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Lecture 1: Introduction

Anyone who considers arithmetical methods of producing
random digitsis, of course, in a state of sin.

-- John von Neumann

1. Theme and Variations

You are likely coming to this course with some ideaof what Monte Carlo simulation
involves. In the next few ledures, we will cover the elements of mathematical
probability theory that are most relevant to Monte Carlo applications. In this ledure,
since it is the first, | will begin with a few examples as a way of introducing the main
themes of the course. In doing so I’ Il omit some technical details that we'll return to in
later lectures.

Example 1: Continuous random variables. Imagine the following simple response
time experiment. on ead trial the observer waits, finger poised over a button, until a
small light abruptly illuminates. As rapidly as she @n, the subjed presses the button,
relaxes a moment, and prepares for the next trial. That’s all. The dependent measure of
interest to usisthetime difference D between the onset of the light and the button press

This sort of experiment is called a simple response time experiment since the subjed
has only one possible response (Luce, 1986. In a choice response time experiment the
subject might be asked to make adecision about the visual stimulus (Did the light turn
red? Or green?) and then choose one of two actions according to the outcome of the
decision (Press the left button if
the light turned red, else press
the right button). But here we Visua
are interested only in the speed Input Motor

with which a human subjed o o Resporse
can generate amotor response o o
to avisual stimulus.

Evidently, the ideal
subject for this experiment
would be little more than a
string of neurons leading from
the eye to the am muscles that
control the finger and this is the model of the processwe will develop here (Figure 1). In
our model, there ae n neurons linked in series and each transmits a single adion paotential
to the next neuron in the series. The first neuron initiates the process when the light is
turned on and the last triggers the motor response. The overall latency D is the sum of the

latencies D,,---, D, of then neurons‘in series':

Fig. 1
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D = Z D, (1.2)

Sincethe subjed’ s response time D varies from trial to trial even though the stimulus
is always the same, it is plausible to assume that the time required for eat of the n
processes to respond and pass on the signal can be modeled as a real-valued random
variable. For our purposes, arandom variable an be thought of as a box with a button on
the top. Every time you pressthe button, you get a realization of the random variable.
The realization of areal-valued random variable is, as you might exped, a real number.
The odd thing about a random variable is that, if you pressthe button repeatedly, it may
realize something different every time. It’s random!

The one piece of information we need to charaderize @mpletely a real-valued
random variable T is its probability density function, f (t), abbreviated pdf. This

function summarizes the probability that the realization T will be in any interval (a,b) of
thered line & follows:

Pla<T<b] = [f(t)dt (1.2

mhcr

The pdf is al the information we @an ever know concerning the random variable
before it is realized.

Unfortunately, it is customary to use the same symbol, T, for the random variable
and its realization. You just have to know from context whether T refers to the random
variable (the procesg or the outcome (some number).

Note: In a former course, you may have learned to distinguish between continuous
and discrete random variables and also leaned that only continuous random variables
have pdfs. In the next lecture, though, we ae going to eliminate the distinction between
the two in order to simplify notation and also in order to allow us to talk about variables
that are partly continuous and discrete. Every random variable will have apdf. These turn
out to be very useful and we'll encounter our first mixed variable in the third example
below. In this response time example, though, we will confine ourselves to continuous
random variables.

The successive realizations of a random variable ae independent of one another.
We'll define independence more preasely next time, but, for now it means simply that no
matter what has happened on previous button presses, the pdf of a random variable never
changes, and, as noted above, you can rever know anything more @out what the
realizaion of arandom variable might be than its pdf.
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A first example of apdf for acontinuous random variable s,

f(t) =ae™ , t=20

(1.3)
=0 , t<0

the pdf of an exponential random variable with rate parameter a >0. To be

precise, the previous equation specifies a pdf only after we have chosen a value for
a >0. Asit stands, it specifies aparametric family of pdfswith rate parameter a >0.

Let's assume that the latencies D,,---, D, can be modeled by succesgve realizations
of the same exponential random variable all sharing the same parameter a >0. We till

have to decide what the rate parameter is, but we have & least decided that it is the same
for al of the ‘neurons’. Then D is also a random variable, the sum of n independent,
identically distributed exponential random variables. Once we doose a >0 and n, our

model of the subjed’s observed response times is completely specified.

The term ‘independent, identicadly-distributed” occurs often enough that we
abbreviate it to iid. Be warned: statisticians love tim's (threeletter mnemonics) such as
pdf, iid. We'll see several more.

Some of the things we might want to do with this model are, first of all, to simulate it
and see how it behaves for various choices of n and a >0. We wuld cary out such

Monte Carlo simulations if we had the eguivalent of a‘box’ that generated an exponential
random variable every time we pressd the button.

Seoond, we might want to work out the pdf of the overall response time D. This is
fairly easy to do with alittle bit of calculus. If nisgreaer than 1, D is not an exponential
random variable, but rather a gamma random variable (a variable with a gamma
distribution). It’s also continous. We' [l med the gamma family in a later lecture. For now
we neel only note that the sums of iid exponential random variables are gamma random
variables, something we can take a simply the definition of a gamma random variable.

Third, we might want to estimate the values of n and a >0 that best account for

observed experimental data Now we are into statistics proper: this is a datistical
estimation problem and we postpone @nsideration of such problems to the second half
the ourse.

One last thing we might want to do is to dedde whether the model we have
developed is consistent with the data we observe for any choice of nand a >0. We

would like to test the hypothesis that smple readion times can be modeled as the sum of
exponential variables. We'll return to consider hypothesis testing, an important topic in
statistics, in the second half of the murse.

For this simple model, we wuld redalily estimate parameters or test the simple
response time model we have developed using standard ‘ off-the-shelf’ methods found in
statistics books.
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This ort of response time model was taken serioudy in the 1950s and reseachers
tried to figure out how many neurons (n) linked visual inpu to motor response (Luce,
1986. The more you know about either response times or neural scieae, the more likely
you are eger to change some of the assumptions we' ve made in order to make the model
more plausible. For example, it is typical to model the uncertainty in the motor response
(thelast stage) by a Normal (Gaussian) random variable, not an exponential (Luce, 1986.
Y ou might want to consider the possibility that there ae multiple possible wnnections (a
network) of neurons between eye and finger and that the response is triggered by the first
signal to reat the motor stage dong any path. In such a model, we have arace between
signals flowing in parallel. How could that be modeled? Further, how could we model a
choice response time experiment? With two possible adions and a decision to be made?

Once we' ve changed our model to make it more plausible or tried to model a more
complex experiment, will we till be able to find solutions to our problems among
standard ‘ off-the-shelf’ statistical methods? The brief answer: very likely no.

2. Example: A Discrete Random Variable. In class I'll describe a hypothetical
experiment where we would like to sudying leaning in a neural network and compare it
to human leaning. The problem to be solved is one of abduction: reasoning from
symptoms (sore throat, fallen arches, fever) to areasonable diagnosis of a diseese state
(e.g. Ebola NYU). We want to model how leaning is affeded in the neural network by
errors in symptom clasifications (the input) or in the feedbad given to the network while
it is learning. We want to compare human leaning to network leaning as a function of
the amount of corruption (‘noise’) in the input and feadbad.

The eror process we mnsider makes use of a Bernoulli(p) random variable, an
example of adiscrete random variable. The redization of a Bernoulli random variable is
restricted to the discrete set of values {0,1} and it takes on the value 1 with probability p,
the value O with probability 1-p. I’ ll introduce Dirac notation and briefly discusshow we
might assign a pdf to a Bernoulli random variable. I'll change the definition of a pdf to
the following (compare Equ. 1.2):

Pla<T<b] = }f(t)dt (1.4)

Inintroducing Dirac notation we will effeaively change how we mmpute integrals.
The change is intuitively appeding and will simplify our lives immensely.

3. Example: A Mixed Random Variable. The third example is drawn from the
literature on Bayesian vision and concerns how we might model the prior distribution of
the velocities of objeds in an environment. We note, first of all, that most things don't
move aound and so we want to assign a rather high probability p to the velocity 0. We
might also dedde that the distribution of the speeds of the things that are moving is
exponential with rate parameter a . The resulting random variable is an example of a
mixed random variable. It will turn out to be eay to do so using Dirac notation.



G80/G89.2233 Simulation & Data Analysis 5
Maloney Ledure Notes

This course is about methods for approaching problems of estimation and hypothesis
testing that are computationally intensive but very general. These methods are based on
the same statistical principles as ‘off the shelf’ methods but computing the answer we
want typically involves extensive Monte Carlo simulations on a computer. To do that, we
need a source of realization of random variables that can be incorporated into a computer
program.

2. Pseudo-random Number Generators (PRNGS).

Matlab includes a function rand(n,m) that returns a matrix with n rows and m
columns filled with pseudo-random numbers between 0 and 1 If you start matlab and
type inrand(1,5), you might get badk,

ans =
0.4447 0.6154 0.799 0.9218 0.7383

a matrix with one row and five @lumns. There's no obvious pattern in the numbers
returned and there shouldn’t be: the output of rand(n,m) is intended to mimic in certain
important respect a particular kind of random variable, a uniform(0,1) random variable,
often denoted U(0,1). If you type the éove cmmmand again, you get a different set of
five numbers.

The pdf of auniform(0,1) random variableis,

f(x) =1, 0<x<1

_ (1.5
=0 , otherwise

plottedin Figure 2. The output of rand(m,n) is intended to mimic atrue uniform
random variable in important respeds, but in
one fundamental resped it cannot. The output
of rand(m,n) is computed by an algorithmic
processthat, if we wereto start it over again,
would produce predsely the same sequence of
numbers.

In order to better understand what the
advantages and limitations of pseudo-random
numbers are, it helpsto dssect avery simple
example, a linear congruential generator 0 1
(Knuth, 1971).

A linear congruential generator Inc()
generates a sequences of integers
U,,U,,---,U, ,-- that arerestricted to the range 0 to m. On each call to Inc( ), you must

give it as argument the previous number in the sequence It returns the following by

Uniform pdf

Fig. 2
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U =(au, +b)mod (m+1) (1.6)

where a, b, and m can be chosen to be awy positive integers. (The operation
nmod p isthe integer remainder when the integer n isdivided by the integer p. This
remainder must be between 0 and p-1, inclusive.) Once you' ve chosen these three
constants and the starting value U, you've cmpletely defined the sequence that Inc( )

will produce If you set a, b, and m to reasonably large values (there ae rules of thumb
to follow in choosing these values $ as the maximize the gparent disorder in the
sequence seeKnuth, 1971), the resulting sequence looks stisfyingly random. Of course,
you want numbers between 0 and 1, not integers between 0 and m. But you need only
divide U, +1 by m+2 to map the output of Inc( ) into the desired range.

It'seasier to seewhat Inc( ) isdoing if we pick small values a=5, b=1, and m=7. If
U, is st to 2, the resulting sequenceis

2,3,0,1,6,7,45230,1....

and we seethat it repeds after the aghth term in the sequence Of course it must
reped after the aghth term or ealier sincethere ae only eight possible valuesin the
series (0,1,2,...,7). Oncethe series repeds it must continue to cycle endlesdy since the
next and later terms in the series are completely determined by the airrent term. Note
also that the sequence produced is a little too unform. There is exadly one occurrence of
each possible value in each sequence of 8 values and so, after 16, 24, 32, etc drawswe
will discover that the number of O’'s, 1's, etc. are dl the same. Morever, noticethat the
sequence 2, 2 will never occur (and the sequence 2, 3 will occur in every cycle of 8). If
we choose poor values of a, b, and m, then the sequence may cycle much more frequently
than every m+1 terms. If we dhoose, a=2, b=2, m=7, for example, and start with 2, we
get

a most boring outcome.
3. Testsof Randomness

Linea congruential RNGs were once @nsidered to be agood method of generating
pseudo-random numbers (1960s) but are now obsolete. Asthe example above suggests,
they did tend to produce (after division by m+2) a series of numbers that took on values
in the unit interval that were remarkably uniformly-distributed. They tended to fail in
other important respeds, notably in the distribution of sequences of numbers. Modern
pseudo-random number generators passtests of sequential randomnessthat any linea
congruential generator would flunk. They will also cycle if you wait long enough but the
length of acycle is o great that you need never worry about repeating (given the
expected life span of the universe).
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The point of this example isthat we can charaderize any pseudo-random number
generator in terms of the tests of randomnessthat it can pass The linear congruential
generator did produce avery uniform distribution but it flunked a simple sequential test.

Note that in the sequencewe computed, that ODD and EVEN alternate!

The tests that a pseudo-random generator can passdetermine what it is good for. If,
for example, your application requires only a sourceof uniformly-distributed number, a
linear-congruential generator wouldn’t be so bad. But if you were simulating a @in toss
sequence by generating random integers and choosing H (heals) when the integer is odd,
T (tails) when it is even, you might be very surprised to gt HTHTHTHTHTH.....

The pseudo-random number generators avail able in modern computer languages like
matlab have passed very many tests of sequential randomnessand it isvery likely you'll
never be aleto tell then from atruly random sequence But beware. Never use ahome-
grown random number generator. It’s like doing your own dental work.

From this point on in the curse, I’ [l drop the ‘pseudo’ in ‘ pseudo-random generator
and, for example, refer to the output of rand(n,m) asredizations of a uniform(0,1)
random variable.

4. Generating Non-Uniform Random Variables

Standard matlab (and the student edition) provide only two functionsthat generate
random numbers. We' ve seethe first, rand(n,m), and the other, randn(n,m) generates
Normall y-distributed (Gaussian-distributed) random variables. We'll postpone discussng
them until the next lecture. The question that confronts us at the moment is, how can we
generate reali zaions of other kinds of random variables sich as the exponential
distribution we encountered in the first example? The key concept we nee isthe
definition of the cumulative distribution function (cdf) of arandom variable X with pdf

f(x):
F(x) =[f (t) dt (1.7)

Thisisjust the probabil ity that the redization of X ends up in the interval (—oo, x] )

Note the asymmetric bradkets here. They’re intended to remind you of Eq. 1.4. Some
basic fads about probability guaranteethat F(x) is non-deaeasing and that it goes from O
tol
With alittle bit of geometric reasoning we can show that the adf of aU(0,1) variable
isjust,
R(x) = 0, xs<0
= x , 0O<x<1 (1.8)
1, x>1
which is plotted in Figure 3.
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Uniform cdf

Fig. 3

A little bit of calculus gives us the af of the exponential distribution,

Fe(x) =1-e* , x20 L9)
, Xx<O0
It turns out that knowledge of the adf completely determines arandom variable just
as knowledge of the pdf did. We need to go over some parts of the definitions carefully
before we can be cetain about that, but it will turn out to be true.

But, badk to the problem at hand. We want to generate an exponentially-distributed
variable given a U(0,1) variable and the key to that will be the inverse function of the alf

over the interval (0,1), which I’ [l denote astheicdf. It's dso known as the quantile
function for reasons that will become obvious later on. The icdf for the exponential is,

Fe'(u) = -a™In(l-u) , O<u<l (110

Note the suggestive choice of dummy variable, u. What would happen if we applied
the icdf of the exponential to the realization of the uniform(0,1) random variable, U?

LetY =F*(U) =-a"In(1-U). Thenwewant to compute the aif of Y:
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P[Y < x] Pl-a™In(1-U)<x]

P <l-e™H = 1-e*
when x =0 and it isO otherwise. But thisis precisely the cdf of the exponential
random variable. So we have the following recipe for generating exponential random

variables with rate parameter a : generate a U(0,1) random variable and transform it by
the icdf of the exponential.

This recipe works for any random variable if we substitute the icdf of the random
variable in question.

So we have a general recipe for computing random variables with any distribution
whose cdf can be written down in a simple closed form.

(1.11)
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The material in this lecture and the next corresponds to Chapters 2 and 3 in Wackerly.
Please go through the beginnings of both of these chapters this week.



