor processes, and can be readily accomplished

within the framework that we have presented here. Laing et al. has shown that

it is possible to extend the work presented here to include gap junction coupling

[109]. It is well known that gap junctions play an important role in the generation of

neural rhythms, both functional [85, 16] and pathological [162, 61]. Other potentially

interesting features include action potential generation, dendritic processing, and

stochasticity. In particular, Lai et al. demonstrated that the OA ansatz can be

extended to perform a mean-field reduction for Kuramoto networks in the presence of

noise [106], and this approach could also be used to treat QIF and θ-neuron networks.

One of the major downfalls of our model is the assumption of all-to-all coupling,

albeit a reasonable assumption when considering small densely connected areas for

cortex. Recent work by Chandra et al. has shown that it is possible to apply the OA

reduction to a not fully connected network of θ-neurons. The cost of such an extension

is a more complicated system of reduced equations, where there are as many equations

as node degrees [38]. They find that for networks with scale free degree distributions

the nodes with different node degrees admit a large variation of behaviour, which is
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not possible in networks with all-to-all connectivity as they all have the same node

degree.

As the OA ansatz assumes a unimodal distribution, it can only describe unimodal

states and as such cannot describe cluster states. Cluster states, characterised by

the formation of multiple synchronised groups, frequently occur in nature. For

example, networks of neuronal, photochemical, and electrochemical oscillators tend

to synchronise in clusters [69, 155, 101]. Implementing minor adjustments to the OA

ansatz, allowed Skardal et al. to extend the ansatz to describe cluster states [149].

Their insight was to define an order parameter for each of the cluster states; the first

order parameter describes the degree of synchronisation in the entire population, the

second describes the degree of two cluster synchronisation and so on. The paper

focused on a two-cluster state for a network of Kuramoto oscillators, but could easily

be extended to describe multi-cluster states in a network of θ-neurons.

More generally, there is a pressing need to develop new reductive techniques to

handle alternative single neuron models, such as those of Izhikevich type [88]. For

phase oscillator single neuron models this is intrinsically linked to the mathematical

challenge of generalising the OA approach, whilst for more general conductance based

neurons one might appeal to the McKean-Vlasov-Fokker-Planck approach of Baladron

et al. [12]. Indeed, we would like to think of the work presented here as a first example

of a next generation neural mass model and that there will be others to follow. By

maintaining some notion of within population synchrony it provides a link between

the microscopic and macroscopic brain scales, but only for a specific choice of single

neuron model. We hope that for a general single neuron model this mathematical step

is not as elusive as originally thought.

Even without extending the model, or developing more general formulations, there

are still a plethora of questions that we did not have time to answer. Of particular

utility would be an understanding of the response to periodic forcing, as this would
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be a precursor to understanding patterns of phase-locking, clustering, chaos, and

the multiplicity of attractors expected at the network level. Unpublished work by

colleagues at the SPMIC points to PMBR being suppressed if the median nerve is

stimulated again within 0.5 second of the first stimulation. The PMBR after the

second stimulations is no longer or larger in magnitude than the response from a single

stimulation. Understanding the model’s response to periodic forcing may allow us to

better understand this phenomenon.

The desire to understand large scale brain dynamics as observed using EEG, MEG

and fMRI has prompted the increasing use of computational models [23]. Many of

these approaches, such as exemplified by the Virtual Brain project [142], make use of

networks of interconnected neural mass models. The Virtual Brain project is an open

source platform for simulating large networks of neural mass models, using anatomical

connectivity matrices. The aim of this software, used by both theoreticians and

clinicians, is to better understand neurological and psychiatric disorders and develop

individual treatment plans for patients suffering from these disorders [21]. Given that

we understand the dynamics of our model in the absence of additional neural masses,

an interesting study would be to place our next generation neural mass (either a single

or two population system) on each node of a network described by an anatomical

connectivity matrix. Assuming a weakly coupled regime would allow one to compute

and track bifurcations of the entire network model.

In Chapter 4, we stated that schizophrenia patients do not have as strong of a

PMBR as healthy controls. It has also been shown that the severity of the disease

can be directly linked to this reduction in PMBR [140]. As such, a further study in

which we explore which parameters strengthen or weaken the PMRB in the model

would be compelling. However, as schizophrenia affects the entire brain rather than

a small area of cortex, I believe it would be more beneficial to do a large network

study as described in the previous paragraph, using anatomical connectivity matrices
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from both patients and health controls. One could then assess if strengthening or

weakening certain connections restored the strong PMBR.

In the two population analysis, described in Chapter 3, we discovered a parameter

window for which high amplitude and low amplitude oscillations coexisted. In Chapter

2 we discussed the success of the Jansen Rit model in epilepsy modelling as it had

this feature of coexisting periodic orbits. Hence, our model may be an ideal candidate

for modelling epilepsy. We did not explore this potential application of the model,

but feel it would prove another interesting project.

We used our next generation neural mass model to describe both MRBD and

PMRB in Chapter 4. We also saw an increase in high beta/gamma activity in our

model when the drive was switched on, which we stated was seen in real data, but in a

slightly more frontal area of motor cortex. To test this theory one could use our next

generation neural field model and examine where the increases in firing activity occur.

Another intriguing test for our neural field model would be to see if it could reproduce

the spread of MRBD and PMBR across the cortex to the ipsilateral hemisphere.

When analysing neural field models, it is customary to perform a weakly nonlinear

analysis; however, we favoured a numerical analysis here. Using weakly nonlinear

analysis to construct amplitude equations to describe the behaviour of the system as

we move away from bifurcation would be another interesting project. In particular,

should we wish to explore the transition from the periodic breathers to the standing

waves, as seen in the 2D case in Chapter 5, the amplitude equations may allow us to

do this. Beyond a Turing-Hopf a left- and right-travelling wave may interact to form

a standing wave, if so then the condition for finding this would be tractable using

weakly nonlinear analysis.

In Chapter 6 we pointed to the existence of fronts that connect periodic orbits to

nodes/focuses, for the spatially extended model with an exponential coupling kernel.

Figure 7.2.1 shows a numerical simulation of such a front, illustrating how (a) the
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synaptic conductance g and (b) the synchrony R evolve in this case. The machinery

used here doesn’t allow for the continuation of these solutions, known as defects. The

analysis of defects is still an open problem. Close examination of Fig. 7.2.1 reveals

that there are two fronts in this connection between a node and limit cycle, which

appear to be moving at different speed. Even more interesting, would be the analysis

of fronts which connect two periodic orbits of different amplitudes. The spreading of

such a wave across the cortex could be viewed as the spreading of an epileptic seizure.

(a) (b)

Figure 7.2.1. Travelling wave connecting a periodic orbit to a node: Surface plots
showing the evolution of (a) the synaptic conductance g and (b) the synchrony R for a
front which connects an oscillatory state to a fixed point state. This type of behaviour was
discovered in the model defined by (6.3.1)–(6.3.2).

Another numerical challenge would be to continue the periodic patterns seen in

Chapter 5 when the Turing and Turing-Hopf bifurcations collide. These patterns have

both a spatial and a temporal period, which would require extending the machinery

described in Chapter 6 to continue both a spatial and a temporal pattern. This has

been achieved by Avitabile in his PhD thesis for the Brusselator model [9].

As the cortical surface is a two dimensional system, a natural extension to the
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work presented in Chapter 6, would be to extend the numerical analysis to explore the

behaviour of the system in two spatial dimensions. We would be unable to transform

to an equivalent PDE framework as we did in the 1D case as the 2D Fourier transform

of the coupling kernel in this case is not easily separable. A more achievable approach

would be to use MATLAB’s built in fast fourier transform algorithm to compute the

spatial convolution. This would however, restrict us to analysing the system on the

periodic domain.

The formulation of neural field models has not changed much since the seminal

work of Wilson and Cowan, Nunez and Amari, and although the work presented in

this thesis is a departure from this formulation, further deviation is still required. To

fully understand the brain and neural computation, we must build models which can

incorporate biological features, such as white matter tracts. The relationship between

structure and function is a major research focus in the neuroimaging community [134],

discrepancies in structural/functional connectivity are frequently used as biomarkers

for mental health and disease, see [125] for a review on the structural changes seen in

schizophrenia. Neural field models which also include grey matter tracts modelled on

individual human connectivity matrices could prove beneficial in understanding these

discrepancies. Such advancements would require accompanying advancements in the

mathematical theory, which may be achieved by exploiting and extending techniques

from differential geometry, uncertainty quantification, scientific computation, nonlinear

dynamics and stochastic optimal control to achieve this.

To conclude, this thesis answered a number of important research questions but also

presented an extensive collection of new questions, both mathematical and biological.

The main mathematical challenge lies in generalising the OA ansatz and developing

new reductive techniques. The clinical questions we discussed include, can this model

explain the reduced PMBR seen in schizophrenia patients and will the spatially

extended model help us understand the spread of both MRBD and PMBR across the
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cortex? It is our belief that the model can support the reduced PMBR in schizophrenia

patients and that it will be possible to use the spatially extended model to further

explore the spread of MRBD and PMBR over the cortical surface.
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Appendix A

Numerical scheme for large

scale simulations

In this appendix we briefly discuss the numerical scheme used for the large scale

network simulations, from Chapter 3.

A.1 Quadratic integrate-and-fire network

The system we wish to simulate is

d
dtvi = ηi + v2

i + Ii, i = 1, . . . , N, (A.1.1)

where

Ii = g(t)(vsyn − vi), (A.1.2)

and g evolves as follows

(
1 + 1

α

d
dt

)2

g(t) = κ

N

N∑
j=1

∑
m∈Z

δ(t− Tmj ), (A.1.3)
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where the parameters are described in Chapter 3. First, we introduce the variable K,

K =
(

1 + 1
α

d
dt

)
g, (A.1.4)

to write (A.1.3) as

dg
dt = α (−g +K) , (A.1.5)

dK
dt = α

−K + κ

N

N∑
j=1

∑
m∈Z

δ(t− Tmj )
 . (A.1.6)

As the coupling is all-to-all, g and K are the same for every neuron so we can use one

equation to describe g and K for every neuron, making the system of order N + 2.

We must make use of MATLAB’s event detection algorithm to evolve the system.

Including the options

1 options = odeset('Events',@spike,'OutputSel',1,'Refine',refine);

in MATLAB’s ODE solvers halts the simulations at conditions defined in the function

‘spike’, see below.

1 function [value,isterminal,direction] = spike(t,y,N,p)

2 % t = time, y = [v(1:N),g,K], N = number of neurons,

3 % p = parameters vector

4 v = y(1:N);

5 v_th = 100;

6 value = [v-v_th] ; % Detect threshold crossing

7 isterminal = [ones(N,1)]; % Stop the integration

8 direction = [ones(N,1)]; % Only increases through v_th

9 end

The inclusion of line 7 in the above code means that the algorithm only detects events

in which the voltage v is increased though vth. When an event is detected the ODE
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solver stops, the label of the neuron that crossed threshold is outputted, along with the

spike timing and the evaluation of the each variables up to that point. Inserting a for

or a while loop around the ODE solver allows the simulation to run for a predetermined

number of spikes or amount of time. Before returning to the beginning of the loop the

voltage of the neuron that crossed the threshold vth, must be reset to vreset. As the

δ-function in (A.1.6) is non-zero when the neuron spikes (voltage crosses threshold),

we add ακ/N to the variable K.

1 y(T_s,N+2)=y(T_s,N+2)+alpha*(kappa/N); % T_s = spike time

2 y(T_s,b) = -100;

We must also accumulate the output at each iteration, otherwise the output of the

ODE solver gets overwritten at each iteration.

A.2 θ-neuron network

When we transform to the θ-neuron framework, the dynamics are described as follows

d
dtθi = (1− cos θi) + (1 + cos θi)(ηi + g(t)vsyn)− g(t) sin θi, (A.2.1)

dg
dt = α (−g +K) , (A.2.2)

dK
dt = α

−K + 2 κ
N

N∑
j=1

∑
m∈Z

δ(θ − π)
 . (A.2.3)

As above, the system is of order N + 2.

To evolve the system we once again make use of MATLAB’s event detection

algorithms. The event detection function, for the θ-neuron network, is given below.

1 function [value,isterminal,direction] = spike(t,y,N,p)

2 % t = time, y = [theta(1:N),g,K], N = number of neurons,

3 % p = parameters vector
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4 theta = y(1:N);

5 value = [theta-pi] ; % Detect when phases crosses pi

6 isterminal = [ones(N,1)]; % Stop the integration

7 direction = [ones(N,1)]; % Only increases through pi

8 end

For the θ-neuron network we do not need to reset the phase variable θ. However, we

still need to account for the effect of the spike on the other neurons in the population

by adding 2ακ/N to the K variable.

1 y(T_s,N+2)=y(T_s,N+2)+2*alpha*(kappa/N); % T_s = spike time

As above, we concatenate the output after event detection and then perform another

iteration until the maximum number of events or amount of time is reached.
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Appendix B

Calculating coefficients for

Turing analysis

In this appendix we compute the coefficients required for the Turing analysis in

Chapter 5. Note that each of the coefficients is evaluated at steady state, hence, g = 0.

∣∣∣∣∣∂a∂z
∣∣∣∣∣
2

= 4z + 1
z − 1

z̄ + 1
z̄ − 1(−∆ + iη0)(−∆− iη0)

= 4 |z|
2 + 2Re(z) + 1

|z|2 − 2Re(z) + 1
(∆2 + η2

0)

Re
(
∂a

∂z

)
= Re

(
−2z + 1

z − 1
z̄ − 1
z̄ − 1

)
(−∆ + iη0)

= Re
(
−2 |z|

2 − 2iIm(z)− 1
|z|2 − 2Re(z) + 1

)
(−∆ + iη0)

= −2 |(z|
2 − 1)∆ + 2Im(z)η0

|z|2 − 2Re(z) + 1

Re
(
∂a

∂g

∂c

∂z

)
= Re

[(
ivsyn

(z + 1)2

2 − z2 − 1
2

)(
4ακ
π

1
(1 + z)2

k2

(1 + k2)2

)]

= Re
[
−2ακ

π

k2

(1 + k2)2

(
ivsyn −

z2 − 1
(z + 1)2

)]
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= Re
[

2ακ
π

k2

(1 + k2)2
z − 1
z + 1

z̄ + 1
z̄ + 1

]

= Re
[

2ακ
π

k2

(1 + k2)2
|z|2 + 2iIm(z)− 1
|z|2 + 2Re(z) + 1

]

= 2ακ
π

k2

(1 + k2)2
|z|2 − 1

|z|2 + 2Re(z) + 1

Re
(
∂a

∂g

∂b

∂z̄

∂c

∂z

)
= Re

[(
ivsyn

(z + 1)2

2 − z2 − 1
2

)(
−2 z̄ + 1

z̄ − 1(−∆− iη0)
)

×
(

4ακ
π

1
(1 + z)2

k2

(1 + k2)2

)]

= Re
[
−4ακ

π

k2

(1 + k2)2 (−∆− iη0) z̄ + 1
z̄ − 1

(
ivsyn −

z2 − 1
(z + 1)2

)]

= Re
[

4ακ
π

k2

(1 + k2)2 (∆ + iη0)
(
ivsyn

z̄ + 1
z̄ − 1 −

z − 1
z + 1

z̄ + 1
z̄ − 1

)]

= Re
[

4ακ
π

k2

(1 + k2)2 (∆ + iη0)
(
ivsyn

z̄ + 1
z̄ − 1

z − 1
z − 1 −

|z|2 + 2iIm(z)− 1
|z|2 − 2iIm(z)− 1

)]

= Re
[

4ακ
π

k2

(1 + k2)2 (∆ + iη0)
(
ivsyn
|z|2 + 2iIm(z)− 1
|z|2 − 2iRe(z)− 1

−|z|
2 − 1 + 2iIm(z)

|z|2 − 1− 2iIm(z)
|z|2 − 1 + 2iIm(z)
|z|2 − 1 + 2iIm(z)

)]

= Re
[

4ακ
π

k2

(1 + k2)2 (∆ + iη0)
(
ivsyn
|z|2 + 2iIm(z)− 1
|z|2 − 2iRe(z)− 1

−(|z|2 − 1)2 − 4Im(z)2 + 4iIm(z)(|z|2 − 1)
(|z|2 − 1)2 + 4Im(z)2

)]

= −4ακ
π

k2

(1 + k2)2

[
−2∆vsyn

Im(z)
|z|2 − 2iRe(z)− 1

− η0vsyn
|z|2 − 1

|z|2 − 2iRe(z)− 1

−∆(|z|2 − 1)2 − 4Im(z)2

(|z|2 − 1)2 + 4Im(z)2
+ 4η0

4iIm(z)(|z|2 − 1)
(|z|2 − 1)2 + 4Im(z)2

]
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Appendix C

Numerical scheme for the

spatially distributed system

In this appendix we briefly discuss the numerical scheme used to simulate our next

generation neural field model in both one and two spatial dimensions.

C.1 One spatial dimension - Mexican hat type

kernel

The system is described by the following set of PDEs,

∂z

∂t
= −i(z − 1)2

2 + (z + 1)2

2 (−∆ + iη0) +
[
ivsyn

(z + 1)2

2 − z2 + 1
2

]
g, (C.1.1)(

1 + 1
α

∂

∂t

)2

g = κ
∫
w(y − x)f(z(y, t))dy. (C.1.2)

As in Appendix A, we introduce the variable K,

K =
(

1 + 1
α

∂

∂t

)
g, (C.1.3)
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which allows us to write (C.1.2) as

∂K

∂t
(x, t) = α (−K(x, t) + κ [w ⊗ f(z)] (x, t)) , (C.1.4)

∂g

∂t
(x, t) = α (−g(x, t) +K(x, t)) , (C.1.5)

where ⊗ represents the spatial convolution. Given MATLAB’s capabilities to evolve

complex-valued differential equations we do not separate (C.1.1) into its real and

imaginary components.

Introducing the Fourier transform as described by (5.2.6), allows us to write,

[w ⊗ f(z)] (x, t) = ŵ(k)f̂(z(k, t)), (C.1.6)

where ŵ and f̂ are the Fourier transforms of w and f , respectively. The Fourier

transform of w is given in Chapter 5 by (5.2.15). Using cross multiplication and the

inverse Fourier transform, we may write (C.1.4) as,

(
1− ∂2

∂x2

)2
∂K

∂t
(x, t) = α

(
−K(x, t)− 4κ ∂

∂x
f(z(x, t))

)
. (C.1.7)

The system was simulated on a line of length 2L, running from −L to L and

discretised into N spatial points. The size of the domain was chosen to be suitably

large (L > 50) and Neumann boundary conditions were used, in order to mimic in

the infinite domain. The spatial derivatives ∂xx were computed using central finite

differences with second order accuracy, such that

∂xx → Dxx, (C.1.8)

where Dxx is a N ×N matrix. The system can be easily simulated using MATLAB
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ode solvers as

MdU
dt = F (U), (C.1.9)

where U = [z,K,g], andM is the mass matrix,

M =


IN 0 0

0 (1−Dxx)2 0

0 0 IN

 . (C.1.10)

C.2 Two spatial dimensions - Mexican hat type

kernel

The 2D system was simulated on a square lattice, with spatial dimensions 2L×2L and

N ×N mesh points. As in the 1D case we chose a suitably large domain (L > 40) and

Neumann boundary conditions in order to imitate the infinite domain. Unfortunately,

the Fourier transform of the connectivity kernel used in this case is not easily separable,

hence, we cannot transform to an equivalent PDE system as we did in the 1D case.

Instead we are forced to use matrix multiplication to compute the integral,

∫
w(r′ − r)f(z(r′, t))dr′ →

N2∑
m

N2∑
n

ρmnW (m,n)f(Z(n)), (C.2.1)

where ρmn is a weighting factor, Z = [z(x1, y1), z(x2, y1), . . . , z(xN , y1), z(x1, y2), . . . ,

z(xN , yN)]T and W is the following N2 ×N2 matrix,

W = w



√
a2
ij + b2

11

√
a2
ij + b2

12 . . .
√
a2
ij + b2

1N√
a2
ij + b2

21

√
a2
ij + b2

22 . . .
√
a2
ij + b2

2N
... ... . . . ...√

a2
ij + b2

N1

√
a2
ij + b2

N2 . . .
√
a2
ij + b2

NN


, (C.2.2)
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where aij = xi − xj and bij = JN(yi − yj) for i, j = 1 . . . N and J a N × N matrix

of ones. To impose Neumann boundary conditions the weighting factors ρmn were

selected as follows,

ρmn =

 0.5 if m = 1 or n = 1

1 else.
(C.2.3)

The system can now easily be simulated using MATLAB’s ode solvers, albeit extremely

computationally expensive. For future work we would recommend using periodic

boundary conditions, so that one can exploit MATLAB’s built in fast Fourier transform

algorithms.

C.3 One spatial dimension - exponential kernel

The system is described by (C.1.1) and (C.1.2), where w(x) = e−|x|/2. The manipula-

tions follow a similar form to those described in Appendix C.1, the only difference is

that the Fourier transform of w is given as follows,

ŵ(k) = 1
1 + k2 . (C.3.1)

Hence, upon cross multiplication and inverse Fourier transform of (C.1.6) we arrive at

the following PDE to describe the evolution of K,

(
1− ∂2

∂x2

)
∂K

∂t
(x, t) = α (−K(x, t) + κf(z(x, t))) . (C.3.2)

The discretisation follows the same steps as outlined in Appendix C.1, and the
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system is described by (C.1.9), whereM is given as,

M =


IN 0 0

0 (1−Dxx) 0

0 0 IN

 . (C.3.3)
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