G80/G89.2233 S imulation & Data Analys is

Malo ney Lecture Notes

1

Lecture 1: Introduction

Anyone who considers arithmetical methods of producing random digits is, of course, in a state of sin.

-- John von Neumann

1. Theme and Var iat ions

You are likelyco ming to this course with so me idea o fwhat Monte Carlo simulat ion invo lves. In the next few lectures, we will cover the elements ofmathemat ical probabilit y theor ythat are most relevant to Monte Carlo applications. In this lecture, since it is the fir st, I will begin with a few examples as a wayofintroducing the main themes ofthe course. In doing so I´llo mit so me technicaldetails that we´llreturn to in later lectures.

Example 1 : Continuous random variables . Imagine the fo llowing simple response time exper iment: on each trialthe observer waits, finger poised over a button, untila small light abruptlyilluminates. As rapidlyas she can, the subject presses the button, relaxes a mo ment, and prepares for the next trial. That´s all. The dependent measure of interest to us is the time difference D between the onset ofthe light and the button press.

This sort ofexper iment is called a simple response time exper iment since the subject has only one possible response (Luce, 1986). In a choice response time exper iment the subject might be asked to make a decisio n about the visualstimulus ( Did the light turn red? Or green? ) and then choose one oftwo actions according to the outcome ofthe decisio n ( Press the left button if the light turned red, else press the right button ). But here we are interested only in the speed with which a human subject can generate a motor response to a visualst imulus.

Evidently, the ideal subject for this exper iment would be litt le more than a string ofneurons leading fro m the eye to the armmuscles that controlthe finger and this is the modelofthe process we willdevelop here (Figure 1). In our model, there are n neurons linked in ser ies and each transmits a single act ion potential to the next neuron in the ser ies. The first neuron init iates the process when the light is turned on and the last trigger s the motor response. The overalllatency D is the sum ofthe latencies 1 , , n D D

" ofthe n neurons `in ser ies´:

Motor

Response

Visual

Input

Fig. 1

G80/G89.2233 Simulation & Data Analys is

Malo ney Lecture Notes

2

1 n

j

i

D D

=

= å ( 1 . 1 )

Since the subject´s response t ime D var ies fro mtrialto trial even though the stimulus

is always the same, it is plausible to assume that the time requir ed for each ofthe n

processes to respond and pass on the signalcan be modeled as a real-valued random

variable . For our purposes, a randomvar iable can be thought ofas a box with a button on

the top. Ever ytime you press the button, you get a realization ofthe randomvar iable.

The realizat ion ofa real- valued rando mvar iable is, as you might expect, a realnumber.

The odd thing about a randomvar iable is that, ifyou press the button repeatedly, it may

realize so mething different ever ytime. It´s random!

The one piece ofinfor mat ion we need to characterize co mpletelya real-valued

rando mvar iable T is its probability density function, ( ) f t, abbreviated pdf. This

funct ion summar izes the probabilit y that the realizat ion T will be in any interval (a,b) of

the realline as fo llows:

[ ] ( ) b

a

P a T b f t dt

< < = ò ( 1 . 2 )

The pdfis all the infor mat ion we can ever know concerning the randomvar iable

before it is realized.

Unfortunately, it is customar yto use the same symbo l, T, for the randomvar iable

and its realization. You just have to know fromcontext whether T refers to the rando m

var iable (the process) or the outcome (some number).

Note: In a for mer course, you mayhave learned to distinguish between continuous

and discrete randomvar iables and also learned that only cont inuous rando mvar iables

have pdfs. In the next lecture, though, we are going to eliminate the distinction between

the two in order to simplify notation and also in order to allow us to talk about variables

that are partlycont inuous and discrete. Everyrando mvar iable will have a pdf. These turn

out to be ver yusefuland we´llencounter our fir st mixed var iable in the third example

below. In this response time example, though, we willconfine ourselves to continuous

rando mvar iables.

The successive realizat ions ofa rando mvar iable are independent ofone another.

We´lldefine independence more preciselynext time, but, for now it means simply that no

matter what has happened on previous button presses, the pdfofa rando mvar iable never

changes, and, as noted above, you can never know anything more about what the

realizat ion ofa rando mvar iable might be than its pdf.

G80/G89.2233 Simulation & Data Analys is

Malo ney Lecture Notes

3

A first example ofa pdf for a continuous rando mvar iable is,

( ) , 0

0 , 0 t f t e t

t

a a- = ³

= <

( 1 . 3 ) the pdfofan exponential random variable with rate parameter 0a>. To be precise, the previous equat ion specifies a pdfonlyafter we have chosen a value for

0 a>. As it stands, it specifies a parametric family ofpdfs with rate parameter 0a>.

Let´s assume that the latencies 1 , , n D D " can be modeled by successive realizations ofthe same exponent ial rando mvar iable all shar ing the same parameter 0a>. We still have to decide what the rate parameter is, but we have at least decided that it is the same for allo fthe `neurons´. Then D is also a randomvar iable, the sumof n independent, ident ically distributed exponent ial rando mvar iables. Once we choose 0a> and n, our modelo fthe subject´s obser ved response t imes is completelyspecified.

The term`independent, ident ically-distr ibuted´ occurs often enough that we abbreviate it to iid. Be warned: statist icians love tlm ´s (three-letter mnemo nics) such as pdf, iid. We´ll see several more.

Some ofthe things we might want to do with this model are, fir st ofall, to simulate it and see how it behaves for var ious cho ices of n and 0a>. We could carr yout such

Monte Carlo simulat ions if we had the equivalent ofa `box´ that generated an exponent ial rando mvar iable ever yt ime we pressed the button.

Second, we might want to work out the pdfofthe overall response t ime D. This is fair ly easyto do with a little bit ofcalculus. If n is greater than 1, D is not an exponential rando mvar iable, but rather a gamma random variable (a var iable wit h a gamma distr ibut ion). It´s also continous. We´llmeet the gamma family in a later lecture. For now we need onlynote that the sums o fiid exponentialrando mvar iables are gamma rando m var iables, so mething we can take as simplythe definit ion ofa gamma rando mvar iable.

Third, we might want to estimate the values o f n and 0a> that best account for observed exper imentaldata. Now we are into statist ics proper: this is a statistical estimation problem and we postpone considerat ion ofsuch problems to the second half the course.

One last thing we might want to do is to decide whether the modelwe have developed is consistent with the data we observe for anycho ice of n and 0a>. We would like to test the hypothesis that simple react ion times can be modeled as the sumof exponent ial var iables. We´llreturn to consider hypothesis testing, an important topic in statist ics, in the second half ofthe course.

For this simple model, we could readilyestimate parameters or test the simple response time modelwe have developed using standard `o ff-the-shelf´ methods found in statist ics books.

Malo ney Lecture Notes

4

This sort ofresponse time modelwas taken ser iously in the 1950´s and researchers tried to figure out how many neurons ( n ) linked visual input to motor response (Luce,

1986). The more you know about either response times or neuralsciecne, the more likely you are eager to change some ofthe assumpt ions we´ve made in order to make the model more plausible. For example, it is typical to modelthe uncertaint yin the motor response

(the last stage) bya Normal(Gaussian) rando mvar iable, not an exponent ial( Luce, 1986).

You might want to consider the possibilit ythat there are mult iple possible connections (a network ) ofneurons between eye and finger and that the response is triggered by the first signalto reach the motor stage along any path. In such a model, we have a race between signals flowing in parallel. How could that be modeled? Further, how could we modela choice response time exper iment? Wit h two possible act ions and a decisio n to be made?

Once we´ve changed our modelto make it more plausible or tried to modela more complex exper iment, will we st illbe able to find so lut ions to our problems amo ng standard `off-the-shelf´ statist ical methods? The brief answer: ver ylikely no.

2. Example: A Discrete Random Variable . In class I´lldescr ibe a hypothetical exper iment where we would like to studying lear ning in a neural network and compare it to human lear ning. The problemto be solved is one ofabduct ion: reasoning from symptoms ( sore throat, fallen arches, fever ) to a reasonable diagnosis ofa disease state

(e.g. Ebola NYU). We want to modelhow lear ning is affected in the neuralnetwork by errors in symptomclasifications (the input) or in the feedback given to the network while it is lear ning. We want to compare human lear ning to network lear ning as a funct ion of the amount ofcorruption (`no ise´) in the input and feedback.

The error process we consider makes use ofa Bernoulli(p) randomvar iable, an example ofa discrete randomvar iable. The realization o fa Bernoullirando mvar iable is restricted to the discrete set ofvalues {0,1} and it takes on the value 1 with probabilit y p , the value 0 with probabilit y 1-p . I´llintroduce Dirac notation and br iefly discuss how we might assign a pdfto a Bernoulli rando mvar iable. I´ll change the definit io n ofa pdfto the fo llowing (compare Equ. 1.2):

[ ] ( ) b a

P a T b f t dt < £ = ò ( 1 . 4 )

In introducing Dirac notation we willeffect ivelychange how we compute integrals.

The change is intuit ivelyappealing and will simplify our lives immensely.

3. Example: A Mixed Random Variable . The third example is drawn fro mthe literature on Bayesian visio n and concer ns how we might modelthe pr ior distr ibution o f the velocit ies ofobjects in an environment. We note, first ofall, that most things don´t mo ve around and so we want to assign a rather high probabilit y p to the velocit y0. We might also decide that the distribut ion ofthe speeds ofthe things that are moving is exponent ial with rate parameter a. The resulting rando mvar iable is an example o fa mixed rando mvar iable. It will turn out to be easyto do so using Dirac notation.

G80/G89.2233 Simulation & Data Analys is

Malo ney Lecture Notes

5

This course is about methods for approaching problems ofest imat ion and hypothesis testing that are computationallyintensive but ver ygeneral. These methods are based on the same statisticalpr inciples as `offthe shelf´ methods but computing the answer we want typicallyinvo lves extensive Monte Carlo simulat ions on a computer. To do that, we need a source ofrealizat ion ofrando mvar iables that can be incorporated into a computer program.

2. Pseudo- random Number Generators (PRNGs).

Matlab includes a funct ion rand(n,m) that returns a matr ix with n rows and m columns filled wit h pseudo-randomnumbers between 0 and 1. Ifyou start matlab and type in rand(1,5) , you might get back, ans =

0.4447 0.6154 0.799 0.9218 0.7383 a matrix wit h one row and five co lumns. There´s no obvious pattern in the numbers returned and there shouldn´t be: the output of rand(n,m) is intended to mimic in certain important respect a particular kind ofrando mvar iable, a uniform(0,1) random variable , often denoted U(0,1). Ifyou type the above command again, you get a different set of five numbers.

The pdfo fa unifor m(0,1) randomvar iable is,

( ) 1 , 0 1

0 ,

f x x otherwise

= < <

=

( 1 . 5 ) plotted in Figure 2. The output of rand(m,n) is intended to mimic a true unifor m rando mvar iable in important respects, but in one fundamentalrespect it cannot. The output of rand(m,n) is co mputed byan algorithmic process that, ifwe were to start it over again, would produce precisely the same sequence of numbers.

In order to better understand what the advantages and limitat ions ofpseudo-rando m numbers are, it helps to dissect a verysimple example, a linear congruential generator

(Knuth, 1971).

A linear congruent ialgenerator lnc( ) generates a sequences ofintegers

0 1

, , , , k U U U " " that are restricted to the range 0 to m . On each call to lnc( ) , you must give it as argument the previous number in the sequence. It returns the fo llowing by

0 1

1

Uniform pdf

Fig. 2

Malo ney Lecture Notes

6

( )

1 mod ( 1) k k U a U b m + = + + ( 1 . 6 ) where a , b, and m can be chosen to be anyposit ive integers. (The operation mod n p is the integer remainder when the integer n is divided by the integer p. This remainder must be between 0 and p-1, inclusive.) Once you´ve chosen these three constants and the starting value 0 U you´ve co mpletely defined the sequence that lnc( ) willproduce. Ifyou set a , b, and m to reasonably large values (there are rules ofthumb to fo llow in choosing these values so as the maximize the apparent disorder in the sequence: see Knuth, 1971), the result ing sequence looks satisfyingly rando m. Ofcourse, you want numbers between 0 and 1, not integers between 0 and m. But you need only divide 1 k U+ by m+2 to map the output of lnc( ) into the desired range.

It´s easier to see what lnc( ) is doing ifwe pick smallvalues a=5 , b=1, and m=7. If

0 U is set to 2, the result ing sequence is

2, 3, 0, 1, 6, 7, 4, 5, 2, 3, 0, 1 �.

and we see that it repeats after the eighth termin the sequence. Ofcourse it must repeat after the eighth termor earlier since there are only eight possible values in the ser ies (0,1,2,�,7). Once the ser ies repeats it must continue to cycle endlesslysince the next and later terms in the ser ies are completely determined bythe current term. Note also that the sequence produced is a little too unifor m. There is exact lyone occurrence of each possible value in each sequence of8 values and so, after 16, 24, 32, etc draws we willdiscover that the number of0´s, 1´s, etc. are allthe same. Morever, notice that the sequence 2, 2 willnever occur (and the sequence 2, 3 will occur in ever ycyc le of8). If we choose poor values of a, b, and m, then the sequence may cycle much more frequent ly than ever y m+1 terms. I fwe choose, a=2, b=2, m=7 , for example, and start with 2, we get

2, 6, 6, 6, 6, �..

a most boring outcome.

3. Tests of Randomness

Linear congruent ialRNGs were once considered to be a good method ofgenerating pseudo-randomnumber s (1960´s) but are now obsolete. As the example above suggests, theydid tend to produce (after divisio n bym+2) a ser ies ofnumbers that tookon values in the unit intervalthat were remarkably unifor mly-distributed. Theytended to fail in other important respects, notably in the distribut ion ofsequences ofnumbers. Modern pseudo-randomnumber generators pass tests ofsequent ial randomness that anylinear congruent ialgenerator would flunk. Theywillalso cycle ifyou wait long enough but the length ofa cycle is so great that you need never worryabout repeating (given the expected life span ofthe universe).

Malo ney Lecture Notes

7

The point ofthis example is that we can characterize any pseudo-rando mnumber generator in terms ofthe tests ofrando mness that it can pass. The linear congruent ial generator did produce a ver yunifor mdistribut ion but it flunked a simple sequent ialtest.

Note that in the sequence we co mputed, that ODD and EVEN alternate!

The tests that a pseudo-randomgenerator can pass deter mine what it is good for. If, for example, your application requires only a source ofunifor mly-distr ibuted number, a linear-congruent ial generator wouldn´t be so bad. But ifyou were simulat ing a coin toss sequence bygenerating rando mintegers and choosing H (heads) when the integer is odd,

T (tails) when it is even, you might be ver ysurpr ised to get HTHTHTHTHTH�..

The pseudo-randomnumber generators available in moder n computer languages like matlab have passed ver ymany tests ofsequent ialrando mness and it is ver ylikely you´ll never be able to tell then froma truly rando msequence. But beware. Never use a ho megrown randomnumber generator. It´s like do ing your own dentalwork.

Fromthis point on in the course, I´lldrop the `pseudo´ in `pseudo-randomgenerator and, for example, refer to the output of rand(n,m) as realizations ofa unifor m(0,1) rando mvar iable.

4. Generating Non-Uniform Random Variables

Standard matlab (and the student edit ion) provide onlytwo functions that generate rando mnumbers. We´ve see the fir st, rand(n,m) , and the other, randn(n,m) generates

Normally-distr ibuted (Gaussian-distr ibuted) randomvar iables. We´llpostpone discussing themunt il the next lecture. The question that confronts us at the mo ment is, how can we generate realizat ions ofother kinds o frando mvar iables such as the exponent ial distr ibut ion we encountered in the first example? The keyconcept we need is the definit ion o fthe cumulative distribution function (cdf) ofa randomvar iable X with pdf

( ) f x:

( ) ( ) x

F x f t dt

-¥

= ò ( 1 . 7 )

This is just the probabilit ythat the realization o f X ends up in the interval ( ] , x -¥ .

Note the asymmetric brackets here. They´re intended to remind you ofEq. 1.4. Some basic facts about probabilit y guarantee that F(x) is non-decreasing and that it goes fro m0 to 1.

Wit h a litt le bit ofgeo metric reasoning we can show that the cdfo fa U(0,1) var iable is just,

( ) 0 , 0

, 0 1

1 , 1

U F x x x x x

= £

= < £

= >

( 1 . 8 ) which is plotted in Figure 3.

G80/G89.2233 Simulation & Data Analys is

Malo ney Lecture Notes

8

A litt le bit ofcalculus gives us the cdfofthe exponent ial distr ibution,

( ) 1 , 0

0 , 0

x

E F x e x x

a - = - ³

<

( 1 . 9 )

It turns out that knowledge ofthe cdfcompletely deter mines a rando mvar iable just as knowledge o fthe pdfdid. We need to go over some parts ofthe definit ions carefully before we can be certain about that, but it willturn out to be true.

But, back to the problemat hand. We want to generate an exponentially-distr ibuted var iable given a U(0,1) var iable and the keyto that will be the inverse function o fthe cdf over the interval(0,1), which I´lldenote as the icdf. It´s also known as the quant ile funct ion for reasons that willbeco me obvious later on. The icdf for the exponent ial is,

( ) ( )

1 1ln 1 , 0 1

E F u u u a - - = - - < < ( 1 . 10 )

Note the suggestive cho ice ofdummyvar iable, u. What would happen if we applied the icdf of the exponential to the realization of the uniform(0,1) random variable, U?

Let

( ) ( )

1 1ln 1

E Y F U U a - - = = - - . Then we want to compute the cdfof Y:

0 1

1

Uniform cdf

Fig. 3

Malo ney Lecture Notes

9

[ ] ( ) 1 [ ln 1 ]

1 1 x x

P Y x P U x

P U e e a a

a -

- -

£ = - - £ é ù = £ - = - ë û

( 1 . 11 ) when 0 x ³ and it is 0 otherwise. But this is preciselythe cdfo fthe exponent ial rando mvar iable. So we have the fo llowing recipe for generat ing exponent ial random var iables wit h rate parameter a: generate a U(0,1) randomvar iable and transfor m it by the icdfofthe exponent ial.

This recipe works for any randomvar iable if we subst itute the icdf ofthe rando m var iable in question.

So we have a generalrecipe for computing rando mvar iables with anydistr ibut ion whose cdfcan be wr itten down in a simple closed for m.

References

Knuth, D. E. (1971), The Art of Computer Programming: Volume 2, Seminumerical

Algorithms. Reading, MA: Addison- Wesley.

Luce, R. D. (1986), Response Times. New York: Oxford.

The mater ialin this lecture and the next corresponds to Chapters 2 and 3 in Wacker ly.

Please go throughthe beginnings ofbothofthese chapters this week.