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| examine the empirical densities of natural photographic

images, and show that although they are highly non-

Gaussian, they are quite regular and may be described us-
ing fairly simple parameterized density models. | describe
two such models, and demonstrate their ability to account
for image content.

A probability model for visual images is an important :
component of many applications in image processing, com- B
puter vision, and computer graphics. The power of sucha
model comes from the fact that the set of visual images is . - )

. . Figure 1. Coefficient magnitudes of a wavelet decompo-

enormous, and yet only a small fraction of these are likely to i | eft: original “Einstein” image. Right: Absolute
be encountered in a natural setting. Thus, a statistical prior  yajyes of subband coefficients at three scales, and three
model, even one that only partially captures these varia-  orientations of a separable wavelet decomposition of this
tions in likelihood, can substantially benefit image process-  image.
ing and artificial vision systems. But the problem of infer-

ring a probability density for images is difficult because of
their high dimensionality. totic marginals do not depend on the precise choice of basis,

A sensible first step is to transform the signal to a basis P€yond the qualitative properties of orientation specificity
in which the density is simplified. Choosing a basis that is @nd octave bandwidth. For our purposes, we utilize a fixed
adapted to statistical properties of an input signal is a clas-multi-scale orthonormal wavelet basis, in which functions
sical problem. The traditional solution is principal compo- &€ related by translation, dilation, and frequency modula-
nents analysis (PCA), in which a linear decomposition is tion- The image is decomposed into a sesabbandseach
chosen to diagonalize the covariance structure of the input.onsisting of those coefficients associated with a set of ba-
Recently a number of authors have noted that statistics ofSiS functions related by translation (but all having the same
order greater than two can be utilized in choosing a basisOfientation and scale). An example is shown in figure 1.
forimages. Field [5] noted that the coefficients of frequency
subbands of natural scenes have much higher kurtosis tharMarginal Model
a Gaussian density. Recent work on “independent compo-
nents analysis” (ICA) has sought linear bases that optimize  Empirically, the wavelet coefficients of natural images
higher-order statistical measures [e.g., 3, 4]. Several author$ave significantly non-Gaussian marginal statistics [e.g., 5,
have constructed optimal bases for images by optimizing6]. In particular, the histograms are found to have much
such measurements [7, 1]. The resulting basis functions aréheavier tails and are more sharply peaked than one would
spatially oriented and have spatial frequency bandwidths ofexpect from a Gaussian density. As an example, histograms
roughly one octave, similar to the most common multi-scale (obtained by gathering the coefficients of a single subband),
decompositions. of separable wavelet decompositions of several images are

Our experience is that these observations of highly kur- plotted in figure 2.
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Figure 2. Examples of 256-bin coefficient histograms for a single vertical wavelet subband of three images, plotted in the log
domain. All images are siZgl 22512. Also shown (dashed lines) are fitted model densities corresponding to equation (1). Below
each histogram is the maximum-likelihood valuepafsed for the fitted model density, and the relative entropy (Kullback-Leibler
divergence) of the model and histogram, as a fraction of the total entropy of the histogram.

These marginal densities are well-modeled by a gen-
eralized Laplacian (or “stretched exponential”) distribu-
tion [6, 11]:

o—lc/sl?
Z(s,p)’

where the normalization constant &(s,p) = 2:T'(2).

. . . /4 p
Each graph in figure 2 includes a dashed curve correspond-
ing to the best fitting instance of this density function, with
the parameter§s, p} estimated by maximizing the likeli-
hood of the data under the model. For subbands of images
in our collection, values of the exponemtypically lie in
the rang€d0.5, 0.8]. The factors varies monotonically with
the size of the basis functions. The density model fits the
histograms remarkably well, as indicated by the relative en-
tropy measures given below each plot.

Figure 3 illustrates the entropy gain associated with this
model, as compared to a Gaussian density model, and
an empirical density model (i.e., assuming a known his-
togram). The Gaussian model variance was set to match the
sample variance. Note that the generalized Laplacian model
comes within0.25 bits/coefficient of the empirical entropy,
as compared with the Gaussian density model which often
has a relative entropy greater thaf bit/coefficient.

Pele;s,p) = 1)

X
5.5} x « .
X X §>< X
X X
X ES
5 XX % Xxxj%é %%
X X
- X X
c4.5 XX X
2 X K
2 XX
s, X X7 X
g x X X
)
2 o
= 0
535f
ee)
O
al o
X Gaussian Model
25¢ O Generalized Laplacian

3 4 5

Ideal First Order Entropy

Figure 3. Comparison of encoding costs. Plotted are en-
coding cost assuming the generalized Laplacian density
of equation (1) (O’s), and the encoding cost assuming a
Gaussian density (X’s), versus the empirical (“ideal”) en-
coding cost using a 256-bin histogram. Points are plotted
for 9 bands (3 scales, 3 orientations) of 13 images.

Thus, our first model of image statistics is that each resenting information at adjacent scales, but the same ori-
wavelet subband consists of i.i.d. random variables drawnentation (e.g, horizontal) and spatial location. Figure 4A
from a density of the form given in equation (1). The model shows the conditional histograi(c|p) of a “child” coeffi-
is parameterized by the sét;,p;}, wherek indexes the  cientconditioned on a coarser-scale “parent” coefficient. As

subband. with the marginals, we assume stationarity in order to con-

Joint Model

sider the joint histogram of this pair of coefficients, gathered
over the spatial extent of the image, as representative of the
underlying density.

The marginal model described above assumes that the The histogramiillustrates several important aspects of the
coefficients of the multi-scale representation are indepen-relationship between the two coefficients. First, they are
dent. Empirically, the coefficients of orthonormal wavelet second-order decorrelated, since the expected valuésof
decompositions of visual images are found to be fairly well approximately zero for all values pf Second, the variance

decorrelated (i.e., their covariance is zero). Theyrare

of the conditional histogram af clearly depends the value

however, independent [2, 9]. Consider two coefficients rep- of p. Thus, althougle andp are uncorrelated, they still ex-
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Figure 4. Conditional histograms for a fine scale horizontal coefficient. Brightness corresponds to probability, except that each
column has been independently rescaled to fill the full range of display intengiti€Sonditioned on the Parent (same location

and orientation, coarser scale) coefficient. Data are for the “Boats” inBaggame a#\, but in the log domain.C Conditioned

on a linear combination of neighboring coefficient magnitudes. Data are for the same subband of the BoatsAmage as

hibit statistical dependence. Furthermore, this dependence

cannot be eliminated through further linear transformation. 6
The structure of the relationship betweerand p be-

comes more apparent upon transforming the variables to

the log domain. Figure 4B shows the conditional histogram 5r %

H (log,(c?)|log,(p?)) The right side of the distribution is %

unimodal and concentrated along a unit-slope line, suggest-

ing that the conditional expectatiol(c?|p?), is approxi-

mately proportional tg?>. Furthermore, vertical cross sec-

tions have approximately the same shape for different val-

ues ofp?. Finally, the left side of the distribution is concen-

trated about a horizontal line, suggesting #¥ais indepen-
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dent ofp? in this region. We have modeled the conditional 2f %
Q

relationship between the two coefficients as:

P(clp) o< fe/V/p*+0?).
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That is, the distribution of is described by a density func- Ideal Conditional Entropy

tion f, with variance proportional tp? + o2.

The form of the histograms shown in figure 4 is surpris-
ingly robust across a wide range of images. Furthermore,
the qualitative form of these statistical relationships also
holds for pairs of coefficients at adjacent spatial locations,
adjacent orientations. As one considers coefficients that are
more distant (either in spatial position or in scale), the de-
pendency becomes weaker. This suggests that a Markov
assumption might be appropriate.

Given the difficulty of characterizing the full density of
a coefficient conditioned on a large set of neighbors, we
decided to simply extend the variance-scaling relationship
described above using a weighted linear predictor for the
coefficient variance. This is a somewlaat hocchoice, but
it has proven effective in a number of applications of this
model. In particular, we assume a Markov model in which
the variance of a coefficientscales as a linear combination
of the squared coefficients in a local neighborhood:

Plel{p}) o« fle/ D wipl+0?). (2
k

Figure 6. Comparison of encoding cost using the condi-
tional probability model of equation (2) with the encod-
ing cost using the first-order histogram, as a function of
the encoding cost using2s6 x 256-bin joint histogram.
Points are plotted for 6 bands (2 scales, 3 orientations) of
13 images.

Unlike traditional Gauss-Markov random fields, in which
the conditional mean of a random variable depends linearly
on the neighboring variables, here thaianceof ¢ depends
linearly on thesquaredneighbors. If one assumes a par-
ticular form for the densityf (e.g., Gaussian), the param-
eters{wy,, o} may be determined (numerically) via maxi-
mum likelihood estimation.

The model fits the histograms quite well, as can be seen
from three examples shown in figure 5 The benefit of the
model, in terms of entropy reduction, is summarized in fig-
ure 6. The entropy savings are less than those illustrated in
figure 3, but still substantial.
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Figure 5. Top: Examples of log-domain conditional histograms for the second-level horizontal subband of different images,
conditioned on an optimal linear combination of coefficient magnitudes from adjacent spatial positions, orientations, and scales.
Bottom: Model of equation (2) fitted to the conditional histograms. Intensity corresponds to probability, except that each column
has been independently rescaled to fill the full range of intensities.

Discussion

I've described non-Gaussian marginal and joint models
for visual images in the wavelet domain. The models are
substantially more powerful than traditional Gaussian mod-
els. Our previous work has demonstrated that these types
of probability model are quite powerful when used in appli-
cations of compression [2], denoising [11, 10], and texture
synthesis [8].

Although the empirical observations used to motivate the
two models are quite striking, there are difficultissues to be
resolved, especially in the precise nature of the joint model.
A fundamental problem is that the joint model is inconsis-
tent with the marginal model: Marginalizing the joint den-
sity does not give a marginal density of the correct form.

Another interesting topic for investigation is the devel-
opment of sampling algorithms for these density models.
Sampling the marginal model is quite simple: one need only
fill the coefficients of a wavelet representation with inde-
pendent samples drawn from generalized Laplacian densi-
ties. Sampling from the joint density is more difficult, re-
quiring Monte Carlo or other iterative algorithms.

[10]
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