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Lecture 2: Probability and Some Random Variables

“Randomness sares people.”

-- Fran Leibowitz

1. A Review of Set Theory and Probability

Probability is a generali zation of the ideaof weight or areaor volume. There'sa
universal set of objeds denoted Q (‘omega’) and it has atotal mass, area volume of 1.
Ead object has a particular mass, etc. and we're interested in figuring out the mass, etc,
of any set A of objedswe seled out of Q . It's evident that the weight of Aisjust the
weight of the objectsit contains denoted P(A). The weight of the set formed out of all the

setsnot in A (denoted A, “A complement”) is obviously 1-P(A):
P(A) =1-P(A) (1.2)

The empty set O contains no objeds and has mass, etc. of 0. It’sthe complement of Q
and we could compute its massfrom Eq. 1.1 if it weren’'t obvious. If sets A and B have
no objeds in common, then their union A B has a massthat isthe sum of the masses

of A and of B. We ca write,
P(AOB) =P(A) + P(B), AnB=0[ (1.2)

where An B denotesthe intersection of A and B, the objects they have in common. We
can also show that,

P(AOB) =P(A) + P(B) - P(AnB) (1.3)

where the last term compensates for double-counting objeds that arein both A and B.

If there ae four objedstotal, then there ae 16

possible subsets. Assgning non-negative A B
numbers that sum to lessthan 1 to any threeof

these specifies a probabil ity measure on all 16

subsets and that’s usually how a discrete

probability measure is usually spedfied by

tabulating the probabilities of its‘objeds

(usually referred to as ‘atoms)). If there aen

atoms, then there ae 2" possible subsets

(why?) and assgning n-1 non-negative ADB
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numbers to n-1 of the aoms gedfies a probability measure on all the subsets < long as
the n-1 non-negative numbers 3um to lessthan or equal to 1

2. TheBord Setsand the Cumulative Distribution Function

Inthe last ledure, | claimed that the af (cumulative distribution function) of areal-
valued random variable mmpletely specified the random variable. The af of arandom
variableis, Fy (x) =P[X < x] and it may not be cmpletely obvious to you that this
expresson tell s us everything we might want to know about X. For example, suppose X is
adiscrete random variable. We might want to know the probability that X is 2. Or, if X is
a oontinuous random variable, we might want to know the probability that it fallsin the
interval (0,1). At first glance, all the definition above tells us is the probabil ity that X
fallsinto intervals of the form (e, x| :

Fe(x) =PEXO (-oo,x] E (1.4)

To compute the probabil ity that the random variable X falls into other subsets of the red
numbers, R, we need the laws of probability. I'll mention these in class, and you can look
them up in Wakerley. In this edion, I Il *exercise’ them abit to figure out exadly what
the af of afunction tells us about its random variable.

The probability that ared-valued random variable is in a subset of the red numbers
isonly defined for some of the subsets of the real numbersthat are cdl ed the Borel sets
of thereals. They include all of the setsyou’ Il ever be interested in and they're
constructed reaursively. The Borel setsinclude,

a theempty set, 0.
b. the set of real numbers, R.
c. al the half-open intervals of the form (e, x|,

d. and much more!
The remaining Borel sets are generated reaursively by the following rules.

R1. If BisaBore set, then o is its complement B, the set of real numbers not in B.

R2.1f B,B,,-+,B,,--- areal Borel sets, thenso is | B (set union).

i=1

R3.1f BB, *,B,,--- areall Borel sets, then so is [ | B (set intersection).
i=1
It helps to think of the Borel sets as the result of a process somewhat akin to grinding
sausage meat. Throw in all the open and closed intervals. Then turn the crank by
following the following three steps.
1. Take all the complements of all the sets and include them as well.
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2. Takeall the (countable) unions of the sets possble. Include them too.
3. Takeall the (countable) intersedions of the sets possible. Include them too.
Reped 1-3 over and over forever.

We @n easily show that familiar subsets of the reds are Borel. By R1, all the sets of the
form (a,c) are Borel. And, consequently, so are dl of the sets of the form,

(a.b] =(-eb]n (a ),

using R3. And so are dl of the singleton sets,

(o} =Nb-or

n=1 n

by another application of R3. So are dl of the half-open intervals of the form[a,b), the
open intervals (a,b), and the closed intervals[a,b]. You will not be &leto come up with
an example of a subset of the redsthat is not a Borel set so any question you ask about
the probability that arandom variable is in a specified subset of the redswill concern
itself with a Borel subset. It's perhaps a little surprising but of no real interest to usthat
there ae setsof the reals that arent Borel sets. The proof is difficult and involves
showing that there ae ‘more’ subsets of the reds than there ae Borel sets.

Now, as we construct the Borel subsets, we can also work out the probabil ity that a
particular cdf Fy (x) assignsto ead one. I'll go over some of thisin class but you might

want to review what you know about probability (chedk with Wadkerley) by verifying
that it is .

2. Cumulative Distribution Functions

So, the awmulative distribution function is just a @mpad way to specify the
probability that a random variable is any one of the Borel subsets of thereals. If we idn't
know about cdf’ s then we might have gone about pinning down arandom variable by
specifying it on some nice group of sets (like the intervals (a,b) and extending the
definition to the other Borel sets). Thisway of defining probabilities is the standard way
and we'll come badk to it when we talk about random variables whose values are not
numbers but rather redizaions of stochastic processes. There won't be any equivalent of
a df for these sorts of random variables but the basic idea of the Borel set construction
will generalize very nicdy.

Next we mncentrate on the properties that a function must have to be a emulative
distribution function. The following theorem charaderizes all the possible wmulative
distribution functions (and, of course, al the possible real-valued random variables).

Theorem: F:R - [0,1] isacumulative distribution function if and only if it satisfies
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(i) Fisnon-deaeasing.
(i) Fisright-continuous.
(i) lim,_,F(x) =1.

(iv) lim,._.F(x) =o0.

The condition that F be right-continuous concerns gep discontinuities in F.
Intuitively, if F jumps at x, then the value of F(x) is consistent with the values of F(.) to
the right of x. There isa cetain arbitrariness to the requirement of right-continuity for
cumulative distribution functions; if we substituted “left-continuity' (definition obvious)
for “right-continuity' we could develop a perfealy good theory of random variables and
everything would work out fine. Some (older) statistics books in fact use random
variables whose awmulative distribution functions are left-continuous. It's only important
that we be cnsistent.

Now, we need to develop some intuitions concerning cumulative distribution
functions. Thefirst concerns the "non-deaeasing' clause in the definition. "Non-
deaeasing' does not mean “increasing.' A "non-deaeasing' function may coast along a a
fixed y-value for awhile. Step functions whose successve steps have increasingy
coordinates are examples of functions that are "non-deaeasing' but not “increasing' over
the duration of the flat tops of the steps. And here is the intuition: When a aumulative
distribution function is constant (‘non-deaeasing’) over an interval (a,b], the probabil ity
of that interval iszero. For example, give the step function shown in Figure 1, the
corresponding random variable (call it B) can only take onthevaluesO o 1. The
probability of B being in any interval not containing Oor 1is0.

The awmulative distribution functions that are (right-continuous!) step functions
correspond to random variables that are discrete. To spedfy such a function we need only
list the values at which the steps occur and the height of each step. The height of each
step is exadly the probabil ity with which the discrete random variable will take on the
value & which the step occurred. This list, (value, height), is how a discrete variable is
typically presented in an introductory course.

3. Some Discrete Distributions

The random variable X has a Bernoulli distribution with parameter p iff
P [X=0] = pand P [X=1] = 1-p. We introduced them in the previous ledure in one of
the examples. Bernoulli variables are excellent models of discrete dhoicesand can be
used to define more cmplex random variables defined in “stages.' In class I'll describe
asimple model of the detection process(* high threshold theory’) in terms of Bernoulli
variables.

A seoond discrete random variable is the Geometric:
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1

P[X=n] =(1-p)" p. n=123-- (1.5

which is agood model for processes with repeded identical trials that terminates as on
asatrial is‘successful.” Russan Roulette is such a processif we spin the cylinder of the
revolver vigoroudy between trials. The Geometric distribution has a single parameter p.

The Poisson counting variable distribution is

n

P[X =n] :e_A%, n=123: (1.6)

There also afamous gochastic processcall ed the Poisson process that we'll encounter
later in the wurse. The term ‘ Poisoon distribution’” can be ambiguous, and we' |l
emphasizethe ‘counting variable’ part of the name to aovid ambiguity. The Poison
distribution is an important model of many physicd processs sich as radioadive decay
and it has sveral important mathematical properties we will return to in a later lecure.

In class we will verify that the probabilities of the last two discrete distributions sim to
1. Next, let’s develop Dirac notation to be &le to write the pdf of discrete random

variables sich as the Poison. Let &, (x) denote a Diracfunction whose ‘spike’ isat
location a. Then, let

n

P, :P[X:n] :e"‘%, n=1,23,:-: (1.7)

for convenience. We want to put Diracfunctions of height p, a locaion n, givingthe
pdf,

2 P.On (X) (1.8)

For the Bernoulli, the pdf isjust (1~ p) 3, (x) + pd,(X).

4. Continuous Random Variables

A seoond important classof cumulative distribution functions are those that are
continuous and have a ontinuous derivative except at afinite number of points
(" piecewise smooth' ). These arrespond to the continuous random variables. Asthe
definition hints, the derivative of the aumulative distribution function (the probability
density function pdf) plays an important role in charaderizing them.

For any continuous random variable, the probabil ity of getting any specific number
is0 and we can show that direaly from the definition of the adf. That means that the
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probability that a continuous random variable isin an interval doesn’t depend on whether
it is half-open, open, or closed.

We'll seein the next few ledures, that we often find ourselves combining discrete
and random variables 9 that the resulting rv' s are neither continuous nor discrete, but
rather mixed. Intuitively, a mixed random variable has a af that occasionally jumps but
IS not constant between jumps.

Last time, we considered two continuous random variables, the Uniform U(0,1) and the
Exponential with rate parameter A . The exponential is really afamily with a different
distribution for eat value of A>0.

It is natural to generalizethe uniform distribution to the uniformfamily U(ab) with pdf

defined by,

1 a<x<b

b-a ’ (1.9)
0 otherwise

fu (an) (x) =

A third example is the Gaussian family with parameters (u,az) whose pdf is,

e 2o (1.10)

6. Expectation

In building models, we will often combine and transform random variables. The
expectation of a function h( X') of a cntinuous random variable with pdf f(x) is

E(h(X)) :Ih(x) f (x)dx (1.12)

Suppose that we have, instead, a discrete random variable with pdf, in Diracnotation,

f(x) :Z 0o, (x) (1.12)

and we would like Eq. 1.8 to ‘work’ even when we substitute a pdf of the form
shown in Eq. 1.9 into it. The key turns out to be to define,

[ (x)dx =1 (1.13)

for any a. That is, aDirachas unit areahidden inside its * spike’ and, when we integrate
over aDirag we just add one. The usual properties of the integral give usthe rest:
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[

E(h(X)) =[h(x)f (x)ax :nZh(xn)pnIcSXn(x)dx (1.14)

which simplifiesto

E(h(X)) =[h(x)f (x)ax :Z h(x,) p, (1.15)
and you likely reaognize the right-hand side a the usual definition of the expected value
of adiscrete random variable.
We @an extend Eqg. 1.8 to mixed random variables by just bresing them into an ordinary
pdf and the sum of a bunch of Diracfunctions. (There s alittle more to the story than
this, but, for our purposes, thisis all that’s needed).

When h(X) = X, the resulting expeded value is called the mean. When h(X) = X", the
resulting expeded value is called the n raw moment or n moment about 0. It is often

denoted i, . When h(X)=(X -,)", theresulting expeded value is called the n

central moment where (i, is just the mean. The second central moment is the variance
and, in previous courses, you may have hea people talk about higher central moments
such as skewness (the 3) and kurtosis (4™).

This 2ort of analysis by moments does provide useful descriptive information
about random variables but is no longer very important within statistics. We will need the
terminology of momentsto understand the moment generating function in the next
ledure.



