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ABSTRACT

Normative accounts of perception rest on two frameworks: Bayesian inference, which pre-
scribes how a prior ought to be combined with sensory evidence, and efficient coding, which
explains why a nervous system should represent the statistics of its environment at all. Though
successful in explaining behavioral data, as computational-level theories, neither specifies how
the brain comes to learn or represent the prior in neural circuits. The thesis aims to provide a
modern computational account of how the brain comes to learn and represent visual priors over
natural images, which are high-dimensional, nonlinearly structured, and organized across many
scales. I begin by proposing a neural circuit model that represents priors as stochastic attractor
dynamics, which are implemented through the use of a recursive denoising operation. By exam-
ining denoising through the lens of both variational inference and information theory, I derive a
proposal based on InfoMax for how the brain learns general statistical priors in an unsupervised
manner. Finally, I show how InfoMax can be extended beyond a single latent layer to learn a
full hierarchy. Together these lines of work provide a computational account of how a prior over

natural signals might be represented, used, and acquired by circuits in the visual cortex.
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1 INTRODUCTION

We see with memory. My memory is
different from yours, so if we are both
standing in the same place we’re not quite
seeing the same thing. Whether you have
been in a place before will affect you, and
how well you know it. There’s no

objective vision ever — ever.

David Hockney

What we experience is not the world itself but an interpretation built from our senses. Imagine
wading through a lush tropical rainforest. A breeze through the canopy casts dancing shadows on
the dark undergrowth, the morning dew glistens beneath the translucent leaves of a giant mango
tree, and twigs snap softly beneath our footsteps. At first glance, we appear to perceive this
scene with little conscious effort, but even vision, arguably our strongest sense, delivers signals
that are riddled with ambiguity and under-determine the state of the world. A flash of orange in
our hypothetical rainforest could indicate the presence of a ripe fruit or a predator lurking in the
depths. To resolve this uncertainty and construct a coherent percept of the world, our brain draws
on our past experience of the world to provide additional information beyond what our senses

can provide in the moment. Armed with these prior expectations, the brain weaves together a



narrative about what it believes the external world may be like. Since all of this happens outside
of our conscious awareness, we unwittingly experience a subjective world that has been distorted
through the lens of our past.

In the fields of neuroscience and cognitive science, this story of perception as acts of uncon-
scious inference has been well established using the framework of Bayesian inference (Helmholtz,
1852). In this narrative, the experience of perception comes about from combining the informa-
tion from incoming sensory signals with our prior experience-based expectations of the world.
This normative framework has been used to explain a wide range of behaviors, such as cue com-
bination (Ernst and Banks, 2002; Landy et al., 1995; Jacobs, 1999), evidence accumulation (Gold
and Shadlen, 2007), and choice and estimation under priors (Weiss et al., 2002; Stocker and Si-
moncelli, 2006; Girshick et al., 2011; Wei and Stocker, 2015). Though this framework is supported
empirically at the behavioral level, we encounter difficulties once we peer inside the brain. How
is prior information represented by neurons within the brain? Does it reside in the dynamics
of neural activity, or is it implicitly stored in the connectivity and synaptic weights of a neural
population? And even if we knew how the brain represents priors, yet another problem is know-
ing what about the world is worth representing as priors. How does the brain accommodate and
account for the inherent complexity of the world? What constraints must the brain obey, and
how do these affect the nature of the representation? Finally, our beliefs are a reflection of our
lived experience, but which aspects of our sensory input are worth storing?

Why should we be interested in the study of neural priors? Perhaps the most pertinent reason
is the potential clinical applications of this knowledge. For example, impairments in inference
are symptoms characteristic of both autism spectrum disorder and schizophrenia, and recent
empirical results suggest that these may stem from the sub-optimal integration of sensory evi-
dence with priors. Despite this, little is known about the neural underpinnings of inference in
neuro-typical brains, and thus a better theoretical understanding of how neural circuits represent

priors and perform inference is necessary for downstream clinical interventions. To understand



dysfunction, we must first understand function.

Additionally, understanding how the brain instantiates priors is becoming increasingly im-
portant in light of recent developments in the fields of artificial intelligence and machine learning.
While current machine learning models display impressive capabilities, they do not yet possess
functions that are common in biological organisms, such as planning, abstract reasoning, and
the ability to generalize from few examples. Given these shortcomings, there has been a recent
but significant push in machine learning to construct so-called internal world models that are
interpretable, possess useful inductive biases, and carry embodied information about the envi-
ronment. Biological brains meanwhile constitute an existence proof that such models can and do
exist. Basic scientific research is thus complementary to engineering: elucidating the mathemat-
ical principles underpinning priors in the brain may provide insight into how best to improve
existing forms of artificial intelligence.

Lastly, the study of priors takes on new importance as neuroscience turns to more complex
questions. Historically, neuroscientists have contained the complexity of the brain by studying
animals performing simple tasks with few known free variables. Large-scale recording techniques
now make it possible to study neural computation in naturalistic settings, forcing us to contend
with the complexity of the environment itself. Yet existing theories of how the brain represents
the statistics of the environment as priors deal predominantly with scalar or low-dimensional
stimuli; they do not scale to the high-dimensional latent variables that underlie the natural world.
A theory of neural priors that scales to this complexity is thus necessary for understanding the

ecological brain.

1.1 PERCEPTION AS UNCONSCIOUS INFERENCE

The world as we perceive it is a subjective construction, assembled by the mind beneath the

threshold of conscious awareness. Perception, in this view, is an act of “unconscious inference”



about the state of the world - a principle usually credited to the German physicist and physiologist
Hermann von Helmholtz (Helmholtz, 1852), though it appears as early as ca. 1010 in the work of
Alhazen (Ibn al-Haytham).

Since these inferences lie beneath conscious awareness, their effects can be difficult to notice.
This is especially true of vision — arguably our sharpest and most trusted sense — which seems
to hand us an objective portrayal of reality. For this reason it is often more instructive to study
the failures of inference, where the mechanisms underlying computation are most apparent. In

Volume III of his Physiological Optics, Helmholtz recounts a childhood memory:

I can recall when I was a boy going past the garrison chapel in Potsdam, where some
people were standing in the belfry. I mistook them for dolls and asked my mother to
reach up and get them for me, which I thought she could do. The circumstances were
impressed on my memory, because it was by this mistake that I learned to understand

the law of foreshortening in perspective.

The “law of foreshortening” the young Helmholtz learns is not merely that a distant object
projects a smaller retinal image than a near one of the same size; it is that this projection cannot
be inverted without ambiguity. A small image is equally consistent with a small object nearby
and a large object far away, and the image by itself cannot resolve this ambiguity. To perceive size
at all, the visual system must supply distance as an additional piece of information. Helmholtz’s
error is instructive because the inference is incorrect: lacking any cue to the belfry’s distance,
he takes the small images at face value and sees dolls instead of people. Our percepts, veridical
or not, are thus inferences about the state of the world; the brain continually creates hypotheses
that best explain our ambiguous sensory inputs.

Optical illusions do more than illustrate the failures of inference; they also reveal our prior
beliefs about the world. Consider, for example, the “light-from-above” illusion in Fig. 1.1 (Ra-
machandran, 1988; Adams, 2007). Although the stimulus is a flat image of shaded circles, we see

each circle as a three-dimensional surface: a bump when it is dark at the bottom, a dimple when



it is dark at the top. A single assumption accounts for both percepts — that the circles are all lit
from above. This indicates that even prior to observing the image, we hold certain expectations
that alter what we perceive. In this case, the prior belief is that light predominantly comes from
overhead, but it has been shown that human observers possess many other priors, such as sur-
face convexity (Langer and Bilthoff, 2001; Mamassian and Landy, 1998; Goldreich and Peterson,
2012), isotropy and homogeneity of texture (Knill, 1998), slow and smooth motion (Weiss et al.,
2002), symmetry (Knill, 2007), smoothness or “good continuation” in space and time (Schwartz et
al., 2007; Geisler and Perry, 2009), that cardinal orientations are more frequent than other orien-
tations (Girshick et al., 2011), and that other people’s gazes are directed toward them (Mareschal

et al.,, 2013).

Figure 1.1: The "light from above" optical illusion.

Priors account for the systematic structure of our percepts, but their very existence raises
several fundamental questions. First, what is the optimal way to use these priors during percep-
tion? Second, why does the brain possess priors at all? And finally, how do we come to acquire
them? I address these in turn by introducing three classical theories in neuroscience: how priors
are optimally used during perception (Bayesian inference), why the brain represents the statis-

tical structure of its environment (efficient coding), and how those representations are acquired



through experience (unsupervised learning). Along the way I will also introduce rate-distortion

theory and the evidence lower bound.

1.2 BAYESIAN INFERENCE

As we have seen above, perception can be cast as a problem of inference in which we induce
the meaning of ambiguous sensory cues by leveraging our prior knowledge of the environment.
Though the abundance of behavioral evidence strongly suggests that the brain must be perform-
ing this inferential computation, this raises the following question: how should the brain combine
our priors with sensory cues?

Since the 1990s, this problem of perception has received a formal treatment using the frame-
work of Bayesian inference, a general and optimal procedure for inductively inferring latent prop-
erties of the world (Dayan et al., 1995; Knill and Richards, 1996; Kersten and Yuille, 2003; Geman
and Geman, 1984). Suppose we observe some sensory input x and seek to infer the identity of
the unobserved or latent variable z that caused our observations. According to this framework,
inference corresponds to finding a posterior probability distribution over the latent z after ob-
serving sensory input x. This depends on two factors: how our sensory observations depend on
the latent stimuli - the likelihood p(x | z) — and our prior beliefs about the latent — the prior p(z).
To get the desired posterior probability distribution p(z | x), we combine these factors according

to Bayes’ rule:

p(z]x) < p(x|z) - p(z) .
~—— ~——— ——
posterior likelihood prior

This description is probabilistic: the prior p(z) characterizes the strength of the observer’s prior
belief over the latent variable; the likelihood function p(x | z), read as a function of z, indicates
how well each candidate latent accounts for the observed sensory input x; and the posterior dis-

tribution p(z | x) captures the certainty of our beliefs about the inferred latent stimulus given



our observations. The multiplicative relationship predicts that when sensory information is un-
reliable, prior knowledge should exert greater influence, while the converse should be true when
we are confident about our observations. Bayesian inference thus provides a normative account
of perception, prescribing how an ideal observer ought to update its beliefs about the latent ac-
cording to the reliability of sensory evidence.

The quantitative nature of the Bayesian framework allows for phenomenological modeling
of inference in human cognitive and perceptual domains, such as cue combination (Ernst and
Banks, 2002; Landy et al., 1995; Jacobs, 1999), evidence accumulation (Gold and Shadlen, 2007),
and choice and estimation under priors (Stocker and Simoncelli, 2006; Girshick et al., 2011; Wei
and Stocker, 2015). Moreover, the framework allows for precise quantification of the effect priors
have on human perception. For example, priors can modulate perceptual performance (Sekuler
and Ball, 1977; Posner, 1980; Downing, 1988; Bar, 2004), or alter the subjective appearance of
visual stimuli, especially when the inputs are ambiguous or can be interpreted in multiple ways
(Adams et al., 2004; Haijiang et al., 2006; Sterzer et al., 2008).

At this point, it is worth taking a step back and asking why we believe the brain is performing
optimal inference. It is plausible that the brain could be inferring in a non-optimal manner, for
example by employing heuristics that may be less expensive to compute. Moreover, the existence
of a broad normative principle seems unlikely given the immense variability in biological form
and function that we encounter in nature. How can we justify the assertion of optimality in
inference?

The argument of optimality holds water, even in the face of this heterogeneity, when we con-
sider the role of evolution. Evolution exerts selection pressure on biological organisms through
their actions: agents with lower fitness are less likely to propagate their genes. The success of an
action, however, is predicated on the organism’s ability to properly assess the state of the world
through accurate perception. Organisms are thus incentivized to make optimal use of all avail-

able information collected by their senses, or risk suboptimal actions due to inaccurate inference.



A species that routinely discards useful information or performs suboptimal inference will be
out-competed by other species that make better use of their sensory inputs. As such, biologi-
cal organisms that depend on their senses are driven to perform optimal inference irrespective
of their ecological niche. In general, normative arguments thus allow us to establish theoretical

principles in neuroscience despite the heterogeneity of the neural anatomy.

1.3 EFFICIENT CODING

The Bayesian framework tells us how knowledge of statistical regularities in the world can
help us perform optimal inference at a computational level. However, it does not provide an
explanation as to why these priors exist in the brain.

More than 70 years ago, Attneave (1954) and Barlow (1961) proposed that sensory systems
leverage statistical regularities in our natural environment to efficiently encode sensory informa-
tion — a theory called the efficient coding hypothesis. Attneave intuited that the goal of a perceptual
system is akin to that of a scientist, that is, to “describe nature economically”. This statement of
coding efficiency, as re-expressed by Barlow, says that neurons seek to strip away the redundant
information in their inputs to best make use of their limited resources.

By drawing on information theory, a mathematical theory of how signals are communicated
(Shannon, 1948), Barlow showed that redundancy reduction is the solution to the objective of
information maximization under resource constraints. Redundancy measures the gap between
the information a code actually carries and the maximum it could carry given its capacity. How-
ever, since a sensory system has only so many neurons, each limited in its range of responses,
that maximum is finite. Given a fixed metabolic and representational budget, minimizing re-
dundancy thus pushes a neural code to carry as much information as possible about its sensory
environment. Note that this solution/equivalence holds under assumptions of low input noise

and variability in neural responses.
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Figure 1.2: Coding strategy of a single neuron to maximize its information capacity. For a given proba-
bility density function of stimulus intensities (top), the neuron’s response function (bottom) ensures that
each response state corresponds to equal areas under the probability density function, such that each
state is used with equal frequency. Figure from Laughlin (1981).

One immediate implication of the information maximization principle is that perceptual sys-
tems should allocate more of their resources to encode signals that occur most frequently in the
environment (Fig. 1.2). This is best illustrated by examining a single neuron responding to a scalar
input (e.g. light intensity or constrast) whose frequency of occurrence is given by a continuous
probability distribution. To maximize information, the neuron should dedicate more sensitive re-
gions of its response range to encode inputs that are more frequently encountered in exchange for
lower fidelity in its encoding of less common inputs. The optimal response function of this neu-
ron should thus be proportional to the cumulative probability distribution of the stimulus. This
prediction is borne out in the study by Laughlin (1981), who showed that the contrast-response
functions of a large monopolar cell in the fly closely resembled the cumulative probability func-
tion for contrast levels in natural scenes.

The same logic applies when we consider a population of neurons, where the resource in
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Figure 1.3: Neural resources are allocated to match the distribution of natural stimuli (a) Example natural
scene with strongly oriented edges marked in red. (b) orientation distribution and human observer’s prior
recovered from discrimination thresholds. (c) percentage of V4 neurons preferring orientation within the
10° bin. Figure adapted from Fang et al. (2022) and Girshick et al. (2011).

question is the number of neurons rather than the range of a single one. Orientations in natural
images are distributed non-uniformly, with a higher density of edges along the cardinal directions
than oblique ones (Fig. 1.3a, b). The distribution of orientation-selective neurons in macaque vi-
sual cortex closely matches this environmental distribution, peaking in the cardinal directions
(Hubel and Wiesel, 1968; Fang et al., 2022); correspondingly, human orientation perception ex-
hibits biases and discriminability consistent with a cardinal prior (Girshick et al., 2011). Evidence
of orientation anisotropy has also been found in the visual cortices of cats (Sengpiel et al., 1999;
Wang et al., 2003), ferrets (Chapman and Bonhoeffer, 1998), and owl monkeys (Xu et al., 2006).

Whether we consider the case of a single neuron or a population of neurons, we see that the

allocation of resources reflects the statistics of the scalar variable they aim to encode.

1.4 NEURAL CIRCUIT MODELS OF SENSORY PRIORS

A weakness of both the efficient coding hypothesis and Bayesian inference is that they, as
computational accounts of perception, do not specify the neurobiological mechanism by which
sensory systems encode their inputs and represent the prior. To that end, another way to evaluate
the efficient coding hypothesis beyond examining the neural responses under natural stimulation

is to create models of early sensory processing. In this “inverse” approach, one assumes a statisti-
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Figure 1.4: Two hypotheses for how neurons represent priors. Left: a heterogeneous neural population
implicitly represents the sensory prior in the density and gain of its tuning curves. a) a homogeneous
neural population whose tuning curves tile the space. b) inset: the tuning curve density d(s). The cu-
mulative integral of this density D(s) alters the positions and widths of the tuning curves in the neural
population. c) the warped population, with tuning curve peaks scaled by the gain g(s). Right: d) the sam-
pling hypothesis. The neuron’s firing rate result in samples from a marginal distribution corresponding
to one latent variable; a collection of neurons can thus represent an arbitrary multivariate distribution via
samples.

cal description of the environmental signals (i.e. the external prior) and a transformation derived
according to a statistical optimization criterion. Showing that the model’s response properties
well match those of a set of sensory neurons serves as a test of the proposed transformation
under a given environmental prior.

Under this framework, priors could be represented in the brain in a number of ways, de-
pending on our assumed choice of transformation and resource under constraint. For example,
priors may be implicitly represented in the selectivity of the neurons and the inhomogeneity of
their preferred features (Fig. 1.4a-c) (Ganguli and Simoncelli, 2010; Ganguli and Simoncelli, 2014;
Fischer and Pefia, 2011). Alternatively, neurons representing the expected features of the envi-
ronment may be present in larger numbers (Girshick et al., 2011), have sharper tuning (Schoups et
al., 2001), or be more strongly connected to higher processing stages than non-expected features

(Raiguel et al., 2006).
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Another intriguing proposal is that the prior may be represented in the spontaneous activity
of neurons in sensory cortex. The sampling hypothesis states that neural responses to external
stimuli represent samples from the posterior distribution (Fig. 1.4d) (Fiser et al., 2010; Berkes et
al,, 2011). In the absence of external input, the likelihood term in Bayes’ rule disappears, so the
posterior collapses to the prior. Spontaneous activity — the neural responses when there is no
external input — thus corresponds to samples from the prior. One advantage of this proposal is
that it can easily accommodate the representation of high-dimensional latent variables since the
dimensionality of the variable scales linearly with the number of neurons.

Berkes et al. (2011) provided empirical evidence for the sampling hypothesis by showing that
distribution of spontaneous activity in the primary visual cortex in awake ferrets closely resem-
bles that of average evoked activity. Moreover, they showed that the spontaneous activity of
ferrets were closely matched as juveniles but diverged in similarity over the course of their life-

times, in line with the expectation that priors evolve from lived experience.

1.5 LEARNING PRIORS

Efficient coding and Bayesian inference both presuppose a statistical description of the world,
but neither explains how a nervous system comes to possess one. A prior is not handed to the
organism, but must be extracted from the very sensory stream it is meant to describe. Let us now
suppose that as neuroscientists we wish to build a model of how learning occurs in the brain in

response to natural stimuli. We are immediately confronted by several difficulties:

1. The priors we have discussed so far are defined over scalar variables such as orientation
or contrast, whereas natural stimuli can only be described by a set of high-dimensional
latent variables (e.g. in the case of texture (Bergen and Adelson, 1988; Heeger and Bergen,
1995; Portilla and Simoncelli, 2000)). A prior over such signals cannot be accumulated as

a histogram over observed values because of the curse of dimensionality: the number of
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independent observations required to get a good estimate scales exponentially with the di-
mensionality. To overcome this issue we must commit ourselves to a restricted set of trans-
formations that contain useful inductive biases consistent with the set of natural stimuli

we wish to learn.

. The statistics of the natural environment evolve over multiple timescales, which recruit
different mechanisms of learning in the brain. Some regularities appear to be inherited by
the brain over evolutionary time, some are instantiated during development, and others
gathered through experience across a lifetime (Series and Seitz, 2013). A model of prior
acquisition must therefore specify not only how learning proceeds but what expectations

the sensory system begins with and what data it is exposed to.

. Efficient coding as suggested by Barlow (1961) assumes that inputs have low noise and
that the neural responses are related to the input signal in a deterministic manner. How-
ever, real sensory neurons can exhibit large variability in response to identical stimuli. Past
studies have considered the general case of noisy channels and found that different compu-
tational strategies emerge than those predicted by Barlow (Atick and Redlich, 1990; Atick
and Redlich, 1992). A general model of learning should thus take both internal and external

noise into account.

. The mechanistic implementation of learning must be specified. Both efficient coding and
Bayesian inference are computational frameworks; the manner in which neurons learn

through sensory experience depend on how the prior is represented by neurons.

. Thus far, efficient coding has been invoked as a theory of early sensory processing. The
problems discussed above (e.g. the optimal response function to distributions of stimulus
intensity or edge orientation) can be in principle performed by a single-stage neural net-
work. But what can we say about the representations at later stages of sensory processing?

Can we still treat efficient coding as a guiding principle for learning priors?
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6. Neither the Bayesian nor the efficient coding framework specifies which latent variables
should be learned. Bayesian inference asserts that priors are useful because they support
inference, but presupposes, rather than derives, the latent variables to be inferred. Efficient
coding holds that the code should retain as much information as its resources allow, but
says nothing about how this information will be used, and hence which variables are worth
knowing. Neither, then, tells us which variables are relevant enough to represent. This can
be addressed by specifying a downstream task, formalized through Bayesian decision and
estimation theory as a cost or reward function over some desired behavior. However, this
simply shifts the problem from choosing useful latents to choosing an appropriate task,
and it is unclear whether any such task is a “typical” one the organism would encounter in
nature. More fundamentally, a representation tailored to any single task is an implausible

model of cognition, which must serve many tasks at once.

7. An organism that aims to learn a prior over latent causes p(z) never observes the latents z
directly. It only has access to the latents through inference via the sensory transformation,
but inference itself depends on the prior. Learning is thus a search for a fixed point of this
circular dependence. A possible failure is that learning converges to a fixed point that is not
useful. An example is where the latent carries no information about the stimulus, resulting

in a self-consistent yet uninformative latent code.

1.5.1 INFOMAX AS A SOLUTION TO EPISTEMIC UNCERTAINTY

One of the central challenges in neuroscience and machine learning is to understand what
constitutes a "useful representation" (Bengio et al., 2014). As an illustrative example, consider an
agent whose sole objective is to perform classification of natural images. By construction, the
agent knows the task through its objective function, which scores how accurately it classifies

its input. What, then, are the necessary conditions for a useful representation? If we assume
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the inputs are generated by a set of latent features, what the agent must recover is merely those
features that distinguish one class from another. A minimally useful representation in supervised
learning is therefore one that discards everything in its input irrelevant to the task at hand.
This intuition can been formalized using the Information Bottleneck (IB) method (Tishby et
al., 2000). Given some input variable X generated by a “relevance” variable Y, the IB method aims
to find the maximally compressed mapping of the input variable, Z, that preserves as much as
possible the information on the task variable. This relation is given a Markov chain Y — X — Z.

Finding an optimal representation Z is formulated as a maximization of the Lagrangian

Js =1(X;2Z) - BI(Z;Y).

where f is a positive scalar Lagrange multiplier that trades off between the complexity of the rep-
resentation I(X;Z) and the amount of relevant information preserved I(Z;Y). This framework
has been used to study representations of deep neural networks (Tishby and Zaslavsky, 2015) and
optimal prediction in biological systems (Sachdeva et al., 2020).

Such a setting of supervised learning is hardly applicable to biological agents. Humans and
other animals inhabit an ever-changing, highly complex world, subject to a fitness landscape that
shifts unpredictably. Functionally, this means they must perform a variety of tasks whose identi-
ties are not known in advance. This epistemic uncertainty over the task distribution is a crucial
departure from the supervised setting, where the agent is evaluated on a single, prespecified task.
And yet, despite this uncertainty, animals display a remarkable ability to adapt quickly to many
novel tasks; few-shot learning is often taken as a hallmark of biological intelligence. What kinds
of representations make such flexibility possible?

Under epistemic uncertainty, an agent has no way to know which features of its input a future
task will require. And because information discarded at one stage cannot be recovered by any

subsequent computation, discarding a feature risks permanently losing information that some
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later task depends on. Formally, suppose we have a representation Z that is computed from
the input X, and a downstream task T that an animal performs using its representation. This
describes a Markov chain X — Z — T. In this case, because we can only lose but never gain new
information through each stage of processing, the information that the representation carries
about the task is strictly less than or equal to the information about the task that is present in the
input. This is formalized by the data processing inequality I(Z;T) < I(X; T). A representation Z
that preserves all information in X (i.e. a sufficient statistic) attains I(T; X) = I(T; Z) for any task
T. Meanwhile, a representation that loses information about X attains this condition for some T
but fails for others.

The rational strategy is therefore to preserve as much information about the inputs as pos-
sible. This is given by the InfoMax principle of "maximum information preservation" (Linsker,
1988); the optimal representation is one that maximizes the mutual information between the rep-
resentation Z and the input X, subject to some arbitrary resource constraints C(Z). This can be

found through the maximization of the Lagrangian
JinfoMax = 1(X;Z) + C(2).

where the mutual information is defined as I(X;Z) = H(X) — H(X | Z): the entropy of the
sensory inputs H(X) measures the total amount of information available to encode about the
stimuli variable X in the natural environment, and the conditional entropy H(X | Z) denotes the
uncertainty about the stimulus that remains after observing the sensory response Z. Here the
entropy H(X) = — / p(x)log p(x) ds is fixed because we assume the input distribution p(x) is
stationary. A maximally efficient sensory system has a code Z that captures as much information
about X as possible. This is the generalization of Barlow’s efficient coding principle, where now
neural variability to identical stimuli is not assumed to be negligible.

There is behavioral evidence that sensory systems extract structure in this task-independent
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way. Turk-Browne et al. (2010) exposed human observers to sequences of novel shapes in which
certain configurations reliably co-occur but are not task-relevant. They found that humans trans-
fer knowledge of statistical regularities across space and time, appearing under conditions absent
during encoding. The system thus behaves as though it encodes the input statistics for the pos-

sibility of future use rather than a mapping tuned to a particular task.

1.5.2 RATE-DISTORTION

Implementing InfoMax as an objective is difficult because it requires computing the mutual
information I(X; Z), which admits a closed form only in restricted cases such as jointly Gaus-
sian or discrete variables. Though estimators exist (Bialek et al., 1991; Paninski, 2003), they are
approximate, data-hungry, and systematically biased in the under-sampled regime.

A more tractable alternative is to require that the representation support reconstruction of
its input. Since our input X can be recovered from the representation Z only to the extent that
it preserves information about X, reconstruction error serves as a proxy for information loss.
This objective alone is trivially satisfied by copying the input, such that Z = X. But as estab-
lished above, the brain has limited capacity, so any useful objective must also constrain how
much information the representation carries. Rate-distortion theory formalizes this trade-off by
expressing both reconstruction error and coding cost in the common currency of information.

Rate-distortion theory is a branch of information theory that articulates the minimum amount
of resources, expressed in terms of information, required to reconstruct a signal to some desired
level of fidelity once it has been passed through a noisy communication channel. A communica-
tion channel comprises a “source” signal X, together with an encoder p(z|x) and a decoder p(x|z)
that reconstruct the signal (Fig. 1.5).

The distortion is the cost of representing a sample x with its approximate reconstruction x.
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Figure 1.5: Diagram of a communication channel between source X and reconstruction X through a

stochastic encoder p(z|x) and decoder p(x|z). The rate is in yellow and the distortion in red.

We assess this via a distance metric d(-, -), averaged over the joint distribution p(x, X),

A typical choice is the squared-error distortion, d(x,%) = ||x — £||%. The rate R is the average
number of bits per sample conveyed by the encoding through the channel, evaluated as the mu-
tual information between the source and the encoded signal. A channel with a low rate caps the
information that can be transferred and results in greater distortion; conversely, attaining distor-
tion below a given level requires sending information at a higher rate. If the reconstructed signal
perfectly matches the input, we call this lossless compression, while any residual distortion is the
signature of lossy compression.

The relationship between rate and distortion is expressed by a pair of mutually inverse con-
strained problems, one that minimizes rate subject to a budget on distortion (Lr_p), and its in-

verse that minimizes distortion subject to a budget on the allowed rate (Lp-_g):

Lrp = inf I(X;Z) st D(X,X) < D,
plzlx)

Lpr = inf D(X,X) st I(X;Z) <R
p(zlx)

Both can be combined into a single Lagrangian that trades off the two quantities through a mul-
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tiplier f,
L =D(X.X)+BI(X; Z),

whose solutions, as f§ is swept over (0, ), trace the boundary of the realizable region on the

rate-distortion plane (Fig. 1.6).

distortion D

(2)

realizable region

R* rate R

Figure 1.6: A qualitative information plane. The red line indicates the realizable limit of the rate-distortion
objective and the shaded area denotes the realizable region. (1) The blue dotted line shows the minimum
distortion for the rate-constrained rate-distortion objective. (2) The green dotted line shows the minimum
rate for the distortion-constrained objective. (3) The intersection of the yellow dotted line with the red
line shows the optimal rate and distortion for a given value of S.

How does this rate-distortion formalism relate to the InfoMax objective? Let us suppose we

have a stochastic stimulus encoding from input X to latent Z given by p(z|x). Recall the mutual

information term from InfoMax,

I(X;Z) = H(X) - H(X | Z)

=H(X) + Ep(xz) [logp(x | 2)].

Since the entropy H(X) is constant for a fixed stimulus distribution p(x), InfoMax is a matter

of minimizing the conditional entropy H(X | Z). However, this quantity relies on the mapping
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p(x|z), which we have not defined. An ideal mapping that perfectly minimizes the conditional
entropy would perfectly invert the stimulus encoding p(z|x) from X to Z. For a stochastic en-
coding p(z|x), the optimal inversion is given by Bayes’ rule: p(x|z) = pEx)p(x)/p(2). If p(x|z) is
conditional Gaussian with fixed covariance, the expected log likelihood reduces to a squared error

up to an additive constant, so we can rewrite the mutual information in terms of MSE distortion,
I(X;Z) = H(X) - D(X,X(Z)).

Thus minimizing the distortion is equivalent to maximizing the mutual information. This iden-
tity, however, faces two issues. Satisfying the conditional Gaussian assumption requires overly
restrictive assumptions: we must also assume Gaussianity for the stimulus distribution p(x),
the marginal over the representation p(z) and the encoding p(z|x), even though empirical mea-
surements show that the statistics of natural images p(x) are highly non-Gaussian (Field, 1987).
Moreover, the Bayesian inversion is in general intractable because we do not have direct access

to the input distribution p(x).

VARIATIONAL APPROACHES TO INFOMAX Both of these issues stem from our inability to evalu-
ate the true posterior p(x|z). One standard approach is to replace it with a tractable surrogate
q(x|z) drawn from a variational family Q, then optimize over Q to find the closest available ap-
proximation. The cost of making this substitution on the mutual information is given by the

Barber-Agakov bound,
I(X;Z) 2 H(X) + Ep(xy) [logq(x | 2)] = 1(X;2), (1.1)

where I(X; Z) is the variational approximation of the mutual information. We see that I(X;2) =
I(X; Z) when g(x|z) = p(x|z); the gap is otherwise the KL divergence E,;) [DKL (p(x|z) ||q(x|z))] )

As we saw above, restricting Q to conditional Gaussians with fixed covariance reduces the (now
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approximate) conditional entropy to MSE distortion. Since H(X) is fixed, minimizing this recon-

struction error maximizes a lower bound on the mutual information.

1.5.3 GENERATIVE MODELING

Models that learn representations by reconstruction have a long history. Much like a commu-
nication channel in rate-distortion, they encode input signals into a compressed representation
and then reconstruct the signal from it. The roles of the two networks, however, are reversed rel-
ative to the InfoMax account above. There, the encoder was the object of interest and the decoder
served only to certify that information had been preserved (Fig. 1.7a). Here the decoder is cen-
tral: the aim is to learn an internal generative model p(x|z), a description of the process by which
the observed data x were produced (Fig. 1.7b). Inference is then the inversion of this generative
process. As in Helmholtz’s account of perception as unconscious inference, sensory evidence is
evaluated against hypotheses about the latent causes that could have produced it, and percep-
tion corresponds to the causes deemed most probable. The Bayesian treatment generalizes this
from a single best explanation to a full distribution over possible causes, given by the posterior

p(z|x) = pxl29p(2)/p(x). Since the posterior is generally intractable, these models perform infer-

a @ b
p(z|z) 1q(zlz) - plzl2) q(z|z)
Figure 1.7: Comparison between the variational InfoMax and variational generative modeling perspec-
tives. Both approaches learn representations via reconstruction, but a) in variational InfoMax the encoding

is the object of interest, while b) in generative modeling the generation is the object of interest. Inference
in yellow, generation in blue. Variational approximation is in dotted lines.
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ence either by sampling (Ackley et al., 1985; Neal, 1992) or by variational approximation (Dayan
et al., 1995; Kingma and Welling, 2013; Rezende et al., 2014). Variational approaches introduce a
surrogate q(z|x) from a simple family Q, chosen to approximate the true posterior as closely as
the family allows. Rather than solving a separate optimization problem for each input, the surro-
gate is amortized: a single network, the “recognition model”, is trained to map any x directly to
the parameters of g(z|x), so that inference reduces to a forward pass (Gershman and Goodman,
2014). The cost of inference is paid once, during learning, and shared across all subsequent inputs.

The aim of generative models is to capture the unknown generative process that gives rise
to a distribution over sensory inputs pp (x). That process is never directly observed; instead, the
model must learn from a finite sample, such as a dataset of natural images, which we assume
are drawn independently and identically (iid) from the underlying distribution {x,-}lN ~ pp(x).
Given latent variables z and parameters 6, we fit the model by maximizing the expected marginal

log likelihood of the data':

L=E,, (x [log/pg(x, z) dz] =E,,(x) [log pa(x)]

which differs only by a constant from —Dxy, (pp (x)||pg(x)). The objective is therefore maximized
when the model reproduces the data distribution.

When the mean of the generative model is a nonlinear function, the integral admits no closed
form. The obvious solution, which is to draw samples from the prior p(z) and average the result-
ing likelihoods, is unbiased but impractical, since the posterior typically occupies a tiny region
of the prior’s support (Chatterjee and Diaconis, 2018). Instead, we use the approximate posterior

q4(z|x), parameterized by a separate neural network with weights ¢, and rewrite the marginal

The logarithm is strictly increasing, so it leaves the location of the optimum unchanged; we work with it for
numerical stability and for analytic convenience, particularly when the densities involved belong to the exponential
family.
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likelihood as an importance-weighted expectation under it:

po(x, 2)
q4(z|x)

logpg(x) = log Eq¢(z|x) [

The inner expectation gives an unbiased Monte Carlo estimate, but because the logarithm sits
outside it, the estimate is biased below. There are two options: we may retain this objective
and reduce the bias by taking multiple posterior samples (Burda et al., 2016), or draw a single
sample and move the logarithm inside of the expectation. Since the logarithm is concave, Jensen’s
inequality tells us the exchange can only lower the value. The resulting quantity is a lower bound

on the marginal log likelihood, known as the evidence lower bound (ELBO):

p@(xs Z)

m = LELBO,

logpg(x) 2 Eq¢(Z|X) [log

Factoring the joint as pg(x, z) = pe(x|z) p(z) decomposes the ELBO into two terms, a reconstruc-
tion term and a regularizer that penalizes the dissimilarity between the approximate posterior

and a fixed prior over the latents, commonly an isotropic Gaussian p(z) = N (0,1):

log po(x) = Leso = Egy(elo) [po(x12)] = Dit. (g5 (210)lIp(2)) -

where the slack in the bound is given by how well the approximate posterior matches the true
posterior, Dy, (¢ (z]x)||po(z]x)).

A closer inspection reveals that the ELBO reconstruction term is exactly equivalent to the
variational approximation of the conditional entropy used to place a lower bound on the mutual
information (Eq. 1.1). Thus, under assumptions of conditional Gaussianity on the decoder/gen-
erative model, we can now form equivalences between three concepts: conditional entropy, re-
construction, and distortion. In Chapter 4, I will show how these equivalences can be maintained

without assumptions of Gaussianity.

23



How should we interpret the KL term in the ELBO objective? We can show that it upper

bounds the rate (Hoffman and Johnson, 2016; Cover and Thomas, 2006):

Dy (gy(2l0)lIp(2)) = 1;(X; Z) + Dxa(q(2)lIp(2)) 2 Li(X; Z),

where I;(X; Z) denotes the mutual information between X and Z as computed by the recogni-
tion model rather than the generative model. Since Dk (q(z)||p(z)) > 0, the ELBO KL term is
equivalent to the rate I, (X;Z) when the empirical marginal distribution over the latents, com-
puted as the aggregate posterior q(z) = / q(z|x)p(x) dx, matches the assumed prior such that
q(z) = p(z). Thus optimizing the ELBO implicitly minimizes the rate, subject to an additional
constraint that the aggregate posterior match the assumed latent prior. In Chapter 4 I will show
how to optimize the rate directly without the need for additional constraints on the form of the

aggregate posterior.

DirrusioN MODELs  Diffusion models are another, more recent class of generative models (Sohl-
Dickstein et al., 2015a; Song and Ermon, 2019; Ho et al., 2020; Kadkhodaie and Simoncelli, 2020a).
Relative to VAEs and generative adversarial networks (GANs) (Goodfellow et al., 2014), they are
more expressive yet easier and more stable to train, which has made them the dominant approach
to generative modeling of images and other complex signals. Their capacity to produce samples
that are both probable under the data distribution and perceptually convincing implies that they
implicitly carry an expressive prior over natural signals, which makes them a useful object of
study for understanding and modeling the priors the brain must itself acquire.

Diffusion models can be explained in a variety of ways, but perhaps the simplest is through
denoising. Suppose we have i.i.d. samples from a data distribution x ~ pp(x), such as a dataset
of natural images. We corrupt these samples with isotropic Gaussian noise of varying degrees
such that x, = \/yx + €, where x, is the noisy image, € ~ N (0, I ) is a sample of white noise and y

is the signal-to-noise ratio of the noisy image, drawn from some distribution on (0, o). A single
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denoiser parametrized by a neural network Xy can be trained to denoise images of any SNR. The

network takes the noised image and the SNR value as inputs, and is trained with an MSE loss:
. 2
Lom =By [”x — X (%, Y)” ] :

Once trained, the network can be applied recursively, each pass uncovering only a marginal
amount of signal. Chaining these partial denoising operations together yields the reverse process,
which refines the signal as y grows until we are left with a “clean” image X, -c. This construction
is deceptively simple, and much of the theoretical interest in diffusion models lies in how many
separate theoretical traditions it makes contact with (Turner et al., 2024). Three perspectives bear
directly on my work.

First, the reverse process is a stochastic dynamical system. Tweedie’s or Miyasawa’s formula
(Miyasawa et al., 1961; Robbins, 1956) relates the optimal denoiser with the score V, log p, (xy)
of the noisy distribution, so each reverse step stochastically climbs towards regions of higher
density under p,, the data distribution smoothed by noise at the current SNR. Because these den-
sities sharpen as y grows, a trajectory that begins in a nearly featureless landscape progressively
commits to a basin, and generation amounts to a stochastic selection among attractors.

Second, the forward corruption can be read as a fixed inference model. In this reading, the
noisy images {x, } at successive SNRs are latent variables, the reverse process is the corresponding
generative model, and the denoising objective, appropriately weighted, is the ELBO for a VAE
with an infinite hierarchy of latents (Sohl-Dickstein et al., 2015a; Kingma et al., 2021). What
distinguishes it from the VAEs above is that the encoder is not learned but fixed (by construction).
The hierarchy is imposed by the noise schedule rather than discovered.

Third, the denoiser is an MMSE estimator, and its loss at a given SNR is the minimum mean-
squared error at that SNR. The I-MMSE relation (Guo et al., 2005) equates the derivative of the

mutual information between clean and noisy signal with respect to y to one half of the MMSE, so
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integrating the model’s own training loss across SNRs recovers information-theoretic properties
of the source, including estimates of the log probability of individual samples and the entropy of
their distribution (Guth et al., 2025). The quantity the model is trained to minimize thus doubles
as an estimator of what the model has learned.

These three perspectives organize the chapters that follow. Chapter 2 takes the attractor
framework as a model of perception, making the case that dynamics of this kind underpin in-
ference in the brain. Chapter 3 develops the variational reading of diffusion by combining the
diffusion and VAE objectives into a common form. Chapter 4 draws on the information-theoretic

connection to operationalize the InfoMax principle.

1.6 THESIS ORGANIZATION

The remainder of this thesis is organized as follows. Chapter 2 proposes a neural circuit model
for representing and inferring complex, high-dimensional priors. We show how dendritic com-
putation integrates bottom-up sensory and top-down contextual signals with prior knowledge,
and make several testable neural predictions. Chapters 3, 4, and 5 turn to the learning of priors,
developing new computational theories of unsupervised representation learning in the visual cor-
tex. The three chapters trace the evolution of a single idea: that representations learned without
supervision can benefit from better statistical knowledge of the underlying stimulus manifold.
Chapter 3 develops this idea from a generative modeling perspective, making use of variational
inference and the ELBO, while Chapters 4 and 5 generalize it into a purely information-theoretic
account of unsupervised learning. In Chapter 5, I extend the InfoMax principle to a hierarchy of

latent variables. Finally, Chapter 6 closes the thesis with a general discussion.
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2 A CIRCUIT MODEL FOR REPRESENTING
COMPLEX PRIORS AND PERFORMING

FLEXIBLE INFERENCE

2.1 OVERVIEW

Despite many successful examples in which probabilistic inference can account for percep-
tion, we have little understanding of how the brain represents and uses structured priors that
capture the complexity of natural input statistics. Here we construct a recurrent circuit model
that can implicitly represent priors over latent variables, and combine them with sensory and con-
textual sources of information to encode task-specific posteriors. Inspired by the recent success
of diffusion models as means of learning and using priors over images, our model uses dendritic
nonlinearities optimized for denoising, and stochastic somatic integration with the degree of
noise modulated by an oscillating global signal. Combining these elements into a recurrent net-
work yields a stochastic dynamical system that samples from the prior at a rate prescribed by the
period of the global oscillator. Additional inputs reflecting sensory or top-down contextual infor-
mation alter these dynamics to generate samples from the corresponding posterior, with different
input gating patterns selecting different inference tasks. We demonstrate that this architecture

can sample from low dimensional nonlinear manifolds and multimodal posteriors. Overall, the
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model provides a new framework for circuit-level representation of probabilistic information, in
a format that facilitates flexible inference.

A version of this work was presented at Computational and Systems Neuroscience (2023),
and the main findings are published in the Proceedings of the Twelfth International Conference

on Learning Representations (Lyo and Savin, 2023).

2.2 INTRODUCTION

The organization of past experience in the form of internal models is crucial for making sense
of noisy and incomplete sensory information. The framework of Bayesian inference successfully
formalizes this knowledge in terms of probabilistic priors, and perception and action as proba-
bilistic inference. However, despite many successes in explaining behavioral (Mamassian et al.,
2002; Li et al., 2003; Gerardin et al., 2010; Girshick et al., 2011; Wei and Stocker, 2012; Ma, 2012;
Hahn and Wei, 2022; Angeletos Chrysaitis and Seriés, 2023) and neural (Zemel and Dayan, 1998;
Ma et al., 2006; Fiser et al., 2010; Savin and Denéve, 2014; Savin et al., 2014; Orban et al., 2016;
Echeveste et al., 2020; Aitchison et al., 2021) observations through the lens of Bayesian inference,
the circuit implementation of such computations remains poorly understood. In particular, we
know relatively little about how priors are represented and the mechanics of how they affect
perception.

Brain priors come in many flavors. For instance, priors over faces are structurally complex
and invariant across tasks within subjects, despite substantial across subject variability (Houlsby
et al,, 2013). Such structural priors reflect natural world statistics; they allow for efficient learning
and powerful generalization across a range of tasks (Gerardin et al., 2010; Houlsby et al., 2013).
In contrast, contextual priors are relatively short-lived and adapt to reflect the needs of the task
at hand (Seriés and Seitz, 2013; Darlington et al., 2018). Due to these differences, it is possible for

different types of priors to have different neural representations (Rullan Bux6 and Savin, 2021)
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and be accessed through separate neural mechanisms during inference.

Neural representation of priors are generally assumed to be implicit, with the exact form re-
flecting different schools of thought on neural correlates of uncertainty (Ma et al., 2006; Fiser
et al., 2010). One set of models take the view that priors are represented in the stimulus encod-
ing population, with more neural resources dedicated to higher probability stimuli (Fischer and
Pena, 2011; Girshick et al., 2011; Ganguli and Simoncelli, 2014; Bredenberg et al., 2020). The (log)
prior could also be encoded in a separate subpopulation, e.g. in the form of a probabilistic popu-
lation code and then linearly combined with the (log) sensory evidence (Ma et al., 2006). These
theoretical schemes focus largely on the probabilistic representation of a single, one-dimensional
stimulus feature, and cannot be readily generalized to the high-dimensional structured priors
needed for representing natural stimuli (Houlsby et al., 2013; Durrant et al., 2023). Such complex
distributions can be represented in stochastic recurrent circuits whose activity over time encodes
samples from the posterior distributions (Hoyer and Hyvarinen, 2002; Fiser et al., 2010), or—in
the limit of vanishing sensory evidence—samples from the prior (Berkes et al., 2011). In this
neural sampling framework, prior information is implicitly encoded in the recurrent collaterals
between the neurons that encode the inferred latents. However, the worked out examples of neu-
ral sampling dynamics have so far been restricted to priors and posteriors with relatively simple
structure, e.g. Gaussian scale mixtures to account for statistics of gratings in early vision (Orban
et al., 2016), or multimodal distributions to model bistable percepts (Reichert et al., 2011; Savin
et al., 2014). Finally, some priors could be encoded downstream of sensory representations (Ma,
2012), affecting perception through feedback mechanisms akin to attention (Whiteley and Sa-
hani, 2012), although the circuit implementation of such effects remains underspecified. Overall,
we are still missing circuit level models of probabilistic computation that capture the statistical
complexity of natural priors and their flexible use across tasks.

The problem of representing complex high-dimensional distributions has close correspon-

dents in machine learning. For example, digital images lie in a high dimensional pixel space,

29



yet not all points in this space correspond to veridical images. Within this huge ambient dimen-
sionality, naturalistic images trace low dimensional nonlinear manifolds, whose local coordinates
represent continuous deformations or intensity variations. Among recent machine learning at-
tempts at modeling such structure, diffusion models have emerged as particularly expressive and
stable generative neural network models (Sohl-Dickstein et al., 2015b; Kadkhodaie and Simon-
celli, 2020b; Ho et al., 2020), outperforming previous generative solutions such as VAEs, normal-
izing flows and GANSs on the task of image synthesis (Dhariwal and Nichol, 2021). Their training
involves local denoising operations, which can translate into relatively simple local learning ob-
jectives (Raphan and Simoncelli, 2011). Furthermore, they can be combined flexibly with different
likelihoods to support inference (Sohl-Dickstein et al., 2015b; Kadkhodaie and Simoncelli, 2021;
Song and Ermon, 2019; Nichol and Dhariwal, 2021). Taken together, these features make diffusion
models a valuable source of inspiration for building new classes of neural circuits for probabilistic
computation.

Here we adapt several ideas developed in the context of diffusion models to construct a re-
current circuit model that can implicitly represent sensory priors and combine them with other
sources of information to encode task-specific posteriors. Our solution relies on dendritic nonlin-
earities, optimized for denoising, and stochastic somatic activity modulated by a global oscillation
that determines the effective rate of sampling. Additional inputs into the circuit which provide
sensory or top-down contextual information shape the dynamics to generate samples from the
corresponding posteriors. In simulations, we demonstrate several scenarios of prior and posterior
encoding, including nonlinear manifolds embedded in a higher dimensional ambient space as pri-
ors and several likelihoods corresponding to bottom-up and top-down evidence. We also identify

potential neural signatures of such probabilistic inference that might be testable experimentally.
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Figure 2.1: Diffusion models and their circuit implementation. (A) Simulated diffusion example for a two
dimensional data distribution (yellow). Data samples from the manifold (gray dots) are corrupted by in-
creasing levels of noise (blue), while the reverse process pushes the samples back onto the data manifold by
recursively removing some of the noise (red). (B) Graphic summary of the two core DM operators: forward
process adds noise with a predefined variance; dataset-specific reverse process removes the noise to bring
the output back to the image manifold. (C) DM sampling starts from random points in the state space
(gray dots), drawn independently from a standard Gaussian. The reverse process pushes these points back
onto the manifold, resulting into independent samples from the data distribution. (D) Cartoon of a neural
circuit encoding a nonlinear low dimensional manifold embedded in a larger neural feature space (“swiss-
roll”). The network includes all-to-all recurrent connections between multi-compartment neurons (gray
triangles), each consisting of a dendritic tree with optimized weights and ReLu nonlinearities, modulated
by a global oscillatory signal. (E) Graphic summary of sampling in the neural circuit: starting from a valid
point on the manifold, increasing amounts of noise due to the neural dynamics push the network off mani-
fold, followed by the regular reverse process whose attractor forces brings the dynamics back on manifold,
resulting in a new (potentially correlated) sample from the prior. (F) Neural sampling alternates between
a descending phase which pushes points off the manifold through an increase in noise (blue trajectories),
and an ascending phase, where attractor dynamics draw samples towards the manifold (red trajectories).
(G) Numerical validation of neural sampling for the swiss-roll example. Left: autocorrelation function of
the neural circuit generated samples. Right: marginal density recovery along the uniform dimension.
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2.3 ENCODING COMPLEX PRIORS IN RECURRENT NEURAL CIRCUITS

2.3.1 REPRESENTING PRIORS WITH DIFFUSION MODELS

Diffusion models (DMs) are generative neural networks that develop an implicit represen-
tation of data statistics by learning to denoise noisy versions of the data across multiple noise
levels (Sohl-Dickstein et al., 2015b; Kadkhodaie and Simoncelli, 2020b; Ho et al., 2020). While
there is more than one way to describe DMs, the essence of the process involves a predetermined
forward process, which iteratively adds noise with known statistics to the input, and a learned
reverse process which aims to “undo” the effects of the added noise.

Formally, the forward process transforms N-dimensional samples from a data distribution
{x0} ~ p(x0), e.g. natural images, by progressively adding small amounts of Gaussian noise over
a number of steps A following a pre-determined variance schedule {o;} € (0,1) that increases
in magnitude with index A = 1,---, A. Across these steps, noise gradually accumulates to ulti-
mately overwhelm the signal, and the image distribution morphs into a standard N-dimensional
multivariate Gaussian (Fig. 2.1A, B; blue). Each step of this process corresponds to the application
of a stochastic forward transition operator that maps noisy versions of the data sample x,_; into

noisier versions x;,

p(x3 | x31) = N (x5 V1 — oax;-1, 0al), (2.1)

Analogously, the reverse process involves a series of applications of a Gaussian reverse transi-
tion operator that partially denoises noisy versions of the image x; into less noisy versions x,
(Fig. 2.1A, B; red),

po(xa | Xa41) = N (X35 po(X341, A), 021). (2.2)

The mean of the reverse transition operator pg(x;+1, A) is parameterized by a feedforward neural

network that takes as input the noisy image from the previous iteration x;,; and the current
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noise index A, with a matching, but reversed, variance schedule. The network learns this iter-
ative mapping by optimizing a denoising objective that minimizes the reconstruction error, or

equivalently, the L2 distance between the estimated and true noise present in the image:

L =B 1A} x0 & | 182 (X0 €2) — po(x2, D3] (2.3)

=B (1Al x0. ¢, | I1€2 — €0(x1, D3], (2.4)

where € ~ N(0,I), i is the mean of the forward transition operator at step A when conditioned
on a clean image X, and €y is the network’s estimate of the noise present in the noisy image. This
objective is equivalent to learning the flow field associated with the score of the reverse transition
operator at every noise level Vy, log p(x) | x)41) (Hyvérinen, 2005; Vincent, 2011). At the end
of training, the model can generate novel sample images from the same distribution, by starting
with ii.d. multivariate Gaussian noise and iteratively applying the reverse transition operator
following the same variance schedule. Each run of this procedure generates a new independent

image sample.

2.3.2 A DIFFUSION-BASED CIRCUIT FOR SAMPLING-BASED PROBABILISTIC

COMPUTATION

Several properties of diffusion models seem appealing from a biological perspective. In par-
ticular, the iterative nature of the operations make them naturally map into recurrent circuit
dynamics. In this view, the data distribution follows a nonlinear manifold attractor, embedded
in the N-dimensional space of sensory features encoded by the network (not necessarily image
pixels). The forward process injects noise that pushes data samples away from the manifold, gen-
erating signals for learning, while the reverse process implements denoising. Here, we chose to
focus specifically on the circuit dynamics and the mechanism for sample generation. We leave

the learning aspect of the problem for future work.
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A recurrent circuit can implement something akin to the DM reverse process, by assuming
that the the nonlinear reverse operator pg(x, | X;+1) is computed in the dendritic trees of a set
of N cortical pyramidal neurons. At each time step, nonlinear dendritic computations (Poirazi
et al.,, 2003; Polsky et al., 2004; Jadi et al.,, 2014; Ujfalussy et al., 2018) yield somatic currents
that reflect the mean of the Gaussian transition operator py, which is subsequently corrupted
by somatic noise. As an analogue for the variance schedule, we introduce a global time-varying
signal ; € (0, 1) which modulates the nonlinear operation of the dendrites and the magnitude of
somatic noise. Mechanistically, this type of modulation could be implemented by local inhibitory
subunits (Murayama et al., 2009; Roux and Buzsaki, 2015). We adopt the convention of associating
increasing f; with a reduction in noise, although this choice is somewhat arbitrary. Scalar f; is
a sinusoid which fluctuates over time between 0 and 1, in anti-phase to the DM noise schedule
0, to account for the fact that downstream circuits read out information at the peak of the local

oscillation (Savin et al., 2014):

pr =

(1 + cos (@)) —1- 2 61, (2.5)
T

OA — 01

DN | =

where T is the number of time steps in a cycle. Putting everything together, recurrent circuit
dynamics take the form : x,41 = f (%, f;) + (1 — B;) €, where f(-,-) reflects the nonlinear function
computed by the dendrites, itself modulated by the global oscillation, and €; ~ N(0,I) are i.i.d.
samples from an isotropic Gaussian. Following Poirazi et al. (2003), dendritic computations are
modeled using a tree-structured artificial neural network (ANN), whose parameters we train via
gradient descent using the standard DM denoising objective (Fig. 2.1D). Unlike previous ANN-
based models of dendritic processing, we use ReLU nonlinearities to facilitate training, with the
shape of the dendritic tree parameterized by its depth and branching factors at each level.! This

biologically-motivated solution represents an architectural departure from standard DMs, which

1Unless otherwise specified, simulations use a depth of 7 and branching factor of 3, except in the most proximal
section, which has a branching factor 4.
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assume all-to-all connectivity. The ability to represent priors is relatively robust to variations in
tree geometry, although learning speed can vary with architecture. In particular, varying tree
depth and width while keeping the total number of parameters constant identifies shallow ar-
chitectures as the fastest learners in our example (see Suppl. A.2). This implies that one can
determine an optimal architecture for encoding any given prior, with potential implications for
cortical dendritic morphology.

Another key distinction between traditional DMs and biology is the initial condition for the
reverse process during sampling. In DMs, initial conditions are drawn independently from a
standard Gaussian, which would yield unrealistic state jumps in the circuit dynamics. In contrast,
in the recurrent circuit the same neural units need to support the dynamics at all times. As a
result, we use the same neural transition operator, pg(x; | x;—1) := N (x¢; pg, (1 — B;)I), but under
an increasing noise schedule to reinitialize the reverse process and generate another sample from
the prior (Fig. 2.1E). If we were to use the DM forward process for this operation, the end effect
would be statistically equivalent to the original (since noise dominates the signal, by construction,
the initial conditions are forgotten). The proposed neural dynamics do not necessarily come with
the same mathematical guarantees, but they do significantly simplify the circuit’s operations. In
this scheme, sampling from the prior entails running the same stochastic nonlinear recurrent
dynamics, at a pace set by an oscillatory f; signal, with one new sample from the prior generated
once per cycle (Fig. 2.1F). > The precise structure of these oscillations can be relaxed to account
for frequency and amplitude fluctuations seen biologically (Suppl. Sec. A.6).

We numerically tested the quality of the samples generated by our neural circuit in a toy ex-
ample of a two-dimensional nonlinear manifold (shaped as a “swiss-roll”, see Fig. 2.1D inset) with
linear dimensionality 3, embedded in an ambient feature space with dimensionality N = 10. This
simple example both captures the essence of priors of interest (i.e., nonlinear low-dimensional

manifold embedded in a larger feature space) and is simple enough to exploit its structure when

?In all simulations we initialize the dynamics randomly and discard the first cycle as burn-in period.
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assessing the quality of the generated samples, something which is generally difficult for complex
distributions (Theis et al., 2016). First, we tested the effects of the neural approximation on the
autocorrelation function of the generated samples and found that this remains steadily around
zero even with the shortest lags (Fig. 2.1G, left), proving that, despite the approximation, the
generated samples are essentially independent. Second, to test the variability of the generated
samples we numerically estimated the density along the curved axis of the manifold, which—
by construction—has a uniform distribution. We found that the empirical density constructed
using the neural samples closely matched the ground truth (Fig. 2.1G). This is also true for the
marginal along the orthogonal dimension (Suppl. A.3). While the quality of samples is harder to
estimate, we also find good quality representations of a high dimensional prior trained on the
MNIST dataset (Deng, 2012) (see Suppl. A.7). Overall, these results indicate that the constraints
imposed by biology may have a minimal effect on the quality of neural sampling as compared to

traditional DMs.

2.4 FLEXIBLE INFERENCE

2.4.1 USING THE SAME PRIOR-ENCODING CIRCUIT FOR INFERENCE

Machine learning has proposed several algorithmic solutions for combining DM-based prior
representations with different likelihood functions, with practical applications such as in-painting,
super-resolution, compressed sensing, or class-specific conditioning (Sohl-Dickstein et al., 2015b;
Dhariwal and Nichol, 2021; Kadkhodaie and Simoncelli, 2021; Song and Ermon, 2019; Ho and Sali-
mans, 2021). In order to maximize the flexibility of our circuit implementation, we take advantage
of amodular approach that reuses the dynamics that sample from the prior to do flexible inference.
In particular, posterior samples are constructed by altering the flow-fields of the DM-prior, in the

form of state-dependent additive changes to the DM reverse transition operator (Sohl-Dickstein
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Figure 2.2: Posterior inference. (A) Graphical model illustrating dependencies between latent variables
x and sensory inputs s. (B) Extended neural circuit for flexible inference: prior dynamics are reshaped by
external signals due to either bottom-up sensory observations (green) and/or top-down contextual cues
(purple). These inputs are themselves modulated by the state of the circuit, through inter-area interac-
tions. (C) Snapshots of posterior samples during the reverse process for the diffusion model (top) and the
neural circuit (bottom) under the influence of bottom-up sensory signals. (D) Flow fields corresponding
to a prior (left) and a linear gaussian sensory likelihood (right; shaded green area 1sd). (E) Quantification
of the cost of approximating the likelihood when sampling using DM (top) or neural circuit (bottom) dy-
namics, measured by the KL divergence between the true posterior (evaluated at pg) and the approximate
posterior (evaluated at x;_1).
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et al., 2015b; Dhariwal and Nichol, 2021).
In general, our approach entails defining a posterior neural transition operator which reflects
how additional evidence changes the beliefs about the represented latent variables (Fig.2.2A).

Formally, posterior sampling dynamics take the form (see Suppl. A.1 for derivation):

p(xt | X1, y) = N(po(xe-1) +y(1 = B) g (Xi-1,y), (1 = Bo)), (2.6)

where the effects of the prior are reflected in the mean py, as before, but shifted by the (log)likelihood
gradient g;(x;-1,y) = Vx,_, log ps(y | X;-1), which, unlike Dhariwal and Nichol (2021), is evalu-
ated with respect to a noisy data sample at the previous time step x;_;. Scalar y is a hyperparame-
ter that weighs the relative contribution of the log prior and log likelihood. This hyperparameter
is set to 1 in Sohl-Dickstein et al. (2015b) and varied in Dhariwal and Nichol (2021) to optimize a
trade-off between sample fidelity and diversity (here, y = 1). The relative influence of the addi-
tional evidence on the circuit dynamics varies across the cycle, scaled by (1—f;). Mechanistically,
this solution means that the local recurrent circuit representing the prior receives an external in-
put drive, itself gated by the global oscillation, which shifts circuits dynamics to sampling from
the corresponding posterior. The nature of the input signal is specific to each of the sources of
evidence, and implemented in a separate feedforward sub-circuit, which interacts bi-directionally
with the primary recurrent network. At each timestep, the sub-circuit receives the activity of the
recurrent network from the previous timestep and returns an input drive that is added to the so-
matic current of each neuron in the recurrent network. Functionally, this sub-circuit implements
the computation of g;(x;_1,y) (Fig. 2.2B). The functional form of this circuit is problem specific,
determined either in closed form (see sensory inference example below), or itself learned (e.g., in
the context cue example). Different sources of evidence can operate in parallel by providing their

own additive contribution to the circuit drive.
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2.4.2 INFERRING LATENTS FROM SENSORY EVIDENCE

As a first concrete example of inference, we show a simplified version of a sensory perception
task in which the input is only partially observed and the corresponding features need to be
inferred given this incomplete observation (as would be the case in occlusion, for instance). In
particular, we take the sensory observation to induce a linear constraint on the latent variable
(N = 2 for easy visualization), M tr(x — x,) = 0, parameterized by a unit norm linear operator
M; and offset x., with Gaussian-distributed uncertainty around it (Fig.2.2B, right). Formally, the
corresponding likelihood score is orthogonal to the constraint manifold and linearly rescaled by
distance to it, g;(x;-1,s) = ULSZMSMS tr (x;—1 — X.); parameter o defines the degree of sensory
uncertainty. As was the case for the prior, the DM implementation of this inference problem
generates samples starting from the isotropic N-dimensional Gaussian, with the posterior reverse
dynamics bringing the samples towards the posterior, here concentrated at the intersection of
the two manifolds corresponding to the prior and likelihood, respectively (Fig. 2.2C, top). The
neural posterior dynamics find a similar solution (Fig. 2.2C, bottom), but with initial conditions
reflecting the likelihood. This is due to the sequential sampling process which has the same
dynamics operating in both forward and reverse phases of the oscillation, and to the fact that the
likelihood is gated oppositely to the prior (due to the 1 — f; scaling, see Eq. 2.6).

When it comes to inference, the sampling dynamics of the neural circuit approximate DM
posterior dynamics in two important ways. First, as for the prior, they introduce sequential ef-
fects due to the continuous use of the same operator across all phases of the cycle. Second, the
computation of the likelihood is itself approximate, as g; is evaluated at point x;_; instead of
the pp(x;-1) required in the original posterior flow field derivation (Sohl-Dickstein et al., 2015b;
Dhariwal and Nichol, 2021). This switch was needed to account for temporal causality and the
fact that the sensory area providing this input does not have access to local somatic currents

Ho(x;-1). In principle, both effects should diminish with a finer discretization of time, but we
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also numerically quantified the effects of each approximation individually (Fig. 2.2E, top) and
together (Fig. 2.2E, bottom). In particular, we collected samples generated according to either
the DM reverse operator (using py(x;—1)) or the neural posterior sampler (using x;_;). We quan-
tified the similarity of the resulting sample distributions as a function of f;, using a naive KL
divergence estimator (10000 samples each, with space discretized into 225 bins). We found that
discrepancies between the distributions are largest at the start of the reverse process. In this
regime, the noise and flow fields are large leading to substantial differences between x;_; and
Ho(x;—1) (Fig. 2.2E, top). In principle, this might lead to catastrophic accumulation of errors and
large sampling biases; however, the attractor dynamics prevent this from happening. The effects
of the approximation reduce over the cycle, with the KL divergence approaching zero. We see
largely the same effects when the neural likelihood approximation is used in conjunction with
the neural prior approximation (same operator throughout; Fig. 2.2E, bottom). Overall, these nu-
merical results suggest that, at least in the simple toy examples considered here, the effects of

neural approximations on inference are minimal.

2.4.3 INFERENCE WITH MULTIPLE SOURCES OF INFORMATION

The main benefit of separating the neural substrates implementing the prior from the compu-
tation of the likelihood is that it makes inference flexible. Gating signals from different sources of
evidence allows the model to reuse the same prior information across multiple tasks. Beyond the
sensory example above, another important source of evidence that shapes perception/inference
comes from contextual priors, reflecting expectations about which of the latent features are likely
to occur (e.g. attention). To illustrate this idea, we introduce a discrete context random variable, c,
whose value leads to different expectations about the latent variable x, formally making the prior
a mixture of 1D manifolds, with data uniformly distributed along each (Fig. 2.3A, top).® This

additional complexity does not affect the neural dynamics sampling from this prior (Fig. 2.3A,

3The ambient space is 2D, for simplicity.
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bottom), but allows us to demonstrate richer inference scenarios.

Sampling from the context conditioned posterior p(x|c) proceeds very similarly to the sensory
inference example above, but the drive to the circuit is given by a separate top-down feedforward
sub-circuit which implements a different g;(x;-1,¢) = Vylogpgs(c | Xi—1)|x=x,_,- * The corre-
sponding flow field and posterior samples are shown in (Fig. 2.3B), where we see the dynamics
being strongly attracted to the region of the latent space corresponding to the cued context (the
‘S’ manifold). Finally, top-down contextual signals can be combined with the bottom-up sensory
evidence (Fig. 2.3C) to jointly constrain the posterior distribution from which we draw samples
(Fig. 2.3D). When multiple sources of evidence, y(i), are available, their net effect on the likelihood
combines additively, g;(x;-1,y) = >; y,-ggi) (x¢-1, ). This modular parametrization is at the root
of the circuit’s inferential flexibility, with individual components gated in or out depending on

availability of information and current task demands (Womelsdorf et al., 2014; Kuchibhotla et al.,

2017).

2.5 NEURAL SIGNATURES

One unique feature of the inferential process proposed here is how the phase of the circuit
oscillation modulates the relative contribution of different inputs to the circuit. At one extreme
(B: = 0), the effect of the local attractor dynamics is weak and the corresponding prior unstruc-
tured, with neural activity dominated by the likelihood component. At the other extreme (8; = 1),
the effect of the likelihood on the dynamics is weak, and neural activity corresponds to samples
from the posterior (Fig. 2.4A; see also Eq. 2.6). This dialing up and down of different sources of
evidence opens the door for experimental validation of the model. Concretely testing such dy-
namics involves assessing patterns of population activity during perception, at different phases

of the dominant circuit oscillation, as samples from the intermediate posterior. Samples from

4Note here that the direction of the conditioning is switched from the natural causal one, which means that this
map can be learned from labeled examples by optimization (see Suppl. A.1 for derivation).
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Figure 2.3: (A) Flow fields (top) and samples (bottom) from an example prior mixture distributions, with
individual components uniform distributions along low dimensional nonlinear manifolds.(B) Likelihood
flow field and samples from the corresponding context-conditioned posterior. (C) Likelihood flow field
and samples from the corresponding sensory conditioned posterior. (D) Posterior flow field and samples
from posterior conditioned on both sensory evidence and context.

the prior p(x) can be obtained from spontaneous activity, in the absence of a sensory stimulus
and outside a specific task context, while a reasonable measure of the effects of the likelihood is
given by the activity at the lowest phase of the posterior dynamics, p(x;|y, f; = 0). Given these
statistics, the change in the contribution of the likelihood and the prior on this posterior can be
estimated as the KL divergence between the activity of the circuit during inference, and these
two reference distributions. The precise assessment of differences between potentially complex
and structured distributions based on empirical measurements may seem impractical, but there
is precedent in the literature for estimating KL divergences in population activity statistics using
coarse discretizations of the space (e.g. temporal binning and thresholding of multiunit activity)
(Berkes et al.,, 2011). For simplicity, here we draw 10° from each distribution, discretize the la-
tent space into 400 bins and compute a naive estimate just based on the resulting histograms,
although more sample efficient estimators are certainly available (Nemenman et al., 2001). De-
spite the coarseness of the measure, the intuition about the effects of f; holds: population activity

statistics become increasingly similar to the prior, and dissimilar from the likelihood, over the as-
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Figure 2.4: Neural signatures. (A) Relative contribution of the prior and likelihood scores during the neu-
ral forward and reverse processes. (B) Fluctuating similarity of neural activity to the likelihood (top) and
the prior (bottom) over the ascending phase of the oscillation ;. Distance between sampled distributions
measured by a naive histogram-based KL divergence estimator.

cending phase of the oscillation (Fig. 2.4B). With a more precise understanding of the mechanics

of gating different type of signals into the circuit, one could further envision causal manipulations

that precisely bias the outcome in one or the other direction.

2.6 DiscussioN

Natural sensory inputs are often structured into complex nonlinear manifolds in high dimen-
sions (Carlsson et al., 2008; Fefferman et al., 2016; Gorban and Tyukin, 2018; Brown et al., 2023).
How does the brain represent such prior knowledge and uses it across tasks? Conceivably, one
could solve this problem by learning a mapping between stimuli and responses de novo for each
task. However, a more efficient representation would consolidate and leverage universally use-
ful information across tasks. Here, we have proposed a circuit implementation of across-task
inference in which a common prior is encoded in the form of a recurrent neural circuit with

dendritic nonlinearities optimized for denoising. The stochastic dynamics of this circuit provide
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samples from the prior at the peak of an ongoing local oscillation, while additional inputs (carry-
ing sensory or contextual information) switch the dynamics to sampling from the corresponding
posterior. This solution offers the first circuit model for reusing priors across tasks, as seen behav-
iorally (Houlsby et al., 2013), and has measurable neural signatures based on neural population
recordings in animals.

Theories of probabilistic brain computation based on neural sampling suffer from two main
practical challenges. The first is time, as estimating posterior expectations for decision making
requires integrating samples over time (Rullan Bux6 and Savin, 2021). This makes the speed of
sampling a key constraint on plausible neural sampling dynamics (Hennequin et al., 2014; Savin
and Denéve, 2014; Aitchison and Lengyel, 2016; Masset et al., 2022). Second, although in prin-
ciple sampling makes most sense for distributions with complex structure that cannot be well-
represented parametrically (Fiser et al., 2010), in practice circuit models of sampling tend to be
restricted to relatively simple distributions (Chen et al., 2023). The dendritic nonlinearities and
DM-inspired oscillatory sampling schedule in our solution naturally overcome both limitations:
by construction, the circuit is designed to sample from complex distributions, e.g. involving low
dimensional nonlinear manifolds embedded in high dimensional spaces, and mixture distribu-
tions with low probability gaps between the components, which pose fundamental challenges
for classic Markov Chain Monte Carlo approaches (Aitchison and Lengyel, 2016). Also by con-
struction, DMs are designed to provide independent samples from the target distribution at the
end of each reverse run, something that our neural circuit approximation seems to preserve to a
large degree.

The specific role of oscillations in sampling resembles a previous model of sampling in the
hippocampus (Savin et al., 2014) inspired by tempered transitions (Neal, 1996). In this view, f
functions as an inverse temperature annealing the target distribution so as to reduce the gap
(and thus increase the likelihood of transitions) between modes; this may inform the theoretical

analysis of the sampler’s properties. Additionally, theta oscillations naturally set the tempo in
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the hippocampus, which may instruct the experimental validation of our proposal. The concrete
approach for testing our experimental prediction was strongly influenced by (Berkes et al., 2011),
who originally used KL divergences to measure the calibration of (sampling based) probabilistic
models of early vision over development. While segregating the responses by oscillatory phase
brings additional data and estimation challenges, the Berkes result, together with the evidence
of hippocampal theta phase sampling from (Savin et al., 2014), provides reassurance that experi-
mental validation of the model might be possible in practice.

While our proposed solution relies on nonlinearities in the dendrites as an implementation
of the reverse operator, it is not clear that this is the only way to map DM operations to biol-
ogy. In principle, the computations at each timestep could be carried out by a small feedforward
subnetwork, recursively interacting between them. This version has the advantage of fewer re-
strictions on the architecture, but requires additional biological accommodations. In particular,
for consistency noise would need to be distributed equally in all the neurons of the network (as
opposed to just the last layer in DMs and our solution). Computationally, this solution remains
viable (Suppl. A.5), although the architecture is arguably more contrived. Models of learning
might better distinguish between these architectures in the future.

Here, we have purposefully abstracted away the nature of the features, so that the modeled
circuit could be any processing stage in the cortical hierarchy, receiving evidence from one or
several sensory domains bottom-up, and contextual top-down information from higher areas.
This modular architecture opens the way for hierarchical probabilistic representations, by stack-
ing such recurrent circuits with appropriate conditioning between them (Qiang et al., 2023). Such
an architecture would also help limit the computational complexity of the neural nonlinearities
involved in any stage: pixel-level DMs models of images are huge, with parameters on the order
of billions (Ramesh et al., 2021; Saharia et al., 2022), but models of abstract image features are
likely more tractable. Future work on hierarchical sampling neural circuits might lead not only

to better accounts of brain representations but also to more compact machine learning models.
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3 LEARNING DISENTANGLED

REPRESENTATIONS VIA SCORE-BASED

VARIATIONAL AUTOENCODERS

3.1 OVERVIEW

We present the Score-based Autoencoder for Multiscale Inference (SAMI), a method for unsu-
pervised representation learning that combines the theoretical frameworks of diffusion models
and VAEs. By unifying their respective evidence lower bounds, SAMI formulates a principled
objective that learns representations through score-based guidance of the underlying diffusion
process. The resulting representations automatically capture meaningful structure in the data:
it recovers ground truth generative factors in our synthetic dataset, learns factorized, semantic
latent dimensions from complex natural images, and encodes video sequences into latent trajec-
tories that are straighter than those of alternative encoders, despite training exclusively on static
images. Furthermore, SAMI can extract useful representations from pre-trained diffusion models
with minimal additional training. Finally, the explicitly probabilistic formulation provides new
ways to identify semantically meaningful axes in the absence of supervised labels, and its mathe-
matical exactness allows us to make formal statements about the nature of the learned representa-

tion. Overall, these results indicate that implicit structural information in diffusion models can be
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made explicit and interpretable through synergistic combination with a variational autoencoder.

A version of this work has been published as a pre-print (Lyo et al., 2025).

3.2 INTRODUCTION

To evaluate the behavioral relevance of their observations intelligent agents must possess a
notion of semantics. This requires decomposing complex sensory observations into abstract and
semantically meaningful factors of variation, a capability known in machine learning as disentan-
gling (Bengio et al., 2014). Disentangled representations promise several advantages, including
improved interpretability, enhanced generalization, and stronger transfer capabilities across re-
lated tasks (Higgins et al., 2017). However, given that for both biological and artificial agents, the
amount of unlabeled data vastly exceeds that of labeled data, an important consideration is how
to learn disentangled representations without relying on explicit supervision.

Latent variational models provide a principled framework grounded in probabilistic genera-
tive models. The variational auto-encoder (VAE) has emerged as a particularly promising instan-
tiation of this idea (Kingma and Welling, 2013; Rezende et al., 2014), which allows for amortized
inference of latent structure and data generation through optimization of the evidence lower
bound (ELBO). Successful variants of this approach have been used for compression (Ballé et al.,
2017; Ballé et al., 2021), prediction (Tishby et al., 2000; Alemi et al., 2019; Sachdeva et al., 2020),
and as models of neural activity in visual cortex (Csikor et al., 2022; Vafaii et al., 2023). Crucially,
VAEs can be encouraged to exhibit disentangled representations via appropriate regularization,
as with f-VAEs (Higgins et al., 2017; Alemi et al., 2019).

Despite these successes, there is a fundamental tension between reconstruction fidelity and
disentanglement quality (Kumar et al., 2018; Sikka et al., 2019) in such models. Encouraging dis-
entangled representations typically requires stronger regularization that limits the expressive-

ness of latent variables; this trade-off between compression and reconstruction precision is well
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known as the rate-distortion principle. This limitation has motivated various VAE improvements,
including enhanced posterior approximations through non-diagonal covariances or complex pos-
terior distributions (Manduchi et al., 2023; Klushyn et al., 2019; Mathieu et al., 2019; Cheng et al.,
2020; Rezende and Mohamed, 2015), additional latent constraints (Chen et al., 2019; Zhao et al.,
2018), and more flexible latent priors (Klushyn et al., 2019; Wehenkel and Louppe, 2021). Notably,
these efforts have largely focused on the inference mechanism rather than the generative model
itself, despite the role the diagonal posterior covariance plays in encouraging disentanglement
(Rolinek et al., 2019; Dai et al., 2018) and the importance of the generative model in determining
the nature of learned representations (Cremer et al., 2018). Moreover, mathematical analyses of
VAE optimality typically assume that the data lies on a manifold with fixed intrinsic dimensional-
ity Dai and Wipf (2018), but such an assumption is problematic for natural images, which instead
appear to lie in a multi-scale manifold whose intrinsic dimensionality is highly dependent on the
signal to noise ratio (SNR) of the image (Guth et al., 2025; Sclocchi et al., 2025). This suggests
that to learn good disentangled representations of complex, multi-scale data, we need generative
models with the appropriate inductive biases (Locatello et al., 2019).

A possible avenue for building more expressive, multi-scale generative models lies in dif-
fusion models (Sohl-Dickstein et al., 2015a; Ho et al., 2020). These generative models produce
high-quality samples in many domains by learning to approximate the data distribution through
a denoising objective, and seemingly captures features at multiple spatial scales (Sclocchi et al.,
2025). However, their lack of an explicit latent representation poses challenges for tasks requir-
ing embeddings, such as disentangled representation learning. Additionally, guiding the diffu-
sion sampling process to generate samples with specific attributes or classes remains an open
research question (Fuest et al., 2024). While techniques like classifier-guided diffusion (Dhari-
wal and Nichol, 2021) and classifier-free guidance (Ho and Salimans, 2021) lay the groundwork
for sampling from conditional densities in the presence of explicit class labels, achieving robust

and flexible conditioning without compromising sample quality or diversity is not fully resolved
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(Chidambaram et al., 2024; Sadat et al., 2024; Kaiser et al., 2024; Ifriqi et al., 2025). Critically, few
studies explore the learning of latents that enable diffusion models to effectively navigate the full
data manifold without auxiliary information.

Here, we introduce a Score-based Autoencoder for Multiscale Inference (SAMI) that combines
the strengths of variational autoencoders and diffusion models to achieve unsupervised learning
of structured, interpretable latent representations while maintaining high-quality sample gener-
ation. Our key innovation lies in employing conditional diffusion as the generative component
of a VAE, coupled with a precise mathematical formalization of the objective via the ELBO that
enables reuse of the inference network for conditioning.

Leveraging the mathematical exactness of our model, we prove that the diffusion prior on the
data space allows us to keep a simple latent posterior approximation that imposes strong factor-
ization constraints on the latent code such that multi-scale generative features are disentangled.
We also prove that learning latent representations of images that are coherent across noise levels
helps to unify and smooth the latent representation.

We find empirical support for these results. When trained on image data, our framework
yields semantically meaningful latent axes and produces straighter trajectories when encoding
natural video sequences, all without compromising generative performance. Moreover, a distinc-
tive feature of our approach is that the posterior structure enables identification of semantically
meaningful axes without reliance on supervised labels. From the diffusion perspective, incor-
porating an inference network with an explicit representational space facilitates unsupervised
discovery of factorized and interpretable latents that can be used to control sample generation.
Notably, this same methodology can be applied to extract semantic latent representations from

pretrained diffusion models.
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Figure 3.1: A) Graphical model of SAMI, contrasted with those of standard VAEs and unconditioned
diffusion models. B) Schematic of conditional sampling procedure. C) Schematic illustration of how
movement in the latent space results in guidance of the denoiser score towards regions of the clean image
manifold that are semantically similar to the original image. For visualization, both latent and image
spaces are depicted as two dimensional.
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3.3 METHODS

The task of extracting latent representations from data can be formalized as a graphical model
in which latent random variables, z € Z, give rise to observations x € X (Fig. 3.1A, yellow box).
Representational learning then corresponds to maximizing the marginal likelihood of the ob-
served data under the model, [, f po(Xk, z)dz, while inference requires calculating the posterior
distribution p(z|x) via Bayes’ rule. Unfortunately, directly computing the log likelihood and the
posterior distribution in closed form is usually infeasible for expressive models.

Variational autoencoders (VAEs) address this difficulty by approximating the posterior with
a simpler parametric form, whose parameters are data-specific and obtained via optimization
(Kingma and Welling, 2013; Rezende et al., 2014). The parameters of both the amortized posterior

and the generative model are learned via minimization of the evidence lower bound (ELBO), a
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tractable lower bound on the model marginal likelihood:

po(x,z)
q4(z|%)

< log p(x), (3.1)

LELBO(es ¢;X) = Ez~q¢(z|x) [log

where g4 (z|x) is the approximate posterior (usually computed by a neural network with weights
¢), the density py(x,z) = pg(x|z)p(z) is the generative model, with prior p(z) given by a simple
parametric distribution (e.g., a standard Gaussian), and likelihood py(x|z) computed by a separate
neural network with weights 6. In practice, the limitations imposed on the likelihood by this
parameterization often lead to poor quality of generated samples (Burda et al.,, 2016; Senderby
et al., 2016; Rezende and Viola, 20138).

In contrast, diffusion models are highly expressive generative models that can estimate and
sample from complex densities. Diffusion models such as denoising diffusion probabilistic models
(DDPMs) form an implicit prior over data by learning to denoise noisy versions of clean data
(Sohl-Dickstein et al., 2015a; Kadkhodaie and Simoncelli, 2020a; Ho et al., 2020). Noisy data are
generated by a fixed forward operator that is assumed to be additive Gaussian, x; ~ pgwd(X¢|Xo),
with ¢ € [0,1,..., T] specifying the noise variance. This denoising objective can be written as the
mean squared error between the model’s estimate of the noise €y(x;, t) and the true noise present
in the noisy image €, which is typically assumed to be isotropic Gaussian. Minimizing this error
has also been shown to be equivalent to maximizing the ELBO (up to a noise-dependent scalar
weighting A;) for a joint data distribution given by p(x¢.7) and a joint “posterior” q(x1.7|xo) that

captures the distribution over all noising paths (Kingma and Gao, 2023):

pH(XO:T) ] . (3‘2)

Lopem = Ee~n(0.1), t~[0.T] [/1t||€ — €9(xy, t)”z] = ~Eg(xirix0) [log q(x1.7/%0)

It is well known that the minimum mean squared error (MMSE) estimate is given by the posterior
mean, and this in turn can be related to the score function via Miyasawa’s/Tweedie’s formula

(Robbins, 1956; Miyasawa et al., 1961). Under a Gaussian variance-preserving noise distribution
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given by p(x¢]x¢) = N (x¢|Varxo, (1— @ )I), where {a;} defines the variance schedule, the MMSE

estimate of the noise is given as

ép(x:) = argmin |le — €p(xs, D)|I” = Ep(xylx,) [€] = ~VI = @&V, log p(x). (3.3)

€9

Once trained, generation of samples relies on an iterative partial denoising process that samples
X; ~ po(X¢|x¢41) ast =T —1,...,0 (Fig. 3.1A, blue box). Examples from the training set can be
thought of as samples from a complex probability distribution that resembles a low-dimensional,
nonlinear manifold lying within the high-dimensional data space (Ho et al., 2020; Kadkhodaie
and Simoncelli, 2020a), and the iterative denoising process effectively learns to project noisy
samples back onto this manifold. To generate samples with desired characteristics, the denoiser
can be guided towards specific regions of the manifold through classifier-based or embedding-
based guidance signals (Dhariwal and Nichol, 2021). However, unlike variational autoencoders
or GANs (Goodfellow et al.,, 2014), diffusion models do not specify or infer an explicit latent
representation.

By using conditional diffusion models as part of the VAE generative process, we can overcome
the limitations of both models. The key idea is to learn the latent variables that will best guide
the diffusion process towards the observations. Concretely, we learn a latent representation by
augmenting the Markov chain x(.1 of the diffusion model with a latent variable z that guides
the denoising process (Fig. 3.1A, green box). This results in a joint distribution p(x¢.1,z) and

approximate posterior q(x1.1, z|Xo) that can be factorized as

p(XO:T, Z) = p0,¢ (XO:T|Z)p(Z)

Q(XI:Ta z|xg) = qX(X1:T|X0)CI¢(Z|Xo),

where the latter holds because the noisy samples in x;.1 are independent of z when conditioned
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on Xx,. Here, q¢(z|x0) is the inference network, used to infer latent z from observations x,, while
gx(X1.7|X0) is the (known) “posterior” that defines the conditional forward process of the diffusion
model. As is common for VAEs, we assume that the model prior is an isotropic Gaussian, p(z) =

N(0,1). Incorporating these into the ELBO yields a joint objective function of the form:

Po.¢(Xo7|2)p(2z) ]

=-E E 1
‘ESAMI 94 (z|%0) =qx (X1:71%0,2) [ 0g qX(X1:T|Xo)C]¢(Z|X0)

pe,¢<szT|z)] [ p(2) ]
= —Eg, (z1x0) By (x1.7[x0,2 log————| -E Zix lo
a (lx0) B (x| M[ & aGarlxo) | T |8 G (alo)

= Eq,(2lx0) [DKL (qx(xl:T|X0)||P9,¢(X0:T|Z))] + Dk, (g4 (zl%0) llp(2)) (3.4)

where the second term is equivalent to the standard regularization term in the VAE objective
that encourages the expected approximate posterior distribution to be close to the latent prior.
Inputs xo to the inference network return the corresponding mean and covariance py(xo) and
%4 (xo) of the posterior distribution gg4(z|xo), which are then used to analytically calculate the KL

divergence term.

3.3.1 IMPLEMENTING THE GENERATIVE MODEL AS CONDITIONAL DIFFUSION

The first term in SAMI’s objective (Eq. 3.4) encourages the latent conditioned generative
model py¢(xo.7|z) to be close to the distribution over forward noising paths gy. Following a
similar derivation to Ho et al. (2020), this term can be written as the expected mean squared error

between the true and estimated noise across noise levels ¢:

Lsamt = Egy(ajxo)er [Aill€ — €0, (x0,1,2)[1?] + Dxu (g4 (zlx0)[1p(2)) , (3.5)

where € is the true noise, €y 4 is the function estimating it, and A, is a scalar hyperparameter that
depends on t. For the first term in the objective, we can use Miyasawa’s formula to relate the

conditional MMSE estimate to the guidance score (full derivation in Appendix B.1.1). Using the
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same variance-preserving noise distribution as in Eq. (3.3), we see that

é@,d)(xt’ z) = argmin ||¢; — €9,¢(Xt, £ Z)”2 = —V1 - a; Vy, log p(x;|z). (3.6)

69,45

Critically, Bayes’ rule can be used to express the guidance score as the sum of two terms, an

unconditional denoiser score and a guidance score:

Vy, log p(x¢]z) = Vy, log p(x;) + Vi, log p(z|x;). (3.7)

Plugging this back into Eq. (3.6), we see that the MMSE solution can be expressed as

€0y (x1,2) = —V1 — a;(Vx, log p(x;) + Vx, log p(z|x;))

= ép(x1) — 1 81(x1,2), (3-8)

where €g(x;) = —V1 — & Vi, log p(x;) is the MMSE solution associated with an unconditional
diffusion model (Eq. 3.3), g:(x;,z) = Vy, log p(z|x;) is the guidance score, and y; = V1 —a; is a

noise level-dependent scalar term that weights the two terms appropriately.

3.3.2 COMPUTING THE GUIDANCE SCORE

From the perspective of the unconditional diffusion model, the VAE posterior has a dual in-
terpretation as a likelihood function $¢ (x¢; z), which is a function of the noisy image x; over the
latent domain Z. The guidance score is the score of the likelihood evaluated at a particular latent
value Z = z, which in our case we take to be the latent corresponding to the clean image, since
our goal is to reconstruct the original observation. To compute this, we take samples of the clean
image latent z(xo) ~ q4(z|%o) in accordance with the expectation in Eq. (3.5) and compute its log

likelihood, log £ (X; = x;; Z = z(x)). Taking the derivative of this scalar quantity with respect
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to the noisy image x; (via auto-diff) then gives the approximate guidance score

gt,q’)(xta Z) = Ez’~q¢,(z|x0) [th log ng(z/lxt)] (3'9)

The reuse of the inference network to compute the log likelihood removes the need for a separate
neural network to map the representation z into a guiding signal, and ties the representations
of clean and noisy versions of an image together. Plugging this back into Eq.(3.8), and this in
turn into Eq. (3.5), we see that the SAMI objective can be written as the influence of two separate
networks in our model, the unconditional denoiser parameterized by 6, and the inference network

parameterized by ¢:

Lﬁ-SAMI = Eq¢(z|x0),e,,t Arller — €o(x1, ) + v gt,gb(xb Z)”z] + ﬁDKL(CI¢(Z|XO)”P(Z)), (3.10)

where f is a hyperparameter that balances the effective contribution of the KL regularization
on the latent space. This is akin to the Lagrange multiplier that controls the reconstruction and
regularization terms in f-VAEs (Higgins et al., 2017). Note that if we rewrite this derivation
in terms of x, estimates instead of € estimates, we can show, using the relation x; = va; xq +
V1 = a@; €, that Xo(x;,z) = Xo(x;) + 1-@/Vag; (x;, z), which reflects the additive relation between
the denoising score and guidance score in Fig. 3.1C, X space. The expression that details the effect

of the guidance score on the DDPM reverse transition operator is given in Appendix B.1.2.

3.3.3 INFERENCE AND GUIDANCE

Once SAMI is trained using Eq. (3.10), inference follows the general VAE prescription where
latent samples are drawn from the posterior distribution g4 (z|x,) via the reparameterization trick.
Generating image samples that resemble the given “guidance” datapoint x, involves conditioning

the diffusion process on draws from the posterior distribution. As in DDPMs, we start the condi-
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tional generation process with a sample from an isotropic gaussian x; ~ N(0,I). At each noise
level t, we estimate the noise present in the noisy image via the denoiser €y(x;, t), and compute
the guidance score g; 4 using Eq. (3.9). Note that while the clean image posterior remains the
same at every noise level, the guidance score changes because we evaluate the clean image la-
tent under the noisy image posterior, which changes with the noise level. The resulting guidance
score biases the reverse process according to Eq. (3.8), such that as the noise level goes to 0, we
arrive at a sample from the conditional distribution Xy ~ pg4(xo|z). Algorithms are provided in

Appendix B.1.3.

3.3.4 GEOMETRIC INTUITION

In the image space, conditional generation update steps (purple arrow in Fig. 3.1C, X space)
can be thought of as a combination of two forces: starting from a noisy image x;, attractor dy-
namics push the state towards the image manifold (blue arrow) while the latent-based guidance
selects specific regions of the manifold (red arrow). The addition of these two forces direct the
network towards regions of the data manifold that are close to the target x, (green shade).

In the latent space (Fig. 3.1C, Z), similarity between the current state x; and the conditioning
image x, (as defined by the likelihood) is the Mahalanobis distance between the mean estimate of
the network state in latent space py(x;) and the latent corresponding to the conditioning image
7’ (X¢), computed under a metric that is given by the inverse of the covariance 20—51 (concentric
ellipsoids). Conditional generation can thus be cast as a constrained optimization process, where
the network minimizes the latent Mahalanobis distance subject to the constraints posed by the
geometry of the latent space and the image manifold (for further details, see Appendix B.1.4).

During the learning process, the network learns to map noisy version of the same image close
together in Z space, while accounting for uncertainty introduced by the noise in the associated
posterior covariance, £4(x;). This effectively means learning which directions in latent space

correspond to noise-induced variations versus meaningful semantic content.
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Figure 3.2: Disks dataset. A) Graphical model for the disks dataset, with coordinates of disk center (cy,
cy) and background intensity I, as latents. B) Random draws from the ground truth generative process.
C) Samples drawn from the model, conditioned on leftmost image. D) Posterior means for a grid of test
¢x and ¢y ground truth positions, fixed I. E) Same as D, but ¢, fixed during interpolation of the other two
factors. F) Same as D, for all three factors.

Synthetic disks dataset. We first investigated whether SAMI is able to learn a semantically
meaningful latent space by training the network on a synthetic dataset where the ground truth
latent factors and generative structure are known, and the number of latent dimensions matches
that of the latent factors. The dataset is a simplified version of that used by Kadkhodaie et al.
(2024), comprised of images of circles (“disks”) of a fixed radius and intensity on a blank back-
ground (Fig. 3.2A, B). The images are fully determined by three independent generative factors:
the coordinates of the disk center, cy, ¢y, and the intensity of the background, I,. All three gen-
erative factors are uniformly distributed, and the foreground intensity of the disks is held to a
constant value of 0.5.

As a first measure of whether SAMI learns a useful representation, we tested the model’s
ability to faithfully reconstruct images when conditioned on a given guidance image (Fig. 3.2C;
see Appendix B.1.5 for architecture details). The conditioned image generation is sensible: it pre-
serves background intensity (which can be accurately estimated from the conditioning image),

with small variations in the location of the disc reflecting some posterior uncertainty in that di-
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mension. To quantify the latent variable’s contribution in “explaining away” the observation, we
compared the variability in the test set and in the conditionally generated images by calculating
the mean squared distance between the samples and their respective empirical mean. Here the
mean squared distance serves as a proxy for the entropy in each distribution. We found a sub-
stantial decrease in the variability from 5.6 X 107! to 4 x 10~ when the generation is conditioned
on the latent variable, indicating that the representation captures most of the variability in the
dataset.

To directly probe the semantic structure of the learned representation, we systematically var-
ied two of the generative factors and extracted the corresponding posterior means provided by
the inference network. When varying the x, y coordinates of the disk, we found an approximately
Cartesian representation in the latent space (Fig. 3.2D), while varying the background intensity
and the x coordinate resulted in an approximately polar representation (Fig. 3.2E). The singular
point in the center corresponds to an image where the background intensity exactly matches the
foreground intensity, so the x, y coordinates are unspecified. The shrinking of the spatial encod-
ing with contrast is a reflection of increasing uncertainty in position pulling the posterior mean
towards the prior. We see this more clearly in the 3d space (Fig. 3.2F), in which we linearly in-
terpolated along all three generative factors. Importantly, the orthogonality of the semantic axes
directly reflects the independence of the three generative factors. The constraints imposed by
the KL regularization term suffice for the model to learned a factorized, semantically meaningful

representation of the data.

3.4.1 CELEBA DATASET

Next, we applied our method to CelebA, a dataset of diverse, high-quality images of human
faces with structured attributes (e.g. facial features, expressions, and accessories) that are quali-
tatively discernible by human observers, which provides sematic structure that we can post-hoc

evaluate in the learned representations. Following Ho et al. (2020), we used a standard UNet ar-
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Figure 3.3: CelebA. A) Conditional image generation; conditioning image — red, samples — blue. B)
Linear traversal between latents of leftmost (yellow) and rightmost (purple) images. C) The spectrum of
the posterior covariance for one example image from the test set. D) The posterior variance as a function
of noise level; color intensity marks the ordering of the axes at the largest noise level. E) Moving along the
linear combination of two latent axes with identified semantics. F) Geometric characterization of latent
representation. Left: across-test data variability in posterior mean (blue) and posterior variance of a noisy
image (orange) for each latent dimension. Middle: norm of the sensitivity of posterior variance to input
changes. Right: Global coherence of each axis. The x axes of all three plots are sorted by global coherence.
G) Example transformation of two different images along a latent axis identified as global. H) Weight
sparsity of binary classifiers compares how closely the semantics of latent axes align to supervised labels
for SAMI vs. DiffAE.

chitecture for the denoiser, but without self-attention layers, so as to focus on the algorithmic
effects. The noise level was encoded using a sinusoidal position embedding, provided as an addi-
tional input channel (Nichol and Dhariwal, 2021). For the inference network, we used a half-UNet
architecture that retains the Down and Mid, but not the Up blocks. The mean and covariance of
the posterior are linearly decoded from this network. Unlike Mittal et al. (2023), our inference
network does not receive noise level information, which we found to be unnecessary for learn-
ing a good representation. As is common in VAEs, we restricted the posterior covariance to be
diagonal, >4 = diag(aq,zj). Additional architectural details are provided in Appendix B.1.5.

We trained the joint model from scratch using 60,000 images from the CelebA dataset, and

evaluated the learned representation by assessing conditioned reconstruction quality on images

59



from the test set. If the learned latents are useful, they should encode the pertinent features in
the original guiding image that, when used to condition the generation process, reduces the MSE
between itself and the generated images. Note that proper conditional generation is not trivial:
since guidance scores are added to the denoiser estimates in pixel space, conditioning can easily
worsen generation if the latents are non-informative or misaligned with the image prior.

The generated images possess many of the same features as the guiding image, including
skin tone, light position, pose, and location and shape of facial features such as the eyes, hairline,
and mouth (Fig. 3.3A). As with the disks, we observe variability in conditionally generated image
features, stemming from uncertainty in the posterior and the stochastic nature of the diffusion
process. Again, we measured the effect of the latent conditioning and found that the variability
is reduced from 6.62 X 1072 to 2.04 x 107> (full histogram in Appendix B.1.6). To measure sample
fidelity and diversity, we computed the FID based on 10,000 images (Heusel et al., 2017). SAMI’s
score of 16.25 beats other diffusion-based representation learning models such as DiffAE and
InfoDiffusion (Preechakul et al., 2022; Wang et al., 2023) (see Appendix B.1.7 for details).

VAESs exhibit so-called latent holes, i.e. discontinuities in the latent space, that emerge from a
mismatch between the approximate posterior and latent prior. These holes reduce the capacity of
the latent space and negatively affect generative performance and log likelihoods (Li et al., 2021;
Xu et al.,, 2020; Falorsi et al., 2018). While past work account for these holes explicitly through
regularization or by enforcing compactness (Zhang et al., 2022a; Glazunov and Zarras, 2023), we
prove that training the encoder to satisfy Eq. 3.10 using both clean images and their noisy coun-
terparts implicitly smooths the latent space by minimizing the expected Frobenius norm of the
encoder Hessian taken over all noise levels (see Appendix B.2.1 for full proof). To investigate
the smoothness of the latent embedding we used latent traversal, linearly interpolating between
the latent representations corresponding to two images from the test set (Fig. 3.3B). At regular
intervals along this interpolant, we generated sample images conditioned on the corresponding

latent. Given two endpoint images (enclosed in yellow and purple boxes in Fig. 3.3B), the in-
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termediate images display semantic characteristics that change smoothly between those of the
endpoint images, indicating that the learned latent space is smooth and continuous.

Factorized semantics. The results on the disk images suggest SAMI latents can capture in-
dependent generative factors in the data. Indeed, by leveraging the additive nature of the score-
based guidance, we can show that a disentangled representation of semantic features naturally
emerges from this setup. Specifically, under mild assumptions that semantic features are dis-
tributed hierarchically with unique characteristic spatial scales, we prove that a diffusion-based
generative model optimized to minimize both reconstruction error and the Kullback-Leibler (KL)
divergence between a diagonal covariance posterior and an isotropic Gaussian prior yields this
disentangled representation (see Appendix ?? for full proof).

Empirically, the posterior variance for any given image exhibits a few dominant modes along-
side many smaller ones (Fig. 3.3C), indicating that, within the local neighborhood of the mean
latent representation, certain latent axes have significantly higher uncertainty. Our explicitly
probabilistic approach point to the structure of the posterior covariance as a natural lens into the
interpretability of individual latent axes, and accordingly, adding noise to the image increases
variance across these axes (Fig. 3.3D), suggesting that posterior variance reflects the inference
network’s uncertainty about the corresponding features.

We hypothesize that axes with low posterior variance at low noise levels encode robust se-
mantic features, while the rate of variance increase with noise level indicates the spatial scale
of the encoded features. Specifically, large-scale features, still prominent at relatively high noise
levels, should correspond to axes with low uncertainty even under significant noise, whereas
small-scale features will exhibit overall higher uncertainty.

To test this, we perturbed a clean test image’s latent representation along axes with low pos-
terior variance. The resulting images showed consistent changes in specific semantic attributes,
suggesting that the model factorizes representations semantically (Fig. 3.3E, smiling horizontally,

forward lighting vertically). Interpolating along a linear combination of two axes produced im-
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ages reflecting both attributes, suggesting a combinatorial code (Fig. 3.3E, diagonal). Meanwhile,
axes that displayed large changes in posterior variance tended to correspond to finer scale fea-
tures, such as movements of the eyes and mouth. Finally, we measured disentanglement using
Total AUROC Difference (TAD) (Yeats et al., 2022), which measures how well a change in one
independent data generating factor in the data corresponds to a change in one disentangled la-
tent feature; a disentangled code should have a one-to-one mapping. For each binary attribute
ground truth label (such as those that accompany the CelebA dataset), the measure takes the
AUROC score of each latent variable in detecting the attribute and takes the difference in the top
two values; the final score is the sum over all ground truth attributes. Perfect disentanglement
corresponds to a score of 1, while a fully entangled representation has a score of 0. Finally, an
attribute is considered “captured” if it has a corresponding latent representation with an AUROC
score of at least 0.75.

When trained on CelebA, SAMI attains a TAD score of 0.583 and captures 3 attributes, which
significantly outperforms most diffusion-based methods and VAE-based baselines, and has com-
parable scores to the state-of-the-art EncDiff model (TAD of 0.638 but no reported attributes
captured) (Yang et al., 2024). We provide full comparisons in Appendix B.1.7. These findings re-
veal that SAMI’s latent space is structured to disentangle semantic features along specific axes,
offering a foundation for interpretable and controllable generative modeling.

How global is the mapping between latent axes and semantic meaning? While pertur-
bation along individual axes is interpretable in the neighborhood of the conditioning image, we
found that in general this mapping is not preserved across the full latent space. To identify the
axes whose semantic meaning is preserved globally, we derived a formula that provides sufficient
conditions for global axes under additive transformations by assessing the z-independence of the
linear local approximation of the inference network (see Appendix B.1.8).

When applying this metric (Fig. 3.3F, right) we find the axes with the largest measure to be

“junk” dimensions that encode the pixel-level noise, whose semantic mapping is in effect global.

62



However, most of the identified global axes are interpretable, reflecting e.g. global lightning effects
(Fig. 3.3G).

Alignment with explicit labels. A separate way to assess the semantic structure of the
representation is by measuring the alignment between latent axes and recognizable semantic
labels. To this end, we trained separate logistic regression classifiers on the learned representation
to predict each of the 40 binary semantic labels. If the axes are well aligned with the supervised
attributes, the weights of the classifier should be sparse, as only a small subset of the axes need
to be recruited to form the decision boundary. We used the normalized participation ratio (PR)
of each classifier’s coefficients as a measure of sparsity; this is 1 if only one latent axis is used for
a decision, and it becomes the square root of the dimensionality of the latent space if all axes are
used equally. The normalized PR is generally low for SAMI, in particular when compared to state
of the art alternative DiffAE (Fig 3.3H), suggesting that our approach is superior in factorizing

the latent space into useful semantic axes.

] 5

Figure 3.4: Unsupervised extraction of latent representation from a pre-trained diffusion model.
A) Top: Samples from the trained model, conditioned on leftmost image (green). Bottom: samples drawn
from the unconditional diffusion model. B) Straightness of latent trajectories over the course of one
naturalistic video from CelebV. C) Average straightness of latent encoding (over 50 naturalistic videos) for
SAMI, compared to trajectories in pixel space and latent trajectories of DiffAE.
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3.4.2 FEATURE EXTRACTION FOR PRETRAINED DIFFUSION MODELS

Since the denoising and guidance terms are parameterized by separate neural networks, one

might sensibly wonder if training them jointly is strictly necessary or if the inference network
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could be trained separately on top of a pre-trained denoiser. To test this, we used a DDPM from
the Huggingface repository pretrained on CelebA-HQ-256 (Ho et al., 2020; Karras et al., 2018)
and then trained the inference network to guide the responses of the denoiser towards the cor-
responding clean image using the same objective as before. We found that samples drawn from
the conditioned distribution exhibit similar semantic characteristics as the guiding image, such
as lighting direction, facial expression, and hairline, while remaining a naturalistic image with
high frequency details (Fig. 3.4). As before, the conditioning reduces variability compared to sam-
ples from the unconditional model (Fig. 3.4A, second row), but there is still appreciable diversity
among the samples. Overall, separate training of the conditioning network seems to generally
preserve the properties seen with joint training with a substantial reduction in training effort.
Encoding of video trajectories. One property that makes for good latent representations
is their predictability over time, measured by the ability to represent temporal sequences in a
manner that supports linear extrapolation (Niu et al., 2024). Since movement along individual
latent axes corresponds to naturalistic transformations in images (Fig. 3.3E), we hypothesized
that SAMI may map natural movements in naturalistic videos, such as a mouth opening and
closing, to relatively straight trajectories in latent space. To test this, we encoded frames from
a naturalistic facial attributes video dataset (Yu et al., 2023) into latent representations using the
SAMI model for CelebA-HQ. Following Hénaff et al. (2019), we quantified the “straightness” of
temporal sequences in both latent and pixel domains by computing discrete curvature, defined
as the cosine similarity between vectors connecting consecutive pairs of frames in the sequence:
s = dedena/(|1d,|Ild;+11), Where d; = f;11 —f; represents the difference between consecutive frames, or
latent posterior means. Despite being trained solely on static images, our model encodes frames
of these videos such that their trajectories in the 512-dimensional latent space exhibit near-unity
cosine similarity across large portions of a given video (Fig. 3.4B). Compared to pixel-domain tra-
jectories and those from other diffusion-based representation learning models (Preechakul et al.,

2022), SAMI produces significantly straighter latent trajectories. This effect holds consistently
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across 50 randomly sampled videos from the dataset (Fig. 3.4C). Thus, by leveraging its seman-
tically factorized representation, SAMI naturally straightens dynamic patterns without temporal

supervision.

3.5 DISCUSSION

While recent work has demonstrated the promise of unsupervised representation learning
with diffusion models (Fuest et al., 2024), past approaches typically rely on (often deterministic)
encoders that approximate the log-likelihood (Preechakul et al., 2022; Mittal et al., 2023; Yang
et al., 2023a; Kim et al., 2024), leverage additional information beyond the base dataset (Hudson
et al., 2024), or use objectives that deviate from the ELBO by adding specialized regularization
terms, e.g. to encourage mutual information (Wang et al., 2023), sparsity (Mittal et al., 2023), or to
bound entropy (Yang et al., 2023b). See Appendix B.1.9 for detailed comparison to prior methods.
SAMI diverges from this paradigm by optimizing an exact ELBO that encodes both clean and
noisy images into probabilistic latents.

This dual encoding strategy introduces a novel form of implicit regularization: by requiring
the inference network to predict the log-likelihood of clean image features while conditioned
on noisy observations, SAMI learns to effectively separate signal from noise and calibrate its
posterior variance to capture the irreducible uncertainty inherent in the data. The probabilistic
nature of these paired observations constrains the latent space geometry, promoting representa-
tions where semantically similar images cluster together. Our empirical analysis reveals that this
approach provably and empirically mitigates the “latent holes” problem that commonly afflicts
variational autoencoders (Rezende and Viola, 2018; Falorsi et al., 2018; Li et al., 2021; Xu et al.,
2020; Zhang et al., 2022a; Glazunov and Zarras, 2023), producing perceptually smoother and more
coherent latent spaces.

Pairing a powerful generative model with strong factorization assumptions on the posterior
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and prior encourages disentanglement without sacrificing generative performance. The KL reg-
ularization term enforces an information bottleneck by encouraging posterior whitening, which
promotes maximum entropy representations in the latent space (Burgess et al., 2018). Crucially,
the conditional denoising objective encourages the latents to capture meaningful structure in the
observed data by leveraging the implicit multi-scale image prior learned by the diffusion model.
We prove by leveraging the geometric properties of our model that disentangled representations
of hierarchical semantic features naturally arise from the use of this image prior, potentially ex-
plaining why diffusion-based representation models offer superior disentanglement scores com-
pared to traditional VAEs.

Moreover, our approach sidesteps the traditional rate-distortion trade-off in VAEs: rather
than compromising reconstruction fidelity to achieve better disentanglement, SAMI maintains
perceptually high-quality generations through the expressive power of the diffusion prior, even
when the latent representation is heavily regularized. This information theoretic perspective sug-
gests interesting connections to the I-'MMSE relation (Guo et al., 2005; Kong et al., 2023), which
has recently been used to link conditional diffusion scores with estimates of mutual information
(Franzese et al., 2024; Kong et al., 2024). Such connections might provide alternative theoreti-
cal foundations for understanding representation learning in conditional diffusion models and
could potentially allow for more direct optimization of information-theoretic objectives such as
InfoMax (Linsker, 1988). We leave the exploration of these connections as an exciting direction
for future work. Overall, our results represent an important and mathematically rigorous step
towards building learning systems that extract complex semantical structure from data in an un-

supervised manner while maintaining competitive generative performance.
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4 A RATE-DISTORTION ACCOUNT OF

INFOMAX

4.1 OVERVIEW

In the previous chapter, I introduced a novel objective for unsupervised learning derived from
the ELBO. I showed that augmenting the generative model with auxiliary variables provides sev-
eral computational benefits: the additional structure allows us to estimate more complex statis-
tical structure, and, when paired with a factorized recognition model, facilitates unsupervised
learning of latent factors that are disentangled by spatial scale. However, these computational
advantages do not, on their own, clarify what the model tells us about the brain. As an objective,
the ELBO makes several key assumptions that make it unclear which of its components should
be interpreted as claims about neural computation, and which are merely convenient for com-
putational tractability. This ambiguity subsequently affects the interpretability of the learned
representation.

What we would like instead is a model that instantiates the InfoMax objective directly, so
that the representations it learns constitute a test of that principle rather than an artifact of
our assumptions. In this chapter, I present a new information-theoretic objective based in rate-
distortion that directly relates to both InfoMax and efficient coding. By leveraging the -MMSE

relation from information theory, I show that our model can directly optimize this information
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theoretic quantity to learn a representation of images without strong approximations or assump-
tions.

The chapter proceeds as follows. I first show how to learn a representation that maximizes in-
formation with its observations using the -'MMSE relation. Next, I formalize an optimal information-
theoretic constraint by connecting conditional denoising with rate-distortion. We provide geo-
metric and biological interpretations of our objective, and demonstrate the results of training our
model on a synthetic dataset. Finally, I show how the objective relates to the ELBO and prove that,
despite making fewer assumptions, the new objective preserves the disentanglement properties

of its ELBO-based predecessor.

4.2 IMPLEMENTING INFOMAX USING [-MMSE

InfoMax states that the principal goal of sensory processing in neural systems is maximal
information transmission across noisy channels, subject to resource constraints. Let us first treat
information transmission between the observation variables (i.e. inputs) X and response variables
(outputs) Z, then turn to the question of resource constraints within the established framework.

The InfoMax objective maximizes the mutual information,

1(X;2) = h(X) — h(X|2).

where h(X) = —E, () [log p(x)] and h(X|Z) = —E,(x)[log p(x|z)] are marginal and conditional
differential entropies respectively.

Because entropy and mutual information are in general intractable for continuous non-Gaussian
distributions, and are difficult to estimate without bias from finite samples (Bialek et al., 1991;
Paninski, 2003), past approaches rely on proxies to entropy (Hyvérinen, 1997), computable bounds

(Barber and Agakov, 2003; Nguyen et al., 2010; van den Oord et al., 2018; Belghazi et al., 2021;
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Poole et al.,, 2019), nonparametric kNN estimators for continuous variables (Kraskov et al., 2004)
or Bayesian estimators for discrete distributions (Archer et al., 2013). However, our aim is not to
estimate I(X; Z) for a fixed representation, but to learn the representation Z itself by maximizing
the mutual information. This calls for a tractable, differentiable objective that can be optimized
with respect to Z, which singles out the class of the computable bounds.

Computable bounds come in two flavors. Critic-based bounds use a learned critic f(x, z)
that scores joint against marginal samples, while variational bounds assume a choice of encoder
p(z|x) and introduce a variational family q(x|z) to approximate the true generative model p(x|z)

via a separate decoder ':
[(X;Z) > H(X) + Ep(x s [log q(x]2)] := 1(X; 2), (4.1)

where the bound is loose by Dk (p(x|z)|lq(x|z)) > 0 with equality iff q(x|z) = p(x|z). The
derivation is given in Appendix C.1.

Both classes of mutual information estimators suffer from separate issues. Critic-based meth-
ods make no parametric assumptions on p(x|z), but suffer from statistical pathologies: methods
with unnormalized bounds (e.g. NW]J (Nguyen et al., 2010), MINE (Belghazi et al., 2021)) have
variance that grows exponentially in the true mutual information, while the normalized con-
trastive bound (InfoNCE (van den Oord et al., 2018)) is bounded above by log K for K contrastive
samples and under-estimates the mutual information above this ceiling (Poole et al., 2019; Song
and Ermon, 2020).

Decoder-based bounds are tight only to the extent that their variational family contains the

true decoder. That decoder follows from Bayes’ rule,

_ (10 p()

plx]z) = F

3

!Note that we use g(-) here to denote the variational approximation of the generative mapping Z — X, rather
than the inferential mapping X — Z as is more customary in the VAE and ELBO literature.
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but it is intractable: the marginal p(z) = / p(z | x)p(x)dx cannot be evaluated when p(x)
is known only through samples. A variational decoder g(x|z) removes this intractability, but
introduces mis-specification whenever the true decoder lies outside its family. The Gaussian
decoder standard in VAEs is a clear instance: natural images are heavy-tailed (Field, 1987), so the
true decoder p(x|z) o p(z|x)p(x) inherits heavy tails in x that a Gaussian q(x|z) cannot capture.
This mismatch is the discrepancy in the bound Dkp.(p(x|z)||g(x|z)) > 0, which closes only when g
recovers the true generative model. We thus seek a decoder family expressive enough to eliminate

this gap while remaining parametric and tractable to optimize.

42.1 MAXIMIZING MUTUAL INFORMATION USING THE I-MMSE RELATION

We address the issues associated with assuming a simple Gaussian variational family by mak-
ing use of the I-MMSE relation, a seminal result by Guo et al. (2005) that establishes a fundamen-
tal connection between the mutual information and minimum mean square error estimators. Let
p(xy|x) be a Gaussian noise channel with x, = y/yx + € and € ~ N(0,I), where y represents the

Signal-to-Noise Ratio (SNR) and p(x) is the data distribution®. The -MMSE relation states that
2 106:,) = Smmse(y) «2)
—I(X; = —mmse .
ay 72 Y

where mmse refers to the Minimum Mean Square Error for recovering x from this noisy channel

mmse(y) := min Bp(yx,) [”x - % (xy, Y)”z] :
x(xya)/)

Here, X(xy,y) is the denoising function, whose optimum x* is well known to be the posterior
mean E,(y|x,) [x]. Finding this optimum analytically is typically intractable because it requires

sampling from the posterior distribution of the noise channel, but this function can be learned

’In practice we use the variance-preserving Gaussian channel x,, = /T — y’x++/y’e, where y’ = 1/1+y. The results
in the rest of this chapter hold up to this global rescaling factor.
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via neural network-based denoisers.
Kong et al. (2023) showed that integrating Eq. 4.2 over all values of SNR allows us to nu-
merically estimate the differential entropy of an arbitrarily complex data distribution of ambient

dimensionality d from which we have i.i.d. samples (Kong et al., 2023):

h(X) =Epx)[—logp(x)] = glog(Zﬂe) - %/0 (%}/ - mmse(y)) dy. (4.3)

This identity can easily be generalized to estimate the approximate conditional entropy h(X|Z).
Defining mmse(y[z) = Ep(xx,.2) [”x - X(xy,, Z)HZ]’ where x(xy,y,z) is the z-conditional de-

noiser, we get

d 1 °( d
HX12) = Egpcaml = Toga(ale)] = §log(zrne) = [ - mmse(yia)) dy.
0 Ty

Combining these two identities, we get a denoiser-based estimate of the mutual information be-

tween observation X and latent Z:

1(X;Z) = h(X) - h(X|Z)

1

=5 | Botwme [l = 50 )P = I = 551 2P dy (45)
0

This identity has been used to measure the influence of a conditioning variable on diffusion
models during conditional generation (Kong et al., 2024), the effect of stimuli on sensory cod-
ing (Laquitaine et al., 2025), and the role of non-linear transforms (Yu et al., 2025).

Our contribution is to invert this I-MMSE estimator to learn a representation Z. Here we
assume an encoding distribution p(z|x) that provides a conditioning signal to the conditional
denoiser x(xy,y,z). The quality of the latent is then evaluated by how well it maximizes the I-
MMSE estimate of the mutual information. How the conditioning is implemented in practice is

the subject of the following section.
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4.2.2 IMPLEMENTATION OF I-MMSE INFOMAX

We assume p(x) is a fixed distribution, so we can treat its entropy as a constant and the
optimization problem is reduced to one of minimizing the conditional entropy such that £ =

max [(X;Z) = min h(X|Z). Eq. 4.4 can be written as

1 (o]
h(X|Z) = 3 '/0 Ep(x.x,.2) [”x = x(xy, 7, z)”z] dy + const. (4.6)

where the constant term is independent of the conditional denoiser.

Ideally, we would like to rewrite this expression in terms of the encoding distribution p(z|x),
so that we can directly optimize its parameters. Tweedie’s formula and Bayes’ rule tells us that
the z-conditional posterior mean is equal to the unconditional posterior mean plus the likelihood
score, X(xy, ¥, 2) = X(xy, ¥) + gy Vx, log p(z|xy), where g, = 1/4/y is a y-dependent scalar that ap-
propriately weighs the two terms according to Bayes’ rule. This means that we can parameterize
this optimization problem with two neural networks, one with parameters 6 that estimates the
unconditional posterior mean Xy(xy, y), and another with parameters ¢ that computes the encod-
ing distribution pg(z|x). As is typical in VAEs, we set the encoding distribution to be a Gaussian
with diagonal covariance, which, as we will later see, is necessary for learning a disentangled
representation. To derive the guidance score, we compute the likelihood of the clean input rep-
resentation z ~ py(z|x) with respect to the latent distribution of the noisy input x, ~ p(x[x),
given by B (zx) [log py(zlx,) |. Note that the same encoder network is used to output the latent
distributions of both the clean inputs py(z|x) and the noisy inputs pg(z|x,). The guidance score
Vx, log py(z|x,) comes from taking the gradient of the log likelihood with respect with respect

to the noisy input x,, which we perform via auto-differentiation through the encoder network.
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The two networks are then trained jointly to minimize the objective

1 . 2
L(0,¢) = 5/0 Epp(x), plxylx), py(zlx) [||x — %9(xy,¥) = gy Vx, log py (zlx) )| ] dy. (4.7)

As it stands, the objective has two issues. The first is one of identifiability: because only the sum
of the denoiser’s output and the encoder’s guidance term is matched to the clean signal x, nothing
forces the denoiser to output the unconditional posterior mean on its own as the interpretation
above would suggest. This can be ameliorated by first pre-training the model on the MSE loss
used for unconditional diffusion models.

The second issue was alluded to earlier: absent any constraint on the total information carried
by the representation, the objective is trivially minimized by a Z that copies all the information
in X. Reducing the dimensionality of Z does not help, since a sufficiently expressive encoder can
retain all information about X through a nonlinear transformation. What we need instead is a
second, information-theoretic constraint that caps the information held by Z. But what is the

optimal information theoretic constraint? For our answer, we turn to rate-distortion theory.

4.3 FORMALIZING THE CONSTRAINT VIA RATE-DISTORTION

4.3.1 CAsTING INFOMAX AS WYNER-ZI1V DISTORTION

Rate-distortion theory is a branch of information theory that articulates the minimum amount
of resources, expressed in terms of information, required to reconstruct a signal to some desired
level of fidelity once it has been passed through a noisy communication channel. A classic com-
munication channel comprises a “source” signal X, together with an encoder p(z|x) and a decoder
p(x|z) that reconstruct the signal (Fig. 1.5).

The distortion is the cost of representing a sample x with its approximate reconstruction x.
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We assess this via a distance metric d(-, -), averaged over the joint distribution p(x, x),
D(X,X) :=Ep(xs) [d(x, %)] .

A typical choice is the squared-error distortion, d(x, X) = ||x — £||>. The rate R is the maximum
number of bits per sample that can pass through the channel, evaluated as the mutual informa-
tion between the source and the encoded signal. These two terms can combined into a single

Lagrangian that trades off the two quantities through a multiplier f,
£ =DX,X) +pI1(X;2),

whose solutions, as f§ is swept over (0, ), trace the boundary of the realizable region on the
rate-distortion plane (Fig. 1.6).

Our model departs from the classic single-channel picture in two respects. First, at a given
SNR y the decoder additionally receives the noisy observation X,. A source-coding problem in
which the decoder alone holds correlated side information is the setting of Wyner-Ziv coding
(Wyner and Ziv, 1976) (Fig. 4.1). Additionally, our model operates across a range of SNRs y €
(0, ), meaning that the decoder must receive side information X, that is correlated with X to

different degrees.

p(z|z)

A

P(m7|33) > p(a}\xv,z) >

A

X X, X

Figure 4.1: Block diagram of our model as a source-coding problem with side information. The encoder
p(z]x) sees only the clean source X, while the decoder p(x|x,, z) additionally receives the side information

xy ~ pxy|x).
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Our model consists of a recognition model (“encoder”) p(z|x) that maps the clean source X
to a latent representation Z, and a conditional denoiser (“decoder”) X(x,,y, z) that reconstructs
the source from the latent z together with a noisy observation x, ~ p(x|x) at signal-to-noise
ratio y. We emphasize that the encoder conditions only on the clean signal: since Z — X — X,
forms a Markov chain, the representation Z is a property of X, not of any particular noise level.
Thus the encoder distribution p(Z|X = x), which we optimize, is distinct from the likelihood
p¢(Z = z|X = x,), which scores the latent against a noisy observation and supplies the guidance
term. The guidance term is an inferential quantity that is computed as part of the decoder rather
than the message being communicated by the encoder.

The integrand in the I-MMSE relation for fixed y - i.e. the conditional MMSE - corresponds
to a choice of a squared-error distortion metric. Thus we can define the y-specific distortion, or

the marginal distortion, as

1 1

Dy = EEP(x;xy)Z) [”x_’e(xw Y’Z)HZ] = EEP(X’XY’Z) [d(xa’e(xy’ Y’Z))]-

Since integrating the conditional MMSE over all y results in the conditional entropy up to a
constant (Eq. 4.7), we can show that D, can be expressed as the SNR-derivative of the conditional
entropy

D, = ,h(X,1Z) = —a,h(X | X,,Z) > 0.

The full derivation is given in Appendix C.2.
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43.2 OprTIMAL WYNER-ZIV RATE

With the distortion established, the Wyner-Ziv theorem tells us the optimal rate. In general,
for codeword Z, side information Y, and distortion D, the optimal rate is given as

R*(D) = min [1(X;2)-1(Y;2) | =

= I(X;Z|Y),
p(zlx)p(%]x,,2) : E[d(x,%)]<D ( | )

min
p(z|x)p(%|xy,z) : E[d(x,%)]<D

where the second equality follows from the Markov chain. This is the residual information the
decoder still needs from Z once it holds Y, smaller than the unconditioned I(X; Z) by I(Y; Z).
With Y = X, the optimal rate is R*(D) = minI(X; Z | X, ).

This rate is defined at a single operating SNR, whereas our model sweeps the whole range
Y € (0, 00). Rather than evaluate our model at one point, we track how the rate is resolved as the
SNR grows. Define the marginal rate as the information about Z that the observation resolves
per unit SNR,

R, =9,1(X,;Z) = - 3,1(X; Z | X,) > 0,

which is non-negative because a higher-SNR observation can only reveal more information about
the latent. As y runs from 0 to oo, the observation X, sweeps from pure noise, which carries no
information about Z, to the clean source X, which carries all of I(X; Z). Integrating the marginal
rate across all SNR therefore accumulates these increments to the full information content of the
representation,

/w Rydy = [(Xew; Z) = 1(Xp; Z) = [(X; Z).
0

The Wyner-Ziv rate at any operating point is the remaining tail upon observation of X, I(X; Z |

Xy) = /}’ * R, dy’, which vanishes asy — oo when the side information becomes the source itself.’

3Under the incremental-channel coupling that underlies the I-MMSE relation (Guo et al., 2005), the SNR family
can be realized as an increasing observation process, so that X, is a sufficient statistic for the accumulated history
{Xy + ¥ < y}. This is what makes the increments R, additive across scales rather than double-counting; the
decomposition itself needs only the marginal Markov chain Z — X — X, at each y.
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The same conclusion follows from another simpler argument. Fix a single operating point y
and consider how many bits must be conveyed to the decoder. Through the side information the
decoder already shares I(Xy; Z) bits with the codeword which now no longer needs to be sent.
Wyner-Ziv coding states that the rate still to be transmitted is I(X;Z | X,). By the chain rule,

these two parts sum to the total information the codeword carries about the source,

1(X,;2) + I(X;Z | X,) = I(X;Z) Vy.
L S
free to the decoder Wyner-Ziv transmission rate

Though we fixed y at the start, note that each term on the left depends on the operating point
while their sum does not. This means that this decomposition holds at every y and sums to the
same total. The total rate I(X;Z) is thus a property of the encoder p(z | x) alone, independent
of any decoder, side information, and the SNR at which we read it out.

Efficient coding tells us why this sum, rather than the transmitted rate, is the quantity to
constrain. The free term I(X,; Z) is free only in the sense of transmission: a decoder already
holding a noisy copy of the stimulus no longer needs to receive those bits. They are not free to
the encoder, which has to commit them to the representation regardless of the operating point. A
capacity- and energy-limited neural code thus pays for these bits whether or not a downstream
process can reconstruct the clean signal from x,. Limited neural resources constrain the cost of
representing the stimulus, not of reconstructing it.

The total rate-constrained InfoMax objective is thus given as
L =D+pR = h(X|2)+pIX;2), (4.8)
which can be expressed in terms of y-specific Lagrangians:
L= / Lydy, L, = D,+BR, = ,h(X)|Z) + Bo,I(X;Z).

77



4.3.3 IMPLEMENTATION OF THE RATE

How should we implement the rate in our model? The instantaneous rate can be related to
the norm of the guidance score via de Bruijn’s identity, which connects mutual information to

Fisher information:

1 2
R, =9,(Z;X,) = 2 Ep(xx,.2) [||ny log p(z | x,)|| ] > 0. (4.9)

The proof is given in Appendix C.3. Penalizing the squared norm of the guidance score therefore
restricts the information the representation carries about the source. The same quantity can be

recast as a statement about the direction of the guidance score,

Ry =Ep(xx,0) [V, logp(z | X)) - 9y, |, (4.10)

where the equivalence of the two forms of marginal rate is given in Appendix C.4. This form

can be implemented in our model by minimizing the dot product of the guidance score with 9,x,,

which can be expressed in terms of x and x, depending on the form of the noising schedule.
Both forms of the rate try to minimize the amount of guidance required to steer the dynamics

toward the observed sample x. We provide a geometric interpretation below.

4.3.4 RELATIONSHIP BETWEEN RATE AND DISTORTION

Upon close inspection, one might notice an apparent tension within the objective: originally
we sought to maximize the mutual information, whereas the rate term now penalizes it. However,
this tension is resolved by two observations.

First, these two terms correspond to different components of our model. The distortion is
computed via the -MMSE relation using the latent-conditioned denoiser (the decoder), while the

rate pertains solely to the recognition model (the encoder). For this reason, minimizing distor-
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tion and rate have different effects: minimizing rate maximizes information in Z about X via its
decodability, which means the encoder is encouraged to represent bits the decoder can turn back
into X. Minimizing rate, meanwhile, penalizes the total bit count of the encoder. In theory, the
encoder could raise I(X;Z) in ways the decoder cannot use, but because those bits would raise
the rate term without lowering distortion, they are not represented. Thus the model selects for
information that is relevant while minimizing the total. This ties back to our goals of unsuper-
vised learning: the conditional entropy is essentially a downstream task of the representation,
while the second term sets a limit on how many resources the representation can have in the first
place.

Second, the trade off between these two terms are in terms of the learned representation is

controlled by the Lagrange multiplier §. Substituting h(X | Z) = h(X) — I(X; Z) gives

L£=hX)+ (B -1)I(X;2).

Since h(X) is a constant of the fixed data distribution, minimizing £ over the encoder is equiva-

lent to optimizing (f — 1) I(X; Z). Let us consider three regimes of f5:

« f < 1: the coeflicient is negative, so minimizing £ still maximizes I(X;Z). This is con-

strained InfoMax.
« [ > 1: minimizing £ compresses the representation by driving down I(X; Z).
« [ = 1: the two terms cancel and £ = h(X).

When f < 1, the network is encouraged to care more about minimizing reconstruction error over
creating a compressed code; the converse is true when > 1. At f = 1 we have no learning signal
for Z, which results in a non-identifiable representation. This has been observed by Alemi et al.
(2018) when training f-VAEs: when f = 1, the objective is indifferent to how much information

the representation carries, and  must be set away from one to express how compressed we wish
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x,xy ~ p(x, )

Figure 4.2: A geometric perspective of the denoiser-based decoder. Given our current operating point y
and current noisy state x, (given to the decoder as side-information), the goal is to reconstruct the original
source x. The unconditional denoiser provides a denoising estimate that pushes the decoder towards the
posterior mean (blue vector), while the guidance score corrects the dynamics (red vector). The InfoMax
objective tries to force the sum of the two vectors to be as close as possible to the green arrow.

our representation of X to be.

4.4 INTERPRETING THE OBJECTIVE

4.4.1 GEOMETRIC INTERPRETATION

In Fig. 4.2, we consider a single step of guided denoising at SNR y. Noising a clean image
x ~ pp(x) (black dot) results in a noised image x, (yellow dot). The cartoon corresponds to a
variance-exploding noising process x, = x + ye where y = 1. The aim of the model is to recon-
struct the original image via conditional denoising; the optimal solution is given by x — x, (green

line). The optimal unconditional denoiser gives us the unconditional posterior mean E[x]x,]
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(blue dot) which relates to the unconditional score 9, log p(x,) (blue line) via Tweedie’s formula:
E[x|x,] = x; + 9, log p(xy). The latent z that comes from the recognition model p(z|x,) is used
to produce a guidance score dy, log p(z|xy) (red arrow). The sum of the unconditional score and
the guidance score gives us the conditional score dx, log p(xy|2z) = d, log p(xy) + 9y, log p(z|xy),
which via Tweedie produces the conditional posterior mean E[x|x,, z]. The distortion term en-
courages this conditional estimate to be as close as possible to the original clean image, which,
for a fixed unconditional denoiser, means encouraging the encoder to produce a guidance score
that is the vector difference between the green and blue arrows. In other words, the information
contained by the optimal z should capture the remaining variability not already captured by the
unconditional denoiser.

The rate term places a restriction on how useful this guidance score can be. If we assume the
dot-product form of the rate (Eq. 4.10), zero rate corresponds to a guidance score orthogonal to the
green arrow since d,x, = € = x, —x. From this picture, we see that the optimal guidance score has
large cosine dissimilarity with the hyperplane orthogonal to x — x,, and thus requires a non-zero
rate. Thus by constricting the direction of the guidance score to lie close to the hyperplane, we
can limit how much useful information is contained in the representation Z.

Another piece of intuition that we can glean from this picture is the effect of the noising
schedule. Under the variance exploding noising schedule corresponding to this cartoon, we see
that the guidance score makes more efficient use of bits at high noise levels (low SNR regime): at
high SNR, the unconditional posterior mean is close to the clean image, and an orthogonal guid-
ance score provides almost no benefit. Meanwhile, at low SNR when the unconditional posterior
mean and clean image are far apart, even an orthogonal guidance score may still be useful. How-
ever, under a different noising schedule (such as a variance preserving schedule), the distances
can be scaled by some function of y such that rate is equally useful across all noise levels.

Meanwhile, the norm form of the rate (Eq. 4.9) does not penalize the direction of the guidance

score, but rather its magnitude. This means that even though it can face the optimal direction of
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guidance, the rate restricts how useful it can be at given y by limiting the amount by which it can

contribute to the total conditional score.

4.4.2 BIOLOGICAL IMPLICATIONS

Though the rate is given as an information theoretic term I(X; Z), the decomposition of this
term into likelihood vectors has a natural biological interpretation. If we interpret the guidance
score as the additive likelihood computed by a separate neural population providing sensory or
contextual signals (as suggested by our circuit model in Chapter 2), then the rate restricts the
influence of this signal on the prior circuit dynamics in one of two ways. Namely, if we assume
the norm form of the rate, the rate restricts the total energy or variance of the neural population
encoding the likelihood signal. Alternatively, if we assume the dot product form of the rate,
it encourages the likelihood population responses to live in a subspace orthogonal to the prior
attractor dynamics.

There is biological evidence to support both forms. The norm form corresponds to the metabolic
constraint on total spiking power (response variance) of the likelihood population, the standard
variance-based proxy for metabolic cost in efficient coding (Atick and Redlich, 1990; van Hateren,
1992; Doi et al,, 2012). Meanwhile, if we assume the dot-product form of the rate, we penalize
the alignment between the prior drift s and the likelihood bias g, so that under a resource con-
straint the likelihood population is encouraged to inject its bias along an axis orthogonal to the
prior drift. This encourages a non-redundant, steering signal rather than a gain modulation the
prior population could realize on its own. This geometry in which a contextual signal occupies
an orthogonal dimension of the prior population response is reported by Mante et al. (2013) in
prefrontal cortex, in which task-relevant sensory evidence and contextual selection signals are
integrated within a single population while remaining along near-orthogonal directions of state
space. The broader principle that cortex routes interacting signals through mutually orthogonal

subspaces to prevent interference is further supported by the organization of motor preparatory
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activity (Kaufman et al., 2014) and by the communication subspaces through which cortical areas
selectively relay activity (Semedo et al., 2019).

These two forms need not be regarded as independent constraints. If the resource budget is
imposed not on the likelihood bias alone but on the total drive u = s + g, then the norm and

dot-product forms are simply the two terms of a single quadratic,

2 2 2
[l =1l +llgll® +  2(s.9)
[ — ——
norm form dot-product form

Under a fixed budget on ||u||?, any component of the likelihood bias that is parallel to the prior
drift increases the combined power through the dot-product term, while conveying nothing the
prior population could not produce by gain modulation alone. Orthogonalizing the likelihood
bias and the prior drift is therefore the allocation that maximizes the non-redundant influence of
the likelihood influence per unit of metabolic cost (Proposition C.6). Thus both forms of the rate
— the norm constraint on neural activity and the orthogonality of the likelihood signal — emerge

from assuming that the combined population adheres to the efficient coding principle.

443 ReraTtioN TOo ELBO

We can show that our InfoMax objective derived from rate-distortion in Eq. 4.8 is closely

related to the ELBO objective from the previous chapter. The InfoMax objective is given as

L=h(X|2)+BIX;2).

The distortion term (conditional entropy) is upper bounded by the reconstruction term in the

ELBO by the Barber-Agakov bound,

h(X|Z) = Ep(xz) [-log q(x]2)] = Epy,(x) [Dxe (p(x]2)llq(x[2))],

83



while the rate term (mutual information) is upper bounded by the ELBO’s KL divergence term

(Hoffman and Johnson, 2016),

I(X;Z) = Epy(x) [Dxe (p(zlx)lIm(2))] - Dxe (p(2)[Im(2))

where we have kept our current notation of using p(z|x) to indicate the true encoder and g(x|z)
for the variational decoder. The distribution m(z) is the marginal that is a variational approxi-
mation to p(z) and typically chosen to be an isotropic Gaussian N (0, ) in VAEs.

Putting the two terms together, we get:

h(X12) + B1(X: 2) = By [~ log q(xl2)] + BEpy (o) [Dic (p(21)Im(2))]
= (Bpoo (D1 (p(x12)llg(xI2)] + B Dy, (p(2) (=) )
= Lpvas ~ (Bpoco [P, (p(x12)llg(x12)] + D, (p(2)Im(2)) )

< Lp_vaE.

Since KL divergences are non-negative, we see that the InfoMax objective, which we wish to
minimize, is upper bounded by the S-VAE loss.

Here it is worth noting that the InfoMax objective also uses the Barber-Agakov bound in its
computation of the conditional entropy, but because of the expressivity of the denoiser-based
generative model, it does not suffer the same degree of slack as VAEs that employ conditional

Gaussian generative models.
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45 RESULTS

4.5.1 NUMERICAL EXPERIMENTS

To assess how the InfoMax objective affects the learned representation, we trained our model
on a simple synthetic 28 x 28 "disk" dataset that is similar to the synthetic data in the previous
chapter. The disk dataset comprises greyscale images of a circle on a blank background. These
images come from a generative process with only two independent variables: the x and y coor-
dinate of the disk.

The recognition network is a convolutional neural network and the denoiser is a UNet. We
set the number of latent dimensions to two to equal the number of independent latent variables
and used a static value of =1 X 107>,

After training the model, we investigated the representation learned by the model by feeding
the encoder images with known causal factors. The images comprise disks of constant intensity
but varying position on a blank background; the x and y coordinates of the disk are the two
causal factors (Fig. 4.3a-b). To test the quality of the learned representation, we drew posterior
samples from the recognition model and synthesized samples using the generative model via the
latent-conditioned diffusion process. The synthesized images closely resemble the input image,
suggesting that the model has learned a good representation of the causal factors (Fig. 4.3b). We
investigated the learned representation by generating images from an exhaustive search over the
two causal factors (Fig. 4.3c) and examining the corresponding posterior mean. We observe that
the latents form a near-Euclidean grid (Fig. 4.3d); changes in the disk’s position trace out roughly
straight lines in the latent space. The curvature near the edges are likely due to the rate penalty;
compression in a Gaussian channel draws the distribution close to an isotropic Gaussian. This
suggests that the model has learned a factorized representation of the data, with each latent axis

representing a single causal factor.
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Figure 4.3: Disk dataset. a) graphical model describing the image generation process, b) samples drawn
i.i.d. from the disk dataset, c) conditional generation given a "target" image (red outline), d) disk images
fed into the encoder, with x coordinate coded by color, and e) latent space of model. Each dot corresponds
to the latent of one disk image. The dots share the same colors as subplot d.
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4.5.2 DISENTANGLEMENT

Learning a representation that is disentangled is a common goal of unsupervised learning. It
rests on the assumption that the world consists of few generative independent causes that can
be recovered by latent variable models. If this assumption holds, then disentangled representa-
tion offer many potential benefits: they should be more interpretable and compact, generalize to
unseen data during inference, answer counterfactual questions, and allow for transfer, few-shot
learning, and supervised learning of downstream tasks (Pearl, 2009; Kumar et al., 2018; Chen
et al., 2019; Locatello et al., 2019).

While there are no formal definitions of disentanglement, a key intuition is that disentangled
representations should be able to resolve factors of variation in the data (Bengio et al., 2014),
such that a single change in an underlying generative factor results in a corresponding change
in a single factor in the learned representation. Many metrics of disentanglement have been
proposed based on variations this idea (Higgins et al., 2017; Eastwood and Williams, 2018; Chen
et al., 2019; Ridgeway and Mozer, 2018; Kumar et al., 2018).

Most approaches in unsupervised learning are variants of the VAE (Kingma and Welling, 2013)
that encourage disentanglement via encouragement of a factorized aggregate posterior q4(z) =
_[ q¢(z|x)p(x) dx (Higgins et al., 2017; Burgess et al., 2018; Kumar et al., 2018; Chen et al., 2019;

Kim and Mnih, 2019). This is usually accomplished by tweaking the relative strength of the KL

86



divergence term DKL(q¢(z|x) ||m(z)) as compared to the reconstruction term.

Attempts at learning disentangled representation have not been promising (Locatello et al.,
2019; Locatello et al,, 2020). In particular, Locatello et al. (2019) show theoretically that unsu-
pervised learning of disentangled representations is fundamentally impossible without invoking
inductive biases that are specific to the particular dataset or learning algorithm, and demonstrate
empirically that most models that claim disentanglement are sensitive to randomness and the
choice of hyperparameters. Moreover, nonlinear Independent Component Analysis (ICA) theory
shows that when the function from latent to observed variables is nonlinear, the general prob-
lem is ill-posed and it is impossible to recover the independent latents (Hyvirinen and Pajunen,
1999). However, more recent work in nonlinear ICA has shown, with some not very restrictive
conditions, identifiability guarantees for deep latent variable models (Hyvarinen and Morioka,
2016; Hyvarinen and Morioka, 2017), with extensions to VAEs with additional observed variables
(Khemakhem et al., 2020).

Unsupervised representation learning based on diffusion models suggest that disentangle-
ment is heavily dependent on the expressivity of the generative model (Liang et al., 2024; Liang
et al., 2025; Yang et al., 2023b; Kim et al., 2024). In the previous chapter we presented SAM], a la-
tent variable model where the generative model is given by a conditional diffusion model. SAMI
was trained in an unsupervised manner on a generalization of the ELBO objective and learns
representations that are more strongly disentangled than traditional VAEs and -VAEs and near
state-of-the-art compared to other diffusion-based latent variable models despite fewer inductive
biases. We provided theoretical justifications for where this improvement in disentanglement
performance may come from. Our disentanglement proof relied on three major components: the
existence of a factorized posterior, multiscale training data, and a KL divergence penalty that
implicitly penalizes total correlation. An open question is whether the InfoMax objective, which
eschews the KL regularizer for an exact information theoretic rate, still promotes disentangle-

ment.
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We prove that under similar assumptions of multiscale data and a factorized posterior, and
despite the lack of an implicit total correlation penalty, our model is incentivized to learn a dis-

entangled representation. The theorem is as follows:

Theorem 4.1 (Disentangled hierarchical representation). Under a reasonable set of assumptions
on the data generation process (Assumption 2), the maximally informative code for noisy image x,
with multi-scale structure is the assignment z; = U ;) of one latent per feature, and this assignment
is preserved across noise levels, with the latents activating in the order yx, . .., y; asy increases. The

assignment holds up to a permutation and a per-coordinate reparametrization.

The full proof is given in Appendix C.5.

4.6 DISCUSSION

In this chapter I proposed an unsupervised learning objective based on the InfoMax principle.
The I-MMSE relation allows InfoMax to be written in a form that a denoiser-based generative
model implements exactly, up to a variational gap that an expressive decoder renders small. Re-
casting the objective in the language of rate-distortion theory then yields the optimal rate, and
I showed numerically that the representations learned under this objective are both informative
and disentangled.

The relation between information and MMSE also admits a geometric interpretation, which
I used to sketch the biological implications of the objective. Given separate neural populations
encoding the likelihood and the prior, the rate can be read either as a constraint on signal power
or as an orthogonality constraint on the likelihood bias relative to the prior drift; the two readings
are unified by a single constraint on the total power of both populations.

Finally, I proved that for multiscale data and a factorized recognition model, the learned repre-
sentation is disentangled up to a permutation. Unlike previous disentanglement results for VAEs

and for SAMI (Chapter 3), my proof does not appeal to the KL term of the ELBO.
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Several directions follow from this work. The compression literature has extended the rate-
distortion tradeoff to include realism, a constraint on the divergence between the distribution of
reconstructions and the data distribution rather than on any pairwise notion of fidelity. Decoders
that approximate the data distribution well — diffusion models chief among them — saturate the
realism constraint almost by construction. Since my decoder is of exactly this kind, the theoretical
relationship between InfoMax and perceptual realism would be interesting to study.

A second direction is empirical. The disentanglement proof assumes that data is multiscale
in a specific sense, and that assumption can be tested directly against natural image datasets:
measuring the density of feature onsets as a function of SNR would provide one such test.

A third concerns the choice of relevance variable. Here I have taken the data itself as the
target, so that reconstruction stands in for information. The information bottleneck (Tishby et
al., 2000) shows that the same rate-distortion machinery applies to any relevance variable, but
the resulting objective is intractable for all but the simplest choices. The I-MMSE relation offers
a route to optimizing the exact bottleneck objective, and with it a route to relevance variables
that are high-dimensional rather than categorical: prediction on natural video, for instance, is a
biologically plausible objective that the bottleneck has never been able to accommodate. The same

approach would place supervised learning on a more rigorous information-theoretic footing.

89



5 HIERARCHICAL REPRESENTATIONS OF

PRIOR KNOWLEDGE

5.1 OVERVIEW

The principle of efficient coding has served primarily as a model of early vision, but to date
no model has used exact InfoMax as an organizing principle for the visual hierarchy as a whole.
Here I extend the single-layer InfoMax objective of the previous chapter to a hierarchy of latent
variables. In principle, this unsupervised objective supports learning of modular, layer-wise pri-
ors and a decomposition of images into a set of conditionally independent generative features. By
pairing a hierarchical feedforward recognition model with recurrent and feedback connections,
the resulting architecture assigns a functional role to both intra- and inter-layer connectivity
and blends discriminative and generative accounts of the visual hierarchy. The model remains
unimplemented, but the objective predicts that it should learn layer-wise representations of pro-
gressively more abstract variables, each conditionally independent given its parent latent.

I begin with an overview of hierarchy and its signatures in natural images. I then turn to
hierarchical structure in the brain and computational efforts to explain it. Next, I present the
hierarchical InfoMax objective and show how it might be implemented in a neural network. I

close with a short discussion about the proposed model and directions for future work.
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5.1.1 HIERARCHY IN THE WORLD

It is an intuitive fact that the world has hierarchical structure. In the physical world, atoms
are organized into molecules, molecules into crystals, crystals into rocks, so on and so forth, all
the way up to macroscopic objects such as planets and galaxies. But moving downwards from
the atom, we find another hierarchy of the microscopic: nuclei, quarks, and other elementary
particles. Similar hierarchies exist in biology, social systems, and language. Many people have
speculated as to why hierarchies are so ubiquitous, but among the proposed reasons perhaps the

most salient comes from Herbert Simon (Simon, 1962):

On theoretical grounds we could expect complex systems to be hierarchies in a world
in which complexity had to evolve from simplicity... The complex forms can arise
from the simple ones by purely random processes. Direction is provided to the
scheme [of hierarchy] by the stability of the complex forms, once these come into
existence. But this is nothing more than survival of the fittest i.e., of the stable. The
effect of the existence of stable intermediate forms exercises a powerful effect on the

evolution of complex forms.

In essence, complex objects that have hierarchical structure — in the sense that they are comprised
of stable intermediate objects — are more likely to persist than complex objects that do not, and
thus “win out” in numbers over time. Hierarchy is thus an expected organizing principle of a
world where we observe complexity.

We do not, however, encounter this hierarchy directly. Our access to the physical world
is mediated through our senses, and our senses register only the end product of a hierarchical
process. For example, images are the two-dimensional patterns of light that surfaces cast onto
the retina. But images are formed from a hierarchical generative process: the scenes we observe
are themselves composed of objects, objects contain surfaces, and surfaces have local pattern of

reflectance, and only then, at the final stage, do these result in light intensities. As such, images
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have embedded in them a statistical signature of the generative process, and it is only through

these statistics that we get access to the hierarchical structure in the world.

5.1.2 STATISTICAL SIGNATURES OF HIERARCHY IN NATURAL IMAGES

There are several notable examples of statistical signatures of natural images arising from
hierarchical structure. We mention three that reveal progressively more about the generative
structure of the world. In images we observe a power spectrum of S(f) oc |f|™%, where a ~ 2
(Field, 1987). This arises from the scale invariance of potential causes, which implies that there
is no privileged spatial frequency and the image appears self-similar across scales. Yet the power
spectrum is only a second-order statistic; a Gaussian random field with the same spectrum con-
tains no edges, objects, or recognizable structure. While scale invariance tells us that causes span
all scales, they do not indicate that they are hierarchically organized.

A stronger signature appears in higher-order statistics. The responses, or coefficients c, of
localized bandpass filters applied to natural images, such as those given by Gabor or wavelet
filters, are highly non-Gaussian, with sharply peaked, heavy-tailed marginal distributions well fit
by a generalized Gaussian p(c) « exp(—|c/s|f) with B < 1 (Field, 1987; Mallat, 1989; Olshausen
and Field, 1996). This sparsity reflects the fact that scenes are composed of a relatively small
number of localized structures, such as edges, contours, and textures, so that any given filter is
silent most of the time and responds strongly only when its feature is present. However, while
marginal statistics describe each coefficient in isolation and give us a sense of the primitives out
of which images are built, they by themselves do not suggest a hierarchy.

The clearest indication of the hierarchical generative process appears in the dependencies
between coefficients. Measured in a representation with joint localization in space, scale, and
orientation, such as the steerable pyramid (Simoncelli and Freeman, 1995), neighboring bandpass
responses are approximately de-correlated, E[c;c;] ~ 0, and yet their magnitudes are strongly

coupled, E[|c;| [cj|] > E[l|ci|] E[|c;|] (Wainwright and Simoncelli, 1999; Schwartz and Simoncelli,
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2001). A single underlying cause such as an object boundary, or a change in illumination, modu-
lates the amplitude of a neighborhood of coefficients, keeping the second-order structure intact
while inducing higher-order dependencies. This shared cause is a sign of hierarchical structure in
the world,; it is captured by hierarchical latent-variable models such as the Gaussian scale mixture,
in which a shared latent variable v scales a vector of Gaussian coefficients, ¢ = /v u (Wainwright

and Simoncelli, 1999).

5.1.3 DIFFICULTIES OF INFERENCE

To get access to the hierarchical causes of the world from these statistical observations, we
must perform inference of the underlying hierarchical causes. But there are two potential diffi-
culties. If the generative process has dense causal structure, exact inference becomes intractable.
A posterior over dense causes does not factorize, and disentangling any one cause requires rea-
soning jointly about all the others it interacts with, at a cost that grows exponentially with the
number of causes. Moreover, if the generative function is non-linear — as we know they are —
then the inferred structure may be non-identifiable (Hyvarinen and Pajunen, 1999).

We escape the first difficulty by noticing that most causes in the world are only weakly con-
nected with most other things, and that an effective description of reality only requires an account
of a tiny fraction of all possible interactions — a notion called the “empty world hypothesis™® (Si-
mon, 1962). There is ample evidence to suggest this is true: Lin et al. (2017) points out that the
physical generative hierarchy is a sequence of simple, often Markov, local operations. This spar-
sity is formalized most completely by the renormalization group, under which coarse-graining
suppresses all but a few “relevant” couplings, so that the effective description at each scale de-
pends on only a handful of parameters irrespective of the microscopic details (Wilson, 1975).
This explains the success of reductionism in the physical sciences; seemingly complex systems

can be well-described by the sparse interaction of simpler, constituent parts. Thus when perform-

IThis hypothesis should give hope to all who strive to build simple theories of natural phenomena.
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ing inference, we can build hypotheses assuming a sparsity of causes and interactions between
causes.

We overcome the second difficulty in two ways. The non-identifiability statement is predi-
cated on observing independent samples from the world, but our visual system receives a tem-
porally continuous stream of inputs in which the latent causes are non-stationary. This auxiliary
signal allows for identifiability even in non-linear settings (Hyvarinen and Morioka, 2016; Hy-
varinen and Morioka, 2017). Moreover, we can again invoke the empty world hypothesis to assert
that the generative function of images is not an arbitrary nonlinearity; the process of image for-
mation is local, compositional, and sparse in how the latents interact over time (Klindt et al., 2021).
Recent work has shown that leveraging sparsity of this kind allows for identifiability (Lachapelle

et al., 2022) even when applied to natural data (Klindt et al., 2021).

5.1.4 HIERARCHICAL STRUCTURE IN THE BRAIN

Biological brains possess structural features that suggest inferential computations may be
performed hierarchically. The visual cortex of primates is organized as an anatomical hierarchy,
defined by the characteristic laminar patterns of feedforward and feedback connectivity between
areas (Felleman and Van Essen, 1991), and the patterns of neural activity along this cortical hierar-
chy reflect progressively more complex image structure. In primary visual cortex (V1), neurons
have receptive fields well described by Gabor filters that are selective for local oriented edges
(Hubel and Wiesel, 1962; Jones and Palmer, 1987). In V2, neurons become sensitive to the higher-
order statistical dependencies that characterize naturalistic textures, a selectivity that is largely
absent in V1 (Freeman et al., 2013). These correspond to the coefficient correlations across scale,
orientation, and position that were identified as a signature of hierarchical structure. Area V4
represents intermediate shape features such as curvature and boundary conformation (Pasupa-
thy and Connor, 2001). Meanwhile, at the top of the ventral stream the inferotemporal cortex (IT)

represents complex objects and faces, while remaining invariant to changes in position, scale, and
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pose (DiCarlo et al., 2012). Each stage untangles object identity from other nuisance factors that
obscure it, such that by the end of the hierarchy, identity becomes approximately linearly sepa-
rable (DiCarlo et al., 2012). Taken together, ascending the ventral stream can be interpreted as an
inversion of the generative process that produced the image.

In general, forming a hierarchical model of the world is an economical way to describe a world
that is itself hierarchical. Given such a world, a modular and compositional set of representations
allows combinatorially many objects to be described in a compact format by recombining a small
set of reusable parts. A hierarchy also reorganizes the dependencies among elements: rather
than modeling many dense interactions among elements within a single layer, it captures those
relations through a shared higher-level element, rendering them conditionally independent. The
interactions are not eliminated but rather expressed as a few vertical dependencies rather than
many horizontal ones. This allows each description within each layer to be simpler and sparser.
Finally, a hierarchy allows grouping of features by scale, so that an object can be described to any
desired level of granularity without invoking lower level detail, allowing the description to be as

economical as the task demands.

5.1.5 HIERARCHICAL MODELS OF VISUAL PROCESSING

If hierarchy is such an economical way to represent a hierarchical, sparse world, it is unsur-
prising that it has become a central organizing principle in models of vision. These models fall
into two broad families, reflecting two conceptions of inference (Peters et al., 2024): either as dis-
criminative inference, which map an image bottom-up onto the behaviorally relevant variables,
or as generative inference, in which sensory evidence is evaluated against a generative model of
how the image was formed.

The discriminative conception treats vision as a largely feedforward transformation that pro-
gressively discards nuisance variation in an image for the purpose of formatting it for a down-

stream behavior rather than for reconstruction. This idea has a long lineage, starting with the
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simple-to-complex cell scheme of Hubel and Wiesel (1962) and the neocognitron of Fukushima
(1980); but across all these models they utilize a motif of alternating feature selectivity and pool-
ing that builds representations of increasing complexity and invariance (Riesenhuber and Poggio,
1999; Serre et al., 2007; Lecun et al., 1998; Krizhevsky et al., 2017). Of these, the models that learn
their features from natural images are the best models of cortex. Such models with learned in-
termediate representations account for a range of ventral-stream selectivities (Serre et al., 2007),
and, somewhat surprisingly, deep networks optimized purely for object recognition, with no fit-
ting to neural data, turn out to be the best available predictors of population responses in V4 and
IT cortex (Yamins et al., 2014).

The generative conception casts vision instead as the inversion of an internal generative
model of images, based on Helmholtz’s account of perception as unconscious inference (Helmholtz,
1852). Sensory evidence is evaluated against hypotheses about the latent causes that could have
produced it, and perception corresponds to the causes that are deemed most probable. In its
hierarchical form, higher cortical areas encode beliefs about more abstract causes and send top-
down predictions to lower areas, which return the residual mismatch (Mumford, 1992; Lee and
Mumford, 2003). Rao and Ballard’s predictive coding model provides further biological support: a
hierarchical network trained to minimize prediction error on natural images develops simple-cell-
like receptive fields, and the units carrying residual error reproduce extra-classical receptive-field
effects that a purely feedforward account struggles to explain (Rao and Ballard, 1999). The cor-
responding lineage in machine learning, beginning with the Helmholtz machine (Dayan et al.,
1995) and Wake-Sleep algorithm (Hinton et al., 1995), has led to hierarchical latent-variable mod-
els, such as the Ladder VAE (Senderby et al., 2016) and other deep VAEs (Vahdat and Kautz, 2021),
in which each level of latents generates the level below.

In practice these two conceptions are less distinct than one might initially suspect (Peters et
al., 2024), and one way to bridge them is through amortized inference. A variational autoencoder

is generative in its philosophy, positing an explicit model of how images arise, yet the recognition
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network that performs inference is a feedforward, discriminative map from image to latent esti-
mate, trained to approximate the inversion of the generative model rather than on a behavioral
objective. Predictive coding blurs the line from the other direction, combining top-down gen-
erative prediction with bottom-up error signals that are themselves a discriminative readout of
prediction mismatch. A model can therefore be generative in aim while remaining discriminative
in its mechanism.

The model, which I present below, sits in this middle ground. Its aims and mechanisms blend
both philosophies: where the VAE elevates the generative decoder and treats the encoder as
an amortized approximation to the posterior, an InfoMax objective makes the encoder itself the
target, maximizing the mutual information I(X; Z) carried by the recognition model. Meanwhile,
my model possesses recurrence and feedback connections from higher to lower layers, suggesting
a generative view of inference. This places the objective on the discriminative side of vision, even

as the learned representation captures the generative causes of sensory input.

5.2 HieErRARcCHICAL INFOMAX

The goal of this model is to extend the principle of InfoMax to learn a hierarchy of repre-
sentations rather than a single latent layer. Much like the single layer model presented in the
previous chapter (Chapter 4), the nature of our solution is a feedforward encoder paired with a
denoiser-based generative model that aims to maximize the mutual information between the rep-
resentation and inputs. As we shall see, it is jointly optimized on a generalization of the InfoMax

objective to multiple hierarchically organized latent variables.

5.2.1 OBJECTIVE

We investigate the simplest form of hierarchy where the generative model possesses two

latent variables Y and Z. For images X, we assume a Markov generative structure Z — Y — X,
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as in Ladder VAEs (Senderby et al., 2016). Our goal is InfoMax, so we wish to maximize the
mutual information between the joint distribution over the latents (Y, Z) and the observation X,
given by I(X;{Y,Z}). Since we consider a stationary distribution, we can assume the entropy
of X is fixed, and simply minimize the conditional entropy h(X | {Y,Z}). In the parlance of
rate-distortion, this is our distortion term.

As before, we formalize the resource constraint of efficient coding (the rate) as the mutual

information I(X;{Y, Z}). Altogether, we aim to minimize the objective

L=h(X[{Y,Z}) - pI(X:{Y,Z}).

A quick sanity check that this is the right generalization of the single layer InfoMax objective
is by defining a substitute variable U := {Y, Z}; writing the above objective with U instead of
{Y, Z} recovers the single layer objective.

Under a Markov generative model, the conditional entropy reduces to

h(X | {Y,Z)}) = h(X | ).

The rate, meanwhile, corresponds to a constraint on the recognition model, which we do not

assume to be Markovian. Thus we can decompose the mutual information constraint as

10X:{Y,Z}) =I(X;Z) + [(X;Y|Z). (5.1)

Thus we minimize the objective

L=hX|Y)+B(I(X;2) +1(X;Y | 2)).
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5.2.2 IMPLEMENTATION

MoODEL PARAMETERIZATION There is a large family of models that can implement this objective.
To constrain this family, we must make several modeling choices. One such choice is to follow
the philosophy laid out in Chapter 2, where we represented local priors using attractor dynamics.
This suggests parameterizing each prior over X and Y with a separate denoiser. The idea is to
learn an attractor in the space of Y such that inference occurs by integrating prior dynamics with
bottom-up and top-down sensory signals, which take the form of guidance scores.

For the recognition model, we choose a particular parameterization that is inspired by the
hierarchical encoder in the Ladder VAE (Senderby et al., 2016). It specifies a posterior over the

joint latents p(y, z|x) that is factorized in a “top-down” manner,

py(y:z | x) = py(z | x) py(y | x, 2). (5.2)

We adopt a variational approach to the recognition model such that all latent variables are en-
coded using a single feedforward neural network with parameters ¢. The neural network parametrizes
the following maps: (i) deterministic maps x — y; and y; — z4, (ii) linear decoder heads
Ya — (py,2y) and zg — (pz, %), and (iii) a linear encoder head y — y,. Through parameter
sharing, we can express the map p(z|x) using the combination of maps x — yg — zg — (piz, 22).
The likelihood .Z(y; z) is given by the maps y — y; — z4 — (i, 2;). Meanwhile, the map
p(y | x,z) is never expressed other than in through score form V,, log p(y, | x,z); we will see
later how this is expressed using the encoder maps.

For the denoisers, we assume that both noising operators follow x, = /yx + € and y, =
\V1y + €, where €, and €, are drawn from isotropic Gaussians with the dimensionality of x and y

respectively.
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COMPUTING THE DISTORTION The distortion is the conditional entropy h(X | Y), which is given

by an integral over MMSE terms according to the conditional I-MMSE relation:

1 (o]
h(X1|Y)= 3 /(; Ep(xx,.z) [ ||x - X(xy,7, y)”2 ] dy + const.

1

® . 2
=3 / Ep(x.x,.9) [ ||x —X(xp,¥) — gy Vs, Iogp¢(y|xy)|| ] dy + const.
0

where the constant term is independent of the conditional denoiser, and g, = 1/4/y is a y-
dependent scalar that appropriately weighs the two terms according to Bayes’ rule. This is essen-
tially the same formulae as Eqs. 4.4 and 4.7 in Chapter 4, but with z replaced by y. We compute
the y-posterior score with respect to x, via auto-diff. As before, the marginal distortion is defined

as the expected MMSE at SNR y:

Oh(X, | Y) = Bpian, | [ = 203, 1) = 9y, Tog py yl)|[* | (5.3)

COMPUTING THE RATE  We can now invoke the I-MMSE relation to show that the marginal forms

of the rate terms in Eq. 5.1 are

(X3 Z) = B, |7 ||Vs, 10g p oy ]| = B |12 gyl

an(X; Y,7|Z) = Ex,y,y,,,z [7‘3 ”qu logp(x|y,7, Z)”Z] = Ex,y,y,,,z [7‘,‘? ||gx|y,,,z||2] :

The derivation is given in Appendix D.1. We know how to compute the first marginal rate term
dyI(Xy; Z) from the previous chapter: given a fixed denoiser V. log p(x,), we can minimize the

squared norm of the guidance score V, logp(z|x,). The second marginal rate term is trickier.
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We can use the following identities

qu log p(yylx,2z) = Vy,; log p(x|yy, z) + Vy,, log p(yylz) = Vy,, log p(zlyy, x) + Vy,, log p(yylx)
(5.4)

that fall out from Bayes’ rule. Rearranging, we get

qu log p(x|yy, 2) = Vy,, log p(yylx) + Vy,, log p(zlyy,, x) — Vyn log p(yyl2)

= Vy,, log p(yylx) + Vy,, log p(z|yy, x) — vy, log p(zly,) — Vy, log p(yy)

where in the second line we have again used Bayes’ rule.

Let us consider each of these four terms in turn. Since the mapping x — y is a Gaussian and
the forward noising operator p(y,|y) is also Gaussian, the distribution p(y,|x) = / p(ylx)p(yyly) dy
is given by the Gaussian p(y,|x) = N(\/&—,]yy|x, ayZyx + (1 — @)I). Thus V,, log p(y,|x) has a

closed-form solution:

Yy — N hylx

Ay Syl + (1 - ay)

Vy, log p(yylx) = -

Next, we know how to compute V,, log p(y,) using the unconditional y-denoiser, and w can
calculate the guidance score V, logp(z|y,) by taking the gradient of the log likelihood of z(y)
with respect to yy,, using auto-diff of the mapping vy, — zqg — (pz|y Zz|y) — z where we sample
z2(yy) ~ N (pzjys Zzpy)-

We compute the last term V,, log p(z|y,, x) by taking the gradient of the log likelihood of
z(x) - the z that comes from x — with respect to y,, using auto-diff of the same mapping y, —
zqg = (Mz|y> 2z)y) — z where we sample z(y,) ~ N (), Xzpy).-

The rate is the L2 norm of the sum of all four scores.
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TRAINING The loss is computed in expectation over y using the marginal form of the loss, which

is defined as
3,L =a,h(X, | Y)+p (ayI(Xy;Z) +,I(X: Y, | Z)), L= / 3, L dy.

CONDITIONAL GENERATION In order to perform conditional generation (conditioned on the la-
tents of a clean target image x), we follow the Ladder VAE prescription of sampling from the
posteriors in turn: first we sample z ~ p(z|x), then sample from p(y|x, z) via the conditional
diffusion model. Tweedie’s formula tells us how to get the y-specific y estimate in terms of the

score:

g(yl]’ ’73 X, Z) = E[ylyﬂ’ X, Z] = yi] + Y qu logp(yl]lx’ Z)‘

Since we know how to compute all four terms on the RHS of Eq. 5.4, we can compute the score
Vy, log p(yylx, z). We get a clean sample of y by performing iterative denoising using the DDPM

reverse process (Ho et al., 2020).

5.3 DiIscuUsSION

We have generalized the single-layer InfoMax objective of the previous chapter to a hier-
archy of latent variables. This unsupervised objective can be used to learn modular, layer-wise
priors that combine with bottom-up sensory and top-down contextual signals to infer local latent
variables.

While we have considered the simplest hierarchy of two latent variables, we can easily gen-
eralize the model to three or more latent variables. Because of the Markov assumption between
the latent variables, each latent variable only depends on its neighbors and hence the number of
mappings scales linearly with the number of latent variables. Moreover, we see that the global

rate-distortion objective is a series of self-similar local rate-distortion objectives, with each layer

102



aiming to reconstruct its own latent variable under rate constraints.

The modularity of the objective is inspired by the modular neural circuit account of prior
representation and inference proposed in Chapter 2. The decomposition of the objective into a
series of local reconstruction objectives suggests that the role of feedback connectivity in cortex is
not only for top-down guidance during inference, but also for learning via reconstruction. This
has two implications. First, it avoids the common criticism levied against reconstruction as a
learning objective, which is that the brain does not possess the requisite anatomical structure
for comparing reconstructed against sensory evidence. In contrast, local reconstruction requires
only the transmission of signals between cortical layers rather than to the retina. Second, the re-
use of the same circuitry for both learning and inference suggests either a bi-phasic alternation
of these two functions or a separation of the two over different timescales. I have both explored
both possibilities in the context of a VAE in a separate paper (that is not part of this thesis)
(Bredenberg et al., 2021) that considers a biologically-plausible generalization of the Wake-Sleep
algorithm (Hinton et al., 1995). A promising and interesting direction would be to extend this
work to the denoising regime.

Beyond implementing the model and training it on toy data, natural next steps include scal-
ing to naturalistic datasets and characterizing the representations the model learns. Remarkably
little work has examined what the layers of a hierarchical VAE come to represent, as opposed to
whether a single latent space is disentangled; Csikor et al. (2022) is a notable exception. In theory,
the diagonal encoder covariance should encourage the model to learn conditionally disentangled

latents. Verifying this will require both empirical and theoretical work.
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6 DiscussioN

6.1 OVERVIEW

This thesis began with a question that the Bayesian account of perception raises but does not
answer. If perception is inference, and inference requires a prior, then the prior must be something
that is physically present in the brain: represented by neurons, used within the time available for
a percept, and acquired from experience. The cognitive literature has treated the prior as a term in
an equation, but once we ask where that term lives inside the brain, the existing theories thin out
quickly. No single model provides an explanation for the sort of priors that have been measured
behaviorally (Houlsby et al., 2013). A few models capture priors over scalars such as orientation or
contrast (Laughlin, 1981; Ganguli and Simoncelli, 2014). Circuit models of sampling tell us how a
distribution might be represented in activity, but the distributions they represent are, in practice,
Gaussian or close to it (Hennequin et al., 2014; Aitchison and Lengyel, 2016). Neither scales to
the objects that actually generate our sensory data: nonlinear manifolds of high dimension, with
structure at many scales and mass concentrated far from any single mode (Fefferman et al., 2016;
Brown et al., 2023).

The wager of this thesis is that the gap is not necessarily conceptual but technical, and that
it is accounted for by a specific class of models. Diffusion models learn complex priors over the
kind of variables the brain must represent, and they do so through a single operation, denois-

ing. Section 1.5.3 laid out three implications of this operation: used iteratively, it corresponds to
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stochastic attractor dynamics; used in conjunction with latent variable models, it can learn a mul-
tiscale representation; seen through the lens of the - MMSE relation, it can provide an estimate
of mutual information.

Each perspective corresponded to a research chapter. Chapter 2 asked what a circuit that
ran such stochastic attractor dynamics would look like. Chapter 3 asked what kinds of represen-
tations one could learn when the diffusion and VAE objectives are written in a common form.
Chapters 4 and 5 used the connection to information theory to turn InfoMax from a principle
into an objective that can be optimized exactly.

Read together, the chapters divide into two topics. Chapter 2 concerns the use of a prior that
is already in place, while Chapters 3 through 5 concern how such a prior might be acquired. The
two halves are connected: the prior that Chapter 2 assumes is carried by the weights of a denoiser,
and the objectives in Chapters 4 and 5 train such a denoiser.

This thesis addresses many of the difficulties in learning priors raised in Section 1.5, but Ta-

ble 6.1 is explicit about which difficulties this work addresses and which it does not.

6.2 INFERENCE OF COMPLEX POSTERIORS IN NEURAL CIRCUITS

Chapter 2 proposed that a prior over a complex, high-dimensional latent space is stored in the
recurrent weights and dendritic nonlinearities of a cortical circuit, and is expressed as samples
by the circuit’s stochastic dynamics. An ongoing local oscillation supplies the noise schedule;
over the course of this oscillation the effective noise anneals, and at its peak the circuit’s state
corresponds to a prior sample. Inputs, whether bottom-up sensory evidence or top-down context,
enter as an additive bias that redirects the same dynamics from the prior to the corresponding
posterior. Across tasks, the circuit does not change aside from what is fed into it.

Set against existing accounts of neural priors, this proposal occupies a position that was pre-

viously empty. In the tuning-curve accounts, the prior is implicit in a population’s preferred fea-
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tures (Ganguli and Simoncelli, 2010; Ganguli and Simoncelli, 2014), but each neuron’s preferred
feature is static and the number of neurons required scales exponentially with the dimension
of the feature space. In the sampling accounts, the prior can in principle be high-dimensional,
since dimensionality scales with neuron count (Fiser et al., 2010; Berkes et al., 2011). But circuit-
level implementations of sampling trade expressiveness for tractability, and the distributions they
sample are simple enough that a parametric representation would have served (chen.etal.2023).
Chapter 2 keeps the explicitness of the sampling accounts and drops the restriction on the distri-
bution.

While I concede that not all details of my model are necessarily the ones implemented by
neural circuits, there are several properties that address fundamental difficulties faced by the

brain.

SpeeDp. Estimating a posterior expectation requires accumulating samples, so sampling speed is
a hard constraint on any sampling account of neural computation (Rullan Bux6 and Savin, 2021;
Savin and Deneve, 2014; Masset et al., 2022). Markov chain methods pay for the complexity of the
target in mixing time, and the cost is worst exactly for the cases that motivate sampling in the first
place: multi-modal distributions with low probability “holes”, and distributions concentrated on
nonlinear manifolds. The reverse process of diffusion models does not have this problem by con-
struction. Each run is independent of the last, and the annealing schedule blurs the distribution
at low SNR so as to bridge the low probability barriers. The circuit implementation of Chapter 2

preserves this property.

CompPLEXITY. The dendritic nonlinearity and the recurrent dynamics give us expressivity. Be-
cause the reverse operator is a nonlinear function of the population state, the represented prior
can be an arbitrary distribution on a low-dimensional nonlinear manifold embedded in a high-
dimensional space. This is the first circuit-level account I am aware of in which the class of

representable priors is not the binding constraint on the model.
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ReEUse. The same weights serve every task, and a task is specified entirely by the bias. This
matches the behavioral observation that humans carry priors across tasks rather than relearning
a stimulus-response map for each one (Houlsby et al,, 2013; Turk-Browne et al., 2010), and it
is the property the introduction argued an agent under epistemic uncertainty must have. It also
means the model makes a prediction that is unusual for a circuit model: the spontaneous statistics
should be invariant across tasks that share a sensory domain, with all task dependence confined

to the evoked condition.

6.2.1 WHAT THE CIRCUIT MODEL DOES NOT SETTLE

The proposal is an existence argument, not a uniqueness argument. Dendritic nonlinearities
are one way to implement the reverse operator, but each timestep could equally be carried out by
a small feedforward subnetwork with recurrent interaction between subnetworks (Suppl. A.5).
That alternative hypothesis constrains the architecture less but demands that noise be injected
uniformly across the network rather than confined to a single circuit, which is not, on the face of
it, what the anatomy suggests. I do not think the computational results distinguish these options.
A model of learning might, since the two architectures assign credit differently, but one would
need to measure the noise correlations across the brain to rule one out over the other.

Three further gaps deserve naming. First, the schedule is exogenous. I have taken the oscil-
lation as given, but I do not suggest where the schedule comes from (though I speculate that this
type of modulation could be implemented by local inhibitory subunits), or how it would adapt
when the sensory evidence is ambiguous or noisy. The tempered-transitions view (Savin et al.,
2014; Neal, 1996) suggests one possibility: if f§ is an inverse temperature, then the schedule is
a free parameter that a circuit could in principle tune, and an adaptive schedule would predict
oscillation frequency or amplitude to covary with sensory uncertainty. Second, the readout is un-
accounted for. If samples arrive at a particular phase, some downstream mechanism must know

to read at that phase, and I have not defended this assumption of a phase-dependent readout.

107



Third, the conditioning operation is stipulated rather than derived. I have assumed the likeli-
hood enters additively, and in Chapter 4 I provide a normative reason as to why an additive bias
orthogonal to the prior drift is rate-optimal, but I have not joined these two arguments into a

single claim.

6.3 INFOMAX LEARNING AND REPRESENTATIONS

The second half of the thesis asks how the brain learns a prior. I argued that an animal that
does not know which tasks it will face should preserve as much information about its input as
its resources allow, since information discarded during encoding cannot be recovered later. This
calls for learning a representation via InfoMax.

Until recently, the mutual information I(X; Z) had no closed form outside restrictive cases.
Estimators are data-hungry and biased, and so the principle has only been implemented through
proxies or under assumptions in service of analytic tractability. The contribution of Chapters 4
and 5 is to remove that obstacle: the I-'MMSE relation (Guo et al., 2005) turns the quantity a
denoiser is already trained to minimize into the derivative of the information it has captured, so
InfoMax can be optimized exactly rather than approximated.

The three chapters trace this idea through three formulations.

CHAPTER 3: THE GENERATIVE ACCOUNT. SAMI optimizes an exact ELBO in which both the clean
and the noisy image are encoded into probabilistic latents. This dual encoding allows the infer-
ence network to predict the log-likelihood of clean features while conditioned on noisy observa-
tions. This has several benefits: it induces the representation to separate signal from noise, and to
calibrate posterior variance against the irreducible uncertainty in the data. The “latent-hole prob-
lem” that afflicts VAEs (Rezende and Viola, 2018; Xu et al., 2020) is also provably and empirically

mitigated. Moreover, the learned representation is both sparse and disentangled across features,
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Difficulty (§1.5) Where addressed

(1) Priors over high-dimensional latents Ch. 2-5: the prior is learned by a de-
noiser

(2) Statistics evolve over several timescales Partially: see §6.3.2

(3) Efficient coding assumes low noise and deterministic ~ Ch. 4: the rate is defined for a stochastic

responses encoder

(4) The mechanism of learning must be specified Partially: Ch. 5 decomposes the objec-

tive layer-wise, but biologically plausi-
ble local rules remain to be derived

(5) Efficient coding is a theory of early processing only Ch. 4: InfoMax implemented using
a deep convolutional network as the
recognition model; Ch. 5: extended In-
foMax to a hierarchy of latents

(6) Neither efficient coding nor Bayesian inference says Ch. 4: the relevance variable is the input

which latents to learn itself, and the rate does the selection
(7) Learning the prior requires inference, which re- Partially: taking the data as its own tar-
quires the prior get avoids the uninformative fixed point,

but posterior collapse is still possible

Table 6.1: The obstacles to learning priors as set out in Chapter 1, and where each is addressed.

allowing for automatic straightening of natural videos (Hénaff et al., 2019). The disentanglement
result follows from three ingredients: multiscale structure in the data, a factorized encoder, and

the total correlation penalty implicit in the ELBO.

CHAPTER 4: THE INFORMATION-THEORETIC ACCOUNT. This model generalizes on the previous
account by leveraging the relationship between denoising and mutual information. By recasting
this problem in rate-distortion terms we derive the optimal rate. The disentanglement result that
then follows is stronger than the one in Chapter 3 in a specific way: it does not appeal to the KL
term at all, only to the multiscale structure of the data and the factorization of the recognition
model. If the result holds, then disentanglement in diffusion-based representation learning is
simply a consequence of the data’s structure interacting with the structure of the recognition

model under information maximization.
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CHAPTER 5: THE HIERARCHICAL READING. The single-layer objective generalizes to a hierarchy
of latents, and does so in a way that decomposes into layer-wise rate and distortion terms. The
intermediate layer learns a local prior that combines bottom-up evidence with top-down context
to infer its own latents. This ties the two halves of the thesis together: the modularity is a reflec-
tion of the circuit proposal in Chapter 2, and the objective is an attempt to say how this circuit

proposal would learn its prior.

6.3.1 WHAT THIS BUYS

The efficient coding as formulated by Barlow (1961) had several restrictions, which my model
addresses. The encoding is stochastic, so the low-noise assumption can be dropped. The variable
is high-dimensional and nonlinearly embedded, so the theory contends with the latents of natural
images rather than with scalar contrast or orientation. And the code is hierarchical, so efficient
coding becomes a principle for the visual system rather than for its first stage.

It is true that many machine learning models learn hierarchical representations of naturalistic
images; these are thus far the best fit to neural data (Yamins et al., 2014; Schrimpf et al., 2020).
Two differences are worth drawing out.

The first is the absence of a task. Those models are typically trained on a supervised or self-
supervised objective, and the resulting representation is sensitive to the choice of task or data
augmentations, which induces the representation to discard nuisance variables. This requires
the practitioner to make a set of arbitrary decisions that are not well founded in theory. My
account approaches the problem of learning a hierarchical set of features without making such
decisions.

The second is anatomical. The models that best fit neural data are feedforward, but the cortex
is not: feedback and lateral connections outnumber feedforward ones at every stage of the visual
hierarchy (Felleman and Van Essen, 1991), and yet their computational purpose is still unclear.

My models have both pathways, and offers a functional role for each: top-down input is the
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conditioning that turns a layer’s local prior into a local posterior, and lateral recurrence is the
iterative denoising operator that samples from it. A feedforward network, by contrast, has no

prior to condition on and no local distribution to sample.

6.3.2 OPEN QUESTIONS

LEARNING RULES. Chapter 5 decomposes the objective into layer-wise rate and distortion terms,
which is a precondition for locality but not locality itself. Deriving a canonical local rule that
implements those terms, and asking whether it can be expressed in quantities a synapse has
access to, is the natural next step and the one that would most strengthen the link to Chapter 2.

Some of this work is already done. Bredenberg et al. (2021), on which I was also an author,
derives a local learning rule for VAEs by generalizing the wake-sleep algorithm, and the layer-
wise decomposition of Chapter 5 supplies the structure such a rule needs. What it does not cover
is the denoiser. A denoising objective is not a wake-sleep objective, and it carries a difficulty of
its own: as written it requires clean samples as targets, which may not be biologically plausible.

This is less damaging than it first appears, because the same problem has been solved else-
where. Stein’s unbiased risk estimator gives an unbiased estimate of the mean squared error
to a clean target using only the noisy observation and the divergence of the estimator (Stein,
1981), which has been used both to train denoisers without ground truth (Metzler et al., 2020),
and, in the empirical Bayes tradition, to derive optimal estimators without access to a prior at
all (Raphan and Simoncelli, 2011). Whether a SURE-like quantity can be computed locally, and
what its divergence term would correspond to in a dendrite, is an open problem left by this thesis.
Dendritic plasticity is the obvious place to look for the substrate, given that the dendrite is where
the reverse operator lives in the circuit model.

A related worry concerns reconstruction itself. I have used reconstruction as the distortion
term throughout, but read literally as a claim about anatomy it is hard to defend. No pathway

returns fully from visual cortex to the retina, so there is nothing in the brain that is positioned
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to reconstruct the image. The objective is better understood as applying between cortical stages
than to the sensory periphery. A cortical stage reconstructing the activity of the stage below,
or of a neighboring area, requires only the feedback connectivity that already exists, and all of
the information-theoretic justification can be readily transferred; the data processing inequality
holds along any Markov chain, and nothing privileges the retina as its source. In this view, the

distortion at each layer is defined against that layer’s input rather than against the world.

THE RELEVANCE VARIABLE. [ have taken the data as its own target, so that reconstruction stands
in for information. The information bottleneck (Tishby et al., 2000) shows that the same ma-
chinery accommodates any relevance variable, but the resulting objective is intractable for all
but the simplest choices, which is why the bottleneck literature has been confined to categorical
or scalar targets. The I-MMSE route offers a way to optimize the exact bottleneck objective for
high-dimensional relevance variables. Prediction on natural video is a promising case. Prediction
is arguably an even more biologically plausible objective for sensory systems (Palmer et al., 2015),
and a video frame is exactly the sort of relevance variable that the information bottleneck has

not been able to accommodate.

ReALisM. The compression literature has extended the rate-distortion tradeoff to include real-
ism, a constraint on the divergence between the distribution of reconstructions and the data dis-
tribution rather than on any pairwise fidelity. Diffusion-based decoders, such as mine, saturate
the realism constraint almost by construction, so the theoretical relationship between InfoMax
and perceptual realism are worth investigating. I suspect it may be informative as to why the

perceptual quality of these models does not degrade under compression.

PERCEPTUAL EFFECTS. We can test the model by trying to produce behavioral effects. Wei and
Stocker (2015) showed that perceptual biases for orientation move away from the peak of the prior

rather than toward it. This effect comes about because the likelihood is sufficiently asymmetric
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in stimulus space so as to overwhelm the pull of the prior, so an observer is repelled from the
values it encounters most often.

Wei and Stocker assume efficient allocation, which my model encourages through a constraint
on rate. The test is whether an encoder trained on a scalar variable induces a likelihood with the
right asymmetry, and whether the resulting estimates reproduce the measured biases in size and
not only in sign. A negative result would be as informative, since it would implicate the resource
constraint: their allocation follows from a budget on Fisher information and mine from a budget

on the rate, and the two may differ.

TiMmescaLEs. The statistics of the environment are inherited over evolutionary time, instantiated
during development, and refined across a lifetime (Series and Seitz, 2013), whereas the objective
has a single learning process running at a single timescale.

The multiscale disentanglement result is a start, since it is a statement about features orga-
nizing by scale, and empirically that organization extends to time: when fed frames of natural
videos, SAMI recovers features ordered by both spatial and temporal scale due to the innate cor-
relation between the two scales in natural statistics. Whether larger, coarser features are learned
first during training, however, is left as future work.

The combination I would like to try is the bottleneck with prediction as the relevance variable,
applied to the hierarchical model. Prediction sorts features by how long they stay informative and
the hierarchy sorts them by abstraction, so together they should sort features by the timescale
over which each is worth learning at all. My expectation is that regularities holding across all
natural video, and therefore across the whole of an organism’s experience, would settle into the
early layers, while features that hold only within a context would be confined to the late ones.
That would yield a correspondence between depth and timescale of acquisition, and with it a
prediction about where in the visual system to look for structure that is developmentally fixed as

opposed to experience-dependent. It would not explain why the layers differ in plasticity, but it
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would say which ones ought to.

CONDITIONAL DISENTANGLEMENT. The diagonal encoder covariance should, in theory, push the
hierarchical model toward conditionally disentangled latents, that is, latents that are independent
given the layer above rather than marginally independent. Verifying this needs both empirical
work on naturalistic datasets and theoretical work on what the layer-wise objective identifies.
Remarkably little is known about what the layers of a hierarchical VAE represent, as opposed to

whether a single latent space is disentangled.

6.4 EXPERIMENTAL PREDICTIONS

There are several experimental predictions that come out of my models.

PHASE-RESOLVED SAMPLING The strongest prediction concerns the relationship between spon-
taneous and evoked activity. Berkes et al. (2011) showed that the distribution of spontaneous
activity in ferret V1 comes to match the average evoked distribution over development, and used
the KL divergence between the two as a measure of calibration. My model predicts that this match
is also phase-dependent over the course of inference. Spontaneous activity is a sample from the
prior only at the peak of the oscillation, at the end of a reverse run; at other phases the state is a
partially denoised intermediate and its distribution is a smoothed version of the prior. The pre-
diction is therefore that the Berkes analysis, repeated with spikes segregated by the phase of the
local oscillation, should show a systematic modulation of the KL across phase, with a minimum
at one particular phase.

Two secondary predictions follow from the same schedule. Across-trial variability should de-
cline systematically within a cycle, since the effective noise is annealed, so Fano factors computed
in a phase-resolved manner should be highest early in the cycle and lowest at the readout phase.

And samples should be close to independent across cycles but strongly correlated within them,
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so the autocorrelation of the population state should show a sharp drop at cycle boundaries.

DENDRITIC MANIPULATION The expressiveness of the represented prior is carried entirely by
the dendritic nonlinearity. This yields a prediction that is unusual in being about higher-order
statistics rather than tuning: suppressing dendritic nonlinearity, pharmacologically or geneti-
cally, should preferentially degrade the structure of the spontaneous distribution while leaving
mean rates and first-order tuning comparatively intact. Concretely, the spontaneous distribution
should become more Gaussian and less concentrated on a low-dimensional manifold. A linear

circuit samples from a Gaussian, and this is the closest thing the model has to a falsification test.

SYNTHESIZING ILLUSIONS We can also make behavioral predictions using psychophysics. An
illusion is a percept in which the prior has overruled the sensory evidence. Given a model with
a trained hierarchical prior, we can search for stimuli on which the posterior departs maximally
from the likelihood, which should correspond to images impoverished or ambiguous enough
that the sampled posterior is dominated by the structure of the prior rather than by the input. If
the model prior resembles the observer’s, those stimuli should be misperceived in the direction
the model predicts. The light-from-above illusion of Fig. 1.1 is the kind of illusion that such a
procedure ought to detect. The interesting case is the generation of illusions that no one has yet
cataloged.

Hierarchical priors allow for the generation with respect to a cortical depth. Fixing the state
at one level while sampling the levels below yields stimuli whose prior-driven distortion orig-
inates at a known layer. If we believe that different layers capture features at different spatial
and temporal scales, we should be able to predict the scale at which the illusions fool human

observers.

PREDICTIONS FROM THE INFOMAX ACCOUNT The computational models of learning make less

direct contact with neural data, but three predictions are possible.
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The geometric reading of the rate in Chapter 4 predicts that the likelihood bias should be,
on average, orthogonal to the prior drift. In population terms, the displacement of the evoked
state relative to the matched spontaneous state should have little component along the direction
the spontaneous dynamics are already moving. This is measurable with the tools used to identify
task-relevant subspaces in prefrontal cortex (Mante et al., 2013), and the same analysis would test
the reading of the rate as a constraint on the total power of the likelihood population.

The multiscale assumption underlying the disentanglement proof is testable directly against
data rather than against brains: measuring the density of feature onsets as a function of SNR in
natural image datasets would establish whether the assumption required by the proof holds for
the signals the visual system actually encounters.

Finally, conditional disentanglement makes a prediction about noise correlations. If latents
within a layer are conditionally independent given the layer above, then a substantial share of
the noise correlation within a cortical area should be attributable to shared top-down input, and
correlations conditioned on the state of the higher area should be markedly weaker than un-
conditioned ones. Simultaneous recordings across two areas, with the higher area used as the

conditioning variable, would test this.

6.5 CONCLUDING REMARKS

In the introduction, I observed that neuroscience has sought to contain the complexity of
the brain by studying animals doing simple tasks, and that large-scale recording in naturalistic
settings has removed that constraint. Simultaneously, the theories of neural priors that I build on
were built for this simpler regime. They describe scalars, often assume low noise, and concern
early stages of visual processing. Yet none of these restrictions are essential to the underlying
principles.

This thesis presents a set of models that chip away at these restrictions. A denoiser gives us
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a prior over signals of arbitrary complexity, dynamics that sample from it quickly, and, through
the I-MMSE relation, a way to say exactly how much information a representation carries and
what it costs. By providing a computational account of how priors are learned and represented in
the brain, I provide some answers to the questions posed by Helmholtz and Barlow. As with any

theory, whether the brain builds priors in the way I have described is now an empirical matter.
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A APPENDIX: A CIRCUIT MODEL FOR
REPRESENTING COMPLEX PRIORS AND

PERFORMING FLEXIBLE INFERENCE

A.1 POSTERIOR SAMPLING DYNAMICS

We modify the original posterior flow field derivation by Sohl-Dickstein et al., 2015b to allow
for a biologically plausible posterior sampling algorithm. We wish to derive the posterior neural
transition operator p(x; | X;—1,y) by combining the prior neural transition operator p(x; | x;-1)
with an arbitrary likelihood signal py(y | x;). Recall that our prior neural transition operator is

Gaussian:

P(x¢ [ x¢-1) = N(po, (1= B)I)

log p(x; | X4-1) = — I|Ix; — ﬂ@,t”z +C

_r
2(1=p1)
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where C is a constant. Under some mild assumptions, we can approximate the log likelihood
log pys(y | x;) by Taylor expanding around x; = pg;, where pg; = pg(x;-1):

log py(y | %) = log py(y | x| . + (% = po) Vi, log py(y | x|,

=Hot =Ho.t

= (% — po) 8 (X1, y) + G

where the likelihood flow field g;(pg;,y) = Vx, log py(y | Xt)|xt=u9,z and C; is a constant. Note
that in this derivation, the gradient of the log likelhood is evaluated at pg(x;-1), the local somatic
current at the current time step. This makes a direct biological interpretation of the model prob-
lematic since the sensory area providing this likelihood signal cannot access the somatic current
and only has access to information from the previous time step. In order for our model to obey
temporal causality and local access to information, we suppose instead that the likelihood flow
field receives as input a point x;_; from the previous time step which is used to evaluate the like-
lihood flow field g;(x;-1,y) = Vxlog ps(y | X;-1)|x=x,_,- This approximation becomes more exact
the closer we are to the data manifold: since py(x;-1) can be thought of as the prior network’s
current guess of a point on the prior manifold, the error from substituting x;_; for pg; goes to
zero as X; approaches the prior manifold. We demonstrate this numerically in Fig. 2.2E.

The posterior neural transition operator combines the prior transition operator and likelihood

signal using Bayes rule:

log p(x; | xt-1,y) =log pe(x: | xp-1) +logpy(y | x1) + C4

1 2
=% - + (% — +C
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=——||x; — - (1- +——+C
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where C;_4 are constants that do not contain x;. As we can see, the posterior transition operator
is again a Gaussian and C4 corresponds to its normalizing constant. The effect of the external
likelihood signal is to shift the mean of the prior transition operator by an amount (1 — f;)g;.
To sample from the context conditioned posterior p(x | c¢), we learn a map from x; to ¢ by
training a feedforward neural network to classify points x; via optimization. For the trimodal
prior in Fig. 2.3, this is done by assigning one of three class labels to samples from the corre-
sponding mode. We construct the classifier training set by adding i.i.d. multivariate Gaussian
noise of varying degrees of variance to clean samples from the prior using the DM forward pro-
cess. As with the unimodal swiss-roll prior, at large degrees of noise most of the signal is removed
and the distribution resembles a white Gaussian. The classifier network is then trained via back-
propagation to receive x; as input and identify the class of the corresponding clean data sample.
Since the last layer of the classifier is a Softmax layer that normalizes the outputs to one, we
interpret the values of the classifier output as the probability distribution p(c | x;). g:(x;-1,¢) is

evaluated using the torch autograd package.

A.2 EFFECTS OF DENDRITIC TREE MORPHOLOGY

We studied how the morphology of the dendritic networks affected the speed of learning by
conducting a grid search over dendritic architectures that differed in width and depth. To isolate
the effect of the architecture choice, we kept the total number of parameters roughly the same
across all networks, meaning that as we increased network depth we also decreased network
width.

A dendritic architecture can be fully specified by an array of branching factors, which denotes
the number of children nodes at each layer. The array gives branch factors in order of distal to
proximal layers. The six architectures are defined as follows:

We trained four iterations of each network architecture with different random seeds. The
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Depth Morphology Num. of parameters
2 [59, 59] 35048
4 (8,8,7,7] 33154
5 [5, 5, 5, 5, 5] 34372
6 (4,4, 4, 4, 4, 3] 34814
7 (3,3,3,3,3,3,4] 34986
10 (2,2,2,2,2,2,2,2,3,3] 32234

Table A.1: Morphology of dendritic networks.

networks were trained on the 2D swiss roll manifold using the Adam optimizer with a learning
rate of 3e-4 over 1.5e6 epochs. We quantified the similarity of the network to the ground truth
manifold as a function of training epoch using a naive KL divergence estimator (10000 samples
each, with space discretized into 255 bins).

We see that shallower but wider networks learned faster than deeper but thinner networks,
and converged to a KL divergence value much lower than the other networks. However, we
cannot conclude that shallower networks perform better overall: the KL divergence value for the
6 layer network even towards the end of the 1.5e6 training epochs indicates that the networks
have not reached the global minimum of their loss functions, and suggests that with more training
epochs the network performance may continue to improve.

One limitation of the architecture is that the resulting recurrent network has dense connec-
tivity, linking each neuron to all distal branches of all neurons, which is biologically unrealistic.
We adjusted the tree architecture so that inputs from other neurons can project to different lo-
cations on the target neuron’s dendritic tree. Architecturally, this was achieved in the form of
skip connections from the neurons in the first layer (representing the output of the somatic com-
partment at the previous timestep) to intermediate subunits in the dendritic arbor of all neurons.
These skip connections, unlike those commonly found in deep neural network models (He et al.,
2015), have learnable weights. The synaptic inputs from these skip connections are summed by
the subunit together with incoming activity from more distal subunits. To encourage sparsity in

the recurrent inter-neuron connectivity, we added L1 regularization on the synaptic strengths.

121



Y
2]
L

-
'S
!

e
N
1

- N o MDD

o

—y
o
1

KL divergence
©

_ — —

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
training epochs 1e6

Figure A.1: Network performance over training. Each line corresponds to the performance of a model
architecture of a particular depth. We see that the KL divergence of shallower networks (depths 2, 4)
decreased the fastest, while deeper network converges slower. Note that the speed of learning does not
scale monotonically with network depth; for example, the 7-layer network learns faster than the 5 layer

network.
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Figure A.2: Effects of sparse recurrent connections targeting different locations on the dendritic tree.
Quality of prior samples as a function of the dendritic tree depth. S and N in the legend indicate archi-
tectures with and without skip connections, respectively. Number denote the strength of the L1 regu-
larization. We trained two models for each architecture. Shaded regions indicate variability in the KL
divergence resulting from variability in generated samples.
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We studied prior representational quality of the biologically-refined version of the model
while varying the depth of the dendritic tree for the same task (10 dimensional network rep-
resenting a 3 dimensional “swiss-roll” latent manifold). All models were trained over 2e6 epochs
with different degrees of L1 regularization. We compared model generated samples against the
ground truth by calculating the KL divergence between the two distributions formed by projec-
tions onto a two dimensional cross section of the manifold. The rest of the KL computation is
equivalent to the process described in Section 2.5. Here we chose this evaluation method over
calculation of marginal statistics (as in Fig. 2.1G and Fig. A.3) because some models produced
samples far away from the ground truth manifold. Models with stronger L1 regularization gen-
erally showed lower performance across most layer depths (Fig. A.2). Skip connections have a
more nuanced effect. In deeper networks, they result in large performance gains when compared
to models without skip connections. However, in shallower networks, skip connections result in
comparable or sometimes worse performance than their counterparts with no skip connections.

Why is this the case? Skip connections such as those used by deep networks allow for better
performance by preventing vanishing/exploding gradients; by giving the network another way
to route information, they induce a smoother loss landscape that is easier to traverse during train-
ing (Li et al., 2018). Even though our skip connections have learnable parameters, information
can still be routed along different pathways, allowing for more direct influence over particular
subunits. This effect is likely more pronounced in our tree architecture than in models with fully
connected layers since there is greater segregation of information at each layer. The relative
loss of performance in shallower networks suggests skip connections may induce destructive
interference that cannot be remedied if there are not enough downstream layers for further pro-
cessing. Indeed, we see that when the model is L1 regularized and has skip connections, optimal
performance occurs when the architecture is neither too shallow nor too deep, but rather pos-
sesses some intermediate number of layers. This may have implications on the type of dendritic

architectures we expect to see in sensory cortices.
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A.3 TESTING NEURAL SAMPLING QUALITY BY MARGINAL
STATISTICS

The data manifold on which the model in Fig. 2.1A was trained has three embedding dimen-
sions but is embedded in a 10-dimensional ambient space (using the terminology in Jazayeri and
Ostojic (2021)). We ensured the data have non-zero values in every dimension by rotating the
three dimensional manifold by /4 around each pair of axes.

The three dimensional swiss-roll manifold is uniformly distributed along the linear dimension
(i.e. the dimension orthogonal to the swiss-roll cross-section). We evaluated the marginal statis-
tics of the model output along this dimension by comparing the cumulative distribution function
(cdf) of this model output against a reference uniform cdf.

To recover the model’s marginal density along the linear dimension, we first projected the
network output onto the three basis vectors of the embedding space, which we calculated by
transforming unit vectors by the same rotation operators as the data manifold. We then projected
the model output along the third basis vector and computed the cdf along this dimension.

The empirical cdf is close to the reference cdf, indicating that the data are likely distributed
according to the uniform distribution. We can quantify this using the Kolmogorov-Smirnov
goodness-of-fit test, which is a nonparametric measure of the similarity between a continuous
empirical sample distribution and a specified reference distribution. We applied the KS test to
both the empirical distribution along the nonlinear dimension in Fig. 2.1G and along the linear
dimension in Fig. A.3. For a sample size of 1000 each, the p-value along the nonlinear dimension
is 0.145 while the p-value along the linear dimension is 0.125, making them statistically indistin-

guishable from the uniform distribution.
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Figure A.3: Marginal statistics along the dimension orthogonal to the swiss roll cross-section.

A.4 POSTERIOR AUTOCORRELATION

We numerically evaluated posterior samples generated by the neural circuit. We see in Fig. A.4
that the samples generated from neural sampling result in autocorrelation functions that rapidly
decrease and remains steadily at zero. This indicates that the posterior samples, like the prior
samples in Fig. 2.1G, are largely independent over time despite the approximations. This remains

true even when the neural sampling dynamics are influenced by contextual and sensory evidence.

A.5 STOCHASTIC NEURAL NETWORK

To assess whether the nonlinear operations of the neural sampling process could be instan-
tiated by a population of neurons rather than in the dendritic arbor of pyramidal neurons, we
trained a Stochastic Neural Network (SNN) model, a fully connected feedforward neural net-
work comprising neurons with linear weights, ReLU nonlinearity and somatic stochasticity. As
in our dendritic model, the somatic stochasticity in each neuron is additive Gaussian, with the

degree of stochasticity modulated by the phase of the global oscillation. The operation performed
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Figure A.4: Autocorrelation comparison of the posterior samples. (A) Posterior samples generated from
the two dimensional trimodal dataset as a result of observing contextual evidence (left), sensory evidence
(middle), and both forms of contextual and sensory evidence (right). The context cue for the context-
conditioned posterior is the discrete context random variable ¢, indicating the swiss roll manifold. The
sensory likelihood, as before, is a two dimensional linear constraint with a Gaussian-distributed uncer-
tainty around it. (B) The autocorrelation functions of samples generated by the DM reverse process (top
row) and neural sampling (middle row) for the different posterior distributions. The difference between
the two autocorrelation functions is shown in the bottom row.

by the neurons in each hidden layer can be expressed as

h; = ReLU(Wj(hj—1,t)) + (1 = By e, (A.1)

where h; is the output of hidden layer / and W, is the weight matrix at layer [. €; is a sample of a
Gaussian with identity covariance.
Our instantiation of this model architecture has three hidden layers, each with a width of 32

neurons. The degree of noise as given by the oscillator f; is concatenated with the output of
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Figure A.5: DM reverse process using the SNN architecture. The samples generated by the SNN result
in samples that lie on the two dimensional swiss roll manifold.

the previous hidden layer. We trained the model via backpropagation using the Adam optimizer
with a learning rate of 1e-4 over 5000 epochs. We show the distribution of samples generated at

intermediate points of the ascending phase below, in Fig. A.5.

A.6 MORE BIOLOGICALLY REALISTIC OSCILLATIONS

In the brain, oscillations fluctuate in both amplitude and frequency and do not have the per-
fect sinusoid structure assumed by the model. To test the effects of such fluctuations on the
circuit’s ability to sample from priors, we introduced variability in the amplitudes and/or pe-
riod of the f; oscillation. The original oscillation cycled between 0 and 1 with a period of 200
timesteps (Fig. A.6A). In these variations, the amplitude and period of the oscillation were
defined as random variables. The amplitude was drawn from a truncated normal distribution
A ~ N(Aoriginal, 0a), A > 0, ii.d for each cycle (Fig. A.6B), where samples were obtained by re-
jection sampling. The period of each cycle was similarly drawn from another truncated normal
distribution T ~ N (Toriginal, 07), T > 0 (Fig. A.6C). Finally, we also considered the combined effect
of simultaneous fluctuations in both amplitude and frequency (Fig. A.6D). Using the denoising-
trained 2D swiss-roll model, we used the induced f; values for circuit sampling. We assessed the
effect of the generated samples by comparing the empirical distribution given by the resulting
samples against the ground truth distribution, via the KL divergence. We find that the quality
of the samples is largely unaffected by the deviations from the perfect sinusoid (Fig. A.6E). The

KL divergence remains largely flat for a range of noise levels. This suggests that the sampling
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Figure A.6: (A) Reference fB; fluctuations for the simple model. (B) Example draw for a more natural-
istic oscillations with fluctuations in amplitude (64 = 0.15). (C) Example draw for a more naturalistic
oscillations with fluctuations in period (o = 30). (D) Example draw for a more naturalistic oscillations
with fluctuations in amplitude (64 = 0.15 and o7 = 30). (E) Deviations of empirical samples from ground
truth distribution for varying degrees of oscillation fluctuations. A standard deviation corresponds to the
deterministic setting. KL estimates use 5000 samples per run, with shading showing SEM estimated over
20 runs.

procedure can be reasonably robust for naturalistic oscillatory signals.

A.7 MNIST DATASET

To assess whether our model scales to higher dimensional priors, we trained our circuit model
on the MNIST dataset, which contains 28 by 28 pixel images of handwritten digits. We were able
to train several dendritic architectures to successfully generate digits from the MNIST dataset
(Fig.A.7, top two rows). They were trained by the same denoising objective, using the Adam
optimizer with a learning rate of 4e-3 for 5000 epochs. The best performing architectures were
two and three layer architectures with branch factors [12, 12] and [5, 5, 5] respectively.

We sampled a class-conditioned posterior by combining the model with a separate classifier
trained on MNIST digits (Fig.A.7, top two rows). We used approximate posterior dynamics de-

scribed in Section 3 and described in Supplementary section A.1. Taken together, these MNIST

128



results suggest that the biologically-motivated deviations from traditional diffusion models can

scale to higher dimensional distributions.

513|353
3122317

Figure A.7: Results for an an MNIST trained neural circuit. (A) Example prior samples, one per class. (B)
Example samples from the posterior conditioned on class ‘3’.
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B APPENDIX: LEARNING DISENTANGLED
REPRESENTATIONS VIA SCORE-BASED

VARIATIONAL AUTOENCODERS

B.1 ADDITIONAL RESULTS

B.1.1 REerLATION OF MMSE SOLUTION TO CONDITIONAL SCORE

Here, we provide a derivation of how the guidance score relates to the MMSE solution for the
noise present in the noisy image (Eq. 3.6). For a variance-preserving noising operator p(x;|xo) =

N (\axo, (1 — @;)I), Miyasawa/Tweedie’s formula is given as

1
Ep(xolx,,2) [X0] = \/_O_f_t[Xt + (1 — a) Vy, log p(x¢|2)].

We can compute the expected value of the noise in the noisy image

Fptuoteeny [€] = / € p(xolxe,2)d%o

1
= W [Xt - \/a__tEp(x0|x,,z) [XO]] .
- Uz
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where on the second line we have substituted in € = 1/vi-& (x;—V&;X¢) via the re-parameterization
trick. Now, rearranging for and substituting the expected value of x, into Tweedie’s formula

above, we are left with

Eptuahen [€] = \/11__0( [xt V& (\%’_{_[xt +(1-a@)Vy, 1ogp(xt|z>])]
1 _
= N [xt - (Xt + (1 —ay)Vy, logp(xt|z))]
1

= == (1= @)V, logp(xil2)

= V1= @ Vy, log p(x;|z)

which is the relation given by Eq. 3.6 in the main text.

B.1.2 GUIDING TRANSITION OPERATORS

Here we derive the equation for how the guidance score affects the DDPM reverse transition
operator, given by p(x;|x;+1). The classifier guidance equation in Eq. 3.7 can be expressed in

terms of the transition operators:

Vi, log p(x¢|Xt41,2) = Vi, log p(x¢|x¢41) + Vi log p(z|x, X41)

= Vy, log p(x¢|x¢41) + Vy, log p(z|x;),

where we have used the fact that since x;1 is a noisier image than x;, it carries less information
about z than x;, so the dependence on x;4; can be dropped. In practice, this problem is equivalent
to asking how to sample from p(x;_1|x;,z) over all noise levels ¢. For a given noise schedule
determined by {a;}, we evaluate x; ~ pg(x;—1|x;) = N (g, V1 — a;I) by estimating the transition

operator mean
1- a;

1
— | X
Vat ! 1_&1“

po(x;) = €9(xt) ],
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using which we can estimate the next state in the Markov chain x;_1 = pp(x;) + V1 — s €,
where € ~ N(0,I). To sample from the z-conditional distribution instead, this function must be

dependent on €p,4(x;, z) rather than on €g(x;):

1 1- a;
p(xs,z) = \/Tx_ X; — 1—0_[69,¢(Xt, Z))
t V9I—a;
1 l1—-«
= \/—a_t Xy — \/1_—0;. (GQ(Xt) - Vl - ()'(tht log q¢(Z|Xt)))
1 l1-« 1—-«
= Vo Xt = Vl——;ee(xt)) - Tth, log g, (z|x;)
t — Ot t

1—«
= po(x;) — W:th log g4 (z|x;).

Since x;_1 (X%, z) = p(X4,z) +V1 — a;€, we can rewrite this relation in terms of the noisy states:

N N 1-«a
X1 (x¢,2) = Xt—1(xt) - \/a—t Vy, log q¢(z|xt)
t
1- a;

= X?—1 (x¢) =

N B

B.1.3 TRAINING AND CONDITIONAL GENERATION ALGORITHMS

Below, we provide algorithms for training SAMI and for performing conditional generation

using the trained networks.

B.1.4 CONDITIONAL GENERATION AS CONSTRAINED OPTIMIZATION

As mentioned in the “Geometric Intuition” subsection, we can think of conditional genera-
tion as a constrained optimization problem, in which we have multiple constraints imposed by
the inference network and the denoiser. To make this perspective more concrete, consider the

generation procedure, given by Algorithm 1. We start with a sample of white noise, x; ~ N (0, 1),
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Algorithm 1: Conditional generation, given a clean guidance image X, trained de-
noiser € and inference network f

(o, 00) < f3(x0) // encode guidance image
e ~N(0,I)
Z Up+0p-€ // sample clean image latent

Initialize t « T; x; ~ N'(0,1)
while ¢t # 0 do

(11, 01) — fp(xt) // encode noisy image
logq — —/2(dm(z pt) +log o) // log posterior
g — Vy, loggq // guidance score

b= g Ee)

S —\1-al

X~ N(p+2g,2%) // guidance
te—t-1

end

Algorithm 2: Training, given a denoiser network €y and inference network f; with
randomly initialized weights

while not converged do

Xo ~ p(Xo)

t ~[0,T]

X; ~ Prwd(Xe|%0) = N (Varxo, (1= a)I) // noise the image
€x — (xi—Vaxo)/\i—a,

€, ~ N(0,I)

(o, 00) < f3(x0) // encode clean guidance image
Z < Up+ O0)- €

(ut, 01) — fy(xt) // encode noisy image
logq « —1/2(dum(z, p;) +log |o:1]) // log posterior
8t4(2z) « Vx, logg // guidance score
Ly — llex — eo(xe) — VI — @ g (x4, 2) |2

L, < Dk1 (N (po, 00)[IN(0,1))

take gradient steps on Vg ¢ (Lx + f.L,)

end
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from which we take gradient steps towards a region of large guided score:

X < X; + Vy, log p(x¢|z)

=x; + Vg, log CI¢(Z|Xt) + Vy, log pa(x;),

where we have decomposed the conditional score using Bayes’ rule. Since the posterior g4 is

assumed to be conditional Gaussian, the analytic form of the log likelihood is given as

1 ’
log $¢(Xt; Z) = _5 Ez’~q¢(z|x0) [ dM (Z¢ (XO)s Hy (Xt)) + log |2¢(Xt)| +c|, (Bl)

where dy; = (z’¢ (x0) — y¢(xt))TZ;(z;) (x0) — py(x¢)) is the Mahalanobis distance between the

mean estimate of the network state in latent space pg(x;) and the latent corresponding to the

-1

target image z'(xo), computed under a metric that is given by the inverse of the covariance X p

(red arrow and concentric ellipsoids in Fig. 3.1C, X space).
Using this expression for the log likelihood, it becomes clear that we are taking gradient steps

with respect to multiple constraints:

X;  X; + Vy, log q4(z[x;) + Vy, log pe(x;)

1

=X — EVX, (Ez’~q¢(z|x0) [dM (2, pg(x:)) + log |Z¢(Xt)|]) + Vyx, log pa(x;)

1 ) 1
=X; — EEZ'~q¢(zlx0) [thdM(Z > U (Xt))] - vat log |2¢ (Xt)l + th logPG(Xt)-

There are three terms, each corresponding to a specific constraint during this optimization pro-
cedure. The first constraint is to land in a region of the image space such that its representation
minimizes its Mahalanobis distance to the latent of the guiding image z’(x¢). This is related to
the metamer perspective (Helmholtz, 1852; Zhu et al., 1998; Portilla and Simoncelli, 2000; Free-

man and Simoncelli, 2011; Mahendran and Vedaldi, 2014; Feather et al., 2023), where the goal is
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to produce data samples that share the same latent representation as a target datum. Metamer
generation can be formulated as a constrained optimization problem, minimizing the L2 distance
between the representations of the current sample and the target, x; < x; — Vi, |[Ttarget — I'x, 112,
where ry, is the representation of the current sample x;, and rget that the target datum. Our
approach generalizes this framework by replacing the L2 distance with the log likelihood from
Eq. B.1. In this view, the inference network constrains the generation process to produce samples
that are metameric to the guidance image as defined by the latent representation.

The next term corresponds to taking steps towards regions of the image space that minimizes
the log determinant of the covariance matrix. Geometrically, we can think of this as reducing
the volume of the uncertainty ellipsoid over the features identified by the inference network. In
a well-calibrated Bayesian network, the posterior uncertainty over the identified features should
match the irreducible uncertainty present in the image. For SAMI, the irreducible uncertainty in
the latent space comes from the noise in the noisy observations, and as such we should expect
that the log determinant of the covariance to correlate strongly with the variance of the noisy
image.

The final term corresponds to the denoiser, parameterized by 6, which ensures that the net-
work is driven towards the natural image manifold, i.e. the set of highly probable images.

The region of the X space that we land on is at the intersection of these three signals. This
perspective suggests that we can increase the diversity (i.e. the entropy) of the generated images
by relaxing one or more of these constraints. For example, if the generation procedure were given
only by the third term, the network would be driven to satisfy only the image prior, recovering the
unconditional generation of DDPM. Alternatively, we might choose to calculate the Mahalanobis
distance over only a subset of the latent dimensions, in effect making sure that p is close to z’
only in those latent dimensions. This has the effect of making those latent axes “rigid”, while
the rest of the axes are “sloppy”, since large distances in these dimensions are discounted Machta

et al,, 2013; Transtrum et al., 2015. Back in the pixel space, this equates to finding images that
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possess a subset of the semantic attributes in the original guiding image, i.e. those that correspond

to the constrained feature dimensions.

B.1.5 ARCHITECTURE AND TRAINING DETAILS

Parameter Disks CelebA 64 CelebA-HQ 256
Inference net arch. ConvNet Half-UNet Half-UNet

Infnet base channels 48 64 64

Infnet channel multiplier (2, 2] [1,1,1,1,1,1] [2,2,2,2,1,1]
Infnet nonlinearity ReLU ReLU SiLU
Denoiser arch. UNet (no attn)  UNet (no attn) UNet (with attn, frozen)
Denoiser base channels 128 128 128

Denoiser ch. multiplier [1,1,1,1,1,1] [1,1,1,1,1,1] [1,1,2,2,4,4]
Num. noise levels 400 1000 1000

Latent dimensionality 3 256 512

KL weight 5e-6 le-3 le-8

Noise schedule Linear Cosine Linear
Training set size 2000 60,000 30,000

Batch size 512 512 512

Num. epochs trained 1000 5000 70

Learning rate 6e-3 le-3 3e-5
Timestep sampling dist. Uniform Uniform Monotonically increasing
Resources (num. A100) 1 20 20

Optimizer

Adam (without weight decay)

Table B.1: Architectural and training details for each of the three datasets mentioned in the main text.

ARCHITECTURAL DETAILS.

We tried to use simple architectures throughout our experiments for

the sake of interpretability and to emphasize the algorithmic effects as much as possible. For the

disks dataset, we used a two layer ConvNet as the inference network, with kernel size 3 and stride

2. The inference networks used for the disks and CelebA-64 datasets have no biases, following

Mohan et al. (2022), and the denoisers had no attention blocks. Despite the deliberate restrictions
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in architecture, we saw that the model was able to learn a robust representation of the dataset.
The Half-UNet architecture is a UNet where the Up blocks have been replaced by two MLP layers,
both outputting a vector of dimension equal to the latent dimension. From one MLP we get the
latent mean. The other outputs a vector which we apply Softplus and squaring operators; this
returns the variance.

For the CelebA-HQ 256 dataset, we used an off the shelf DDPM Ho et al., 2020. We froze
the denoiser’s weights and trained only the inference network, which we again restricted to be a

Half-UNet without attention blocks.

KL weiGHT. We annealed the KL weight to the value given in Table B.1, starting from a number

many orders of magnitude smaller and using a exponential annealing schedule.

CHOOSING HYPERPARAMETERS. We performed an extensive grid search over the space of hyper-
parameters for each model, measuring model performance by the change in MSE between the
MSE of an unconditional diffusion model and the MSE when the inference network was also em-
ployed. The unconditional diffusion model retained the same denoiser hyperparameters as the
full SAMI. As mentioned in the main text, an informative representation should result in gener-
ated images that resemble the original guiding image, and thus a smaller MSE can be used as a
measure of latent informativeness. We found that larger KL weight corresponded to more fac-
torized representations, but the weight could only be increased up to a threshold, above which
the model exhibits posterior collapse and the representation becomes uninformative. As such,
we performed binary search over the KL weights until we found a value just smaller than the

threshold.

TIMESTEP SAMPLING DISTRIBUTION. When training the model on the disks and CelebA 64 datasets,
we sampled the noise level uniformly from 0 to T, as is common when training unconditional

DDPMs. When training the inference network on top of the frozen denoiser on the CelebA-HQ
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dataset, we found that oversampling the larger noise levels was more effective. This is equivalent
to over-weighing the contribution of high noise level terms in the overall MSE loss rather than
weighing all levels uniformly. If the inference network is unable to learn the guidance vector for
all noise levels when paired with a frozen denoiser, since the guidance vector has greater relative
influence at high noise levels compared to the denoising score, it is more effective to learn the

guidance score for the high noise regime.

BoTTLENECK s1zE. We found that the number of semantic attributes learned by the SAMI rep-
resentation depended on three factors: the magnitude of the KL weight, the dimensionality of
the latent representation, and the timestep sampling distribution. Relaxing the first two of these
three factors increases the amount of information that can be learned by the network, but results

in a less factorized and interpretable representation.

B.1.6 REDUCTION IN VARIABILITY FROM CONDITIONING

As a measure of how much entropy is reduced by conditioning the diffusion process on the
representation, we measured the entropy in the test set and and the entropy in conditionally
generated samples. Since it is not possible to get an exact measure of entropy, we make a coarse
Gaussian assumption on the distribution and measure the mean squared distance of samples from
their empirical mean. We conditionally generate 4100 samples per conditioning image, which is
greater than the ambient dimensionality of the image of 4096. We find that the mean distance is
reduced from 6.62 X 1072 to 2.04 x 1073, indicating that the representation captures much of the
potential variability in the dataset. We also find a reduction in the spread of the squared distances,
from a SEM value of 4.85x 10™* to 4.45x 107%. This concentration of the squared distances around
a near-zero mean value suggests that there is very little variability in conditionally generated

samples.
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Figure B.1: Reduction in variance from conditioning on the posterior on a CelebA image.

B.1.7 METRICS

For disentanglement, we measured the degree to which SAMI’s representation was disentan-
gled when trained on CelebA 64 x 64. We used the Total AUROC Difference (TAD) metric, which
measures the degree to which a unique attribute is detected by a unique latent representation,
and the degree to which the latent axes confidently replicate the ground truth axes (Yeats et al.,
2022). Among the diffusion-based representation learning methods, InfoDiff, DisDiff and DBAE
are trained to exhibit disentangled representations (Wang et al., 2023; Yang et al., 2023b; Kim et
al., 2024), so direct comparison against these methods are particularly interesting. We also com-
pared our method against more standard benchmarks in the disentanglement literature, such as
VAE and S-VAE.

In Table B.2, we see that though we performed little to no hyperparameter search, SAMI
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performs the best or second best at both disentangling and sample quality metrics. This is likely
due to the effect of training our model to produce the exact log likelihood, which requires both
clean and noisy images, rather than a representation of only clean images. The coding of noisy
images adds important structure to the latent space by encouraging noisy images to have the same
latent value as clean images in latent dimensions that code for coarse features. This ensures that

coarser features have more global coherence, a hypothesis that is borne out in Fig. 3.3F and G.

Model TADT Capt. attrs.T  FID|

AE 0.042 £0.004 1.0+x00 904+1.8
VAE 0.000 £0.000 0.0+0.0 943+28
B-VAE 0.088 £0.051 1.6+0.8 99.8+24
InfoVAE 0.000 £0.000 0.0x0.0 77.8+1.6

DiffAE (Preechakul et al., 2022) |0.155+0.010 2.0+0.0 22.7 +2.1
InfoDiffusion (Wang et al., 2023) | 0.299 + 0.006 3.0 £ 0.0 22.3+1.2
DisDiff (Yang et al., 2023b) 0.305 £ 0.010 - 18.2+ 2.1
DBAE + TC (Kim et al., 2024) 0.362 £ 0.036
EncDiff (Yang et al., 2024)
SAMI (ours)

14.8 £ 2.3
3.0 16.3

Table B.2: Comparisons against other generative models on TAD disentanglement metric and FID scores
on 64 x 64 CelebA. “Capt. attrs” refers to the number of captured attributes when calculating the TAD
score. Dark gray cells indicate the best, while light gray cells indicate second best.

DSPRITES We also trained our model on the dSprites dataset (Higgins et al., 2017), to see if the
disentanglement properties we find in the synthetic disks dataset (Fig. 3.2) generalize to other
synthetic benchmarks where the ground truth factors are known. Of the many disentanglement
metrics, we measured Modularity (Ridgeway and Mozer, 2018) and DCI Disentanglement (East-
wood and Williams, 2018), since Locatello et al. (2019) finds that all metrics except Modularity are
strongly correlated on the dSprites dataset. We measured a Modularity score of 0.882 + 0.003 and
a DCI Disentanglement score of 0.117 + 0.0005, after initializing the measurement on 10 separate

seeds. For both metrics we used 10 000 training samples and 5000 test samples.
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These measures are comparable with the mean disentanglement scores produced by multiple
VAE-based models, as shown in Fig. 14, top row in (Locatello et al.,, 2019). This suggests that
our model learns a representation that disentangles ground truth factors despite the fact that our
model does not have explicit regularization terms in the objective that encourage disentangle-
ment beyond the f parameter, unlike (Chen et al., 2019; Kumar et al., 2018). Moreover, this result
indicates that the disentanglement properties of our model still hold despite the fact that the mul-
tiscale inductive biases of our model are not aligned with the dSprites dataset, which compresses
most of its variability within a smaller range of spatial scales than does natural datasets such as
CelebA.

Indeed, we can measure the information content that exists in the dataset at different spatial
scales by measuring the difference between the magnitudes of the prior and posterior scores at
each noise level during the conditional generation process. The difference in these magnitudes at
a particular noise level indicates the rate of change in the amount of information that is captured
by the latents. Intuitively, a large magnitude suggests that a specific feature has now become
“visible” to the inference network at that noise level. Conversely, small magnitudes are an in-
dication that at that noise level there are no distinguishing features beyond the posterior mean
(which is given by the unconditional denoiser).

We find that there are consistently two “bumps” in magnitude during the conditional denois-
ing process, suggesting that most of the features in the target sprite can be found at two regions of
spatial scales. Moreover, it demonstrates that our model can learn a disentangled representation,
even when the distribution of the features’ “characteristic noise levels” (as defined in Appendix ??)

are not spread out evenly across all noise levels, as in natural images.

B.1.8 DERIVATION FOR GLOBALLY PRESERVED SEMANTIC AXES

We investigated the locality of the mapping between the axes and the semantic label by per-

turbing the latents of two different images along the same axis. We observed that though in
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Figure B.2: Magnitude of the prior and posterior scores during a single conditional generation procedure,
and their difference.

general, this mapping was not preserved across different regions of the latent space, some axes
resulted in relatively similar semantic transformations irrespective of the latent.

To identify latent-semantic mappings that are relatively global, we derived a mathematical
formulation that provides sufficient conditions for a mapping to be global. Suppose we have a
trained conditional diffusion process that maps noisy images x; to a clean image estimate X, via
the use of a set of learned latents z. This mapping is defined as a function fj 4 that takes in z and

x; and returns a guided clean image estimate:

o (%6:2) = Epy o, 2) [ Xo]
1—-a

=Ep,(xlx,) [ X0 | + __thtlogq (z|x¢)
po(xolxe) [ X0] N p(2l%
=X (%13 0) + y: Vy, log qy(z]x;) (B.2)

where the analytic form of V,, log q,4(z|x;) is given as the derivative of Eq. B.1. Given an initial
image x; = x;(x;, ') that was generated by latent z’, we define the change in the generated image

in response to a perturbation to the latent along axis i as a nonlinear function ¢/(-) that we can
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define, without loss of generality, as
Xy + Y(xp, 2, i) = f(x4, 2+ i)

where a1 is a perturbation of magnitude « along a particular axis i. Our aim is to understand
whether the functional form of the transformation ¢ is dependent on the region of latent space
that we are perturbing. In other words, if this image transformation ¢ is global, it should be
independent of the latent value z, while if the transformation is more local, then the form of ¢/
should itself change as our test latent point z changes.

To make this problem tractable, let us assume we are currently in a state with large noise x;,
where t ~ T. At high noise levels, the optimal estimate of the clean image that minimizes the
mean squared error is the mean of the training set. This suggests that for a well-trained denoiser,

we should expect the same output irrespective of the network’s input:

%0(%150) = Ep(xolx) [X0] ~ Epnan(xo) [X0] = €

where c is a constant image vector. Under this assumption, our function f is no longer dependent

on the denoiser but only depends on the inference network:

fo(x1, z) = c+y; Vy, log gy (z]x;).

This means the transformation ¢ is also independent of the denoiser. It is purely a function of

the guidance vector:

Xo + Y(Xp, 2, 1) = ¢+ y;Vy, log qg(z + ailx;)

—o 20 (o i )35 4 - ) + 1o 5] - Ntz |
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where z is a function of xo, and the means pg and covariances X4 are functions of the current
noisy image x;. If we decompose the RHS of the above equation into the contribution of just z

and the contribution of « 1, and denote the last two terms as the scalar s, we get:

Xy + (X, 2, 1)
=c- %sz [(Z ~ ) 25t (2~ ) +2(z - pg) 25N @) + (@D)TZ N (ad) + s ]

—c— %th [(z - p¢)T251(z - p¢) + 20{(2 - ﬂ¢)T(Z;1)i + o (Zgl)ii +s ],

where (Z;l)i is the i-th column of the inverse covariance matrix, and (Zg;l)ii = o; % is the i-

th element along the diagonal of the inverse covariance matrix. We can now substitute X; =

c-— %th [(z - y¢)TZ§;1(z - y¢) + s |, which yields
V(2 i) =V |20(2 - 1) T (55 + @ (5.

Let’s see how this transformation in X changes with our location z in latent space Z. First
suppose we use the same latent perturbation « z; irrespective of where we are in latent space. For

a given state x;, we compare two instances of ¢ at different values of z:

g&l(z(l), i) = Vy, [Za(z(l) - ﬂgﬁ)T(Z;l)i +a’ (Z;I)ii]

1//2(2(2), i) = Vg, [Za(z(z) - uqs)T(Z(;l)i +a? (2;1)1'1'}

Since py and %4 are functions of a common x;, their values are the same in both y; and . The

difference between these two transformations is therefore

l//1(Z(1)) _ ¢2(Z(2)) — th [20{(2(1) _ ﬂ¢)T(251)1 — Z(X(Z(Z) — p(ﬁ)T(Z;l)z

= 24V, [(z“) ~2)T(Eh.
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We see that the difference in the transformation scales linearly with the difference in z(*) and
z(? and scales with the i-th column of the inverse covariance matrix. If we assume a diagonal
covariance assumption, as in our model, this is simply a unit vector scaled by the i-th element

along the diagonal:

Ya(2) = ya(z?) = 20 Vi | (2 =) o %

=2a (thai_z) (zw - Z(z)), (B.3)

1 1

where in the second line we use the fact that only o7 ? is a function of x;. This means that if the
clean images are mapped to similar values in this dimension (e.g. if the population variance in
this dimension is very low), then the function that is applied in the data space will be very similar.
The effect is also scaled by the derivative of the precision: we want to look for axes where the

precision isn’t affected by perturbations around x;:

o (1) ac? 1 do?
V.02 = (=) = =L
Xto_z (Xt) (90'12 (0_12) aXt O'l4 aXt
Plugging this into Eq. B.3 yields
2a 907
WY — o (2?) = — i ( 1 _ (2))
Y1(z) = ¢o(2'7) o7 o, z;) —z," ).

Global axes are those that minimize the difference in . We can find axes that satisfy three

properties:
« small variance in the population of clean image latents,
« large feature uncertainty o; for our noisy image state x;,
« where the variance of the noisy latent o; is insensitive to changes in our noisy image x;.

Though our analysis relies on the assumption that we are currently at a large noise regime, this is
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also the regime in which the guidance vector has the most influence over the sampling process,

since the noise-dependent factor y; in Eq. B.2 —which trades off between the influence of the

guidance vector and the denoiser score—scales monotonically with ¢.
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Figure B.3: Comparing the norms of the denoiser score and the guidance score. Larger (rightward)
denoising steps corresponds to smaller noise level. The ratio is closest to one at the start of the diffusion

process, at large noise levels.

Above, we plot the ratio between the norm of the denoiser score and the norm of the weighted
guidance score. A smaller ratio indicates that the guidance score has more relative strength. We

see that the ratio is smallest at large noise levels, at the start of the diffusion process.

B.1.9 COMPARISONS TO OTHER MODELS

In Table B.3 we compare our model to the other diffusion-based representation learning mod-

els in the literature. Models with a T sign indicates that they use a separate neural network to
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N
N
B o <
- N
= 8 g 8 S 3 <
— © o N o — S S
2 = < =5 c c o =
3 £ Z = < © E =
- | E = 2 o Koo < & =0 SIS
= €% g €¢I i B &7 3=
Property P =)= A= s B ~ N 2T a = =
Objective function ELBO MSE  MSE+L1reg. ELBO+MIreg. ELBO MSE  MSE+CEreg. MSE
Guidance mechanism Sum Network’ Network" Network”  Network” Network” Network! Network?
Probabilistic latents Yes No No Yes No No No No
Unsupervised learning Yes Yes Yes Yes Yes No* Yes Yes
Using pre-trained DM Both No No No Yes No No No
Encodes noisy images Yes No No No No No No No
Enc. blind to noise level Yes Yes No Yes Yes Yes Yes Yes
Exact guidance score calc.| Yes No No No No No No No
Interpretable latent axes | Yes No No Yes No No No No

Table B.3: Comparison to other diffusion-based representation learning models in the literature.

perform guidance by approximating the gradient of the log operator. In all networks other than
ours, a linear projection of the latent is used to modulate the UNet denoiser’s Adaptive Group-
Norm layers. The asterisk (*) in the SODA column indicates that while SODA is trained in a
self-supervised manner using multiple views of the original datum, their formulation allows for
unsupervised training as well. DisDiff uses additional cross entropy losses to encourage represen-
tational invariance to a subset of features. However, we find that a combinatorial representation
emerges automatically from training our diffusion process to use the exact log likelihood for

guidance.
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B.2 PRrooOFs

B.2.1 TRAINING ON BOTH NOISY AND CLEAN IMAGES SMOOTHENS THE LATENT

SPACE

We show below that training our inference network g4 on both noisy and clean images im-
plicitly regularizes the latent space to be smoother.

The objective (Eq. 3.10) has two components. The reconstruction term is equal to £ =
Exy x;.2/x, |1X0 — X0 (X¢:) — 29+ (¢, ) ||, where X, (x;) is estimated by a standalone MSE based denoiser
and g;(xy, z) = Vx, log py(z|x;) is the guidance vector, where g4 (z|x;) = N (g (x;), diag(oy(x;)))
is our encoder of x;, and the log likelihood log py (z|x;) is evaluated at z ~ g4(z|xo). Let’s denote
the error between the clean noise and the noise estimate as the residual r(xo, X;) = Xo — Xo(X¢).

In this case, the reconstruction term can be written as:

L= Exo,xt,z~q¢(zlx0) l|xo — ﬁO(Xt) - ﬁtzgt(xt’ z) ”2
= Exo,xt,z~q¢(zlx0) IIr (%0, %¢) — .Btzgt(xb z)l
= Exox, I7(X0, X0)[1* = 2B By x,z [ (X0, X0) T 91 (X1, 2) | + B Bxoxo 2l g (X, 2) ||

=L+ Lo+ Ls,

where we have denoted each of the three terms as £;. Since we assume that the encoder is

Gaussian, we can expand the conditional score as

2
- t d
g gg(a) = 322 gy x) - S logon
¢ t
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so now the score is

2
2 — pig(Xt) (z — py(x1))? Vi, 05 (x1)
Vx, log g (zlx;) = 2 - Vit (x¢) — +th0';(xt) - +
9y (xr) 0¢(Xt) 20¢(xt)

Let’s make a simplifying assumption that az (x¢) is not x; dependent and is instead a constant

value ¢?. In that case,

z — iy (Xt)
91(x1,2) = ———"V, i (x1)

Now let J,(x;) = Vi, pig(x:) € R be the encoder Jacobian.

9:(X4,z) = ]p(xt)TZ_l (z - Ho (x:))
where 3 = diag(c?). Now let’s assume again that x, = X + ;6. We can expand g(x;, z):

9g: B; +d%g: 3
91(x¢, 2) :gt(Xo,Z)*‘ﬂtg €+?€ % e+O(f;)

tlx,=x, t Ix,=x

Notation: if we evaluate the Jacobian at x,, we will denote it as J,(xo). Otherwise, we will use

Ju = Ju(x¢). The zeroth order derivative:

91 (x0,2) = Ju(x0) =7 (z = py(x0))

We can write this in index form:

(k) _NO %~ Mgk (Xo) g, j(Xo)
gt (XD Z) Z O'JZ axt’k

149



Now, taking the derivative of ggk) (x¢, z) with respect to x;;, we get

k
99" 1| _9ms s, sy

+(z; — g ) ———
j — He.j 9X1.10%1 1

Xy - o2 | Oxy; Xk

which in tensor form is

ag _ _
a_xz =57+ 37 ) (2 - g H
j

where H; is the Hessian matrix of 4 ; with entries

O pig,j
T
aXt,iaXt k
ik
so we get a Hessian weighted by the encoder residual (z; — i ;). Putting these derivatives back

in, we get:
91 (x1,2) = Ju(x0) =7 (2~ g (x0)) + i (—JJ ST+ 5T (2 - g ) Hy | + O(BY).
J

Since the guidance score g; (x;, z) is evaluated at the clean image latent sample, i.e. z ~ N (p¢(xo), ),

we take the expectation over the distributions g4 (z[xo):
Eapxo |2 — pg(x0) | = g (x0) — pigs (x¢)
At x; = X, the means are equal, so E,x [z — py(x;)] = 0. And at x; = xo + fe,
Eajxo |2 — pg (X0 + Bre) | = pig(x0) — pig(x0) = BeJue = —PeJue
This means that the expected score is

IEz|x0 [gt(xt’ z)| = JJZ_lEZh(O [(Z - .u(ﬁ(xt))] ~ _];2_1ﬁt]u€
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Now we want to expand the Jacobian J,(x;) around the point xo:

Ju(x) = Ju(x0) + B ) €Hj + O(BY)

J

where we use the expression for H; that we used above. Plugging this into the expectation, we

get

Ez|xo [9:(x1,2)]

= _,Bt (]p(XO) + ﬁt Z GJH]) 2_1 (]p(XO) + ﬁl‘ Z e]H])

J

J

= —Piu(x0) "= (x0) + 2B; (Jy(XO)TZ_1 Z EJ'Hj) - B Z ejecH] =7 Hy
J Jik

= —B1Ju(x0) TE 7 Tu(x0) + O(BD).

Now we will use these identities to evaluate £, and Ls.

EXPANDING LOsS TERM 2 The second term in the loss is given by

Ly = _zﬁtz Exo,x,,z|x0 [F(Xo, Xt)Tgt(th Z)] .

We can use the results above for Eyx, [g:(x:,2)] & —f:Ju(%0) "= J,(Xo)€ to rewrite this as

‘£2 = _zﬁ?Exo,e [_ﬁtr(xo;Xt)T]y(XO)TZ_l.]y(XO)e]

Remember that r(x¢, x;) = Xo — Xo(Xo + fi€). If X¢ is a good denoiser,

Xo(xo + fre) = E [xo]|x;] = %0 + ﬁtZVXt log p(x;)
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So

r(Xo,X:) & Xo = Xo = By Vx, log p(x:) = —p Vx, log p(x:)

We can plug this back into £, to get:
Ly = ZﬁfEXO,E [th logp(xt)]y(xo)TZ_ljy(Xo)e]
When we take the expectation over €, we find that
Ly =c-EBele] =0,

so this entire term disappears at the leading order, only contributing at order O(f}) or higher.
However, we can show that this term disappears fully, even at higher orders. If Xy(x;) is an op-
timal MSE denoiser, it computes the conditional expectation. One property of MMSE estimators
is their estimation error r(xo, x;) are orthogonal to any function of the observation x;. Since
the guidance score g;(xy, z) is a function of x;, after marginalizing out the contribution of z, this

means that

Exo,x, [F(Xo, Xt)TEz|x0 [gt(xta Z)]] =0.

EXPANDING LOss TERM 3 The third loss term is L3 = S* By, x,ll9:(x:,2)||*>. From the bias-

variance decomposition, we have

Ls = ﬂ;l Exo,x,,z|x0 [”gt(xta Z)||2] = ﬁ;} Exox; [”Ez|xo [9:(x1,2)] ||2 +tr (Varz|x0 [g9: (xs, Z)])]

For the first (bias) term, we can use the identity for the expected guidance score:

ﬁ? Exox, [||Ez|xo [g:(x:, Z)]”z] ~ ﬁté Exoe [”]p(XO)TZ_ljp(XO)e”Z]
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where we have substituted the expectation over x; with an functionally equivalent expectation

over the noise €. For Gaussian €, we can use the identity
2
B |lleAlF| = tr (a74) = 1412

So now

BB [l 1 0x0) S Ty x0) | = B8 B [ 20) = o)

The second (variance) term is dependent on the variance of the score:

vary|x, [9:(x1,2)] = ],u(xt)TZ_lvar [Z — H¢ (XO)] z_lj,u(xt)
= ]p(xt)—rz_lzz_l.],u(xt)

= J/J (Xt)TZ_IJy(Xt)

Taking the trace of this gives us

tr (Varzlxo [g:(xt, Z)]) =tr (]p(xt)Tz_l.]p(xt)) = ||]/1(Xt)2_1/2”1%7

If we plug the Taylor expansion of J,(x;) (above) into this equation, we get

varp, [9:(x.2)] = Ju(x0) =7 u(xe)

= ( Ju(x0) + B Z ejHj) > (],J(xO) + B Z GJHJ)

J

J

= Ju(x0) = x0) + B Y €5 (Ju(xo) ST, + HT ST (x0))

J

+ B e ] 3T Hy + O(?)
j.k
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Taking the trace of this quantity up to second order terms, we get

tr (var, [g¢ (%1, 2)]) = [1Ju(x0) =7V

= 1 Geo) ST + 28, D e tr (Ju(xo) T2 H))

j
+ p? Z €j€ktr (H]-TZ_lHk)
J.k
This trace term is under expectation of xy and €. The expectation over € sets the f; term to 0,

while the ? term becomes

Be |62 ) ejentr (H7H) | = g2 ) e (HT 57 H))
Jik J
since E, [ejek] =1Idjr = §jk, i.e. 1 when j = k and 0 otherwise. The first equality holds because
the mean is 0 and the second equality holds because the covariance is an identity matrix. Using
the identity tr(ATA) = 3 ;4 A?k =2 |Al|%, we can simplify this term:

] 1 1
Su (HJ-TZ 1Hj) = Z —tr (HJTHJ) =, = IE I -
J

J

J J J

So we are left with

1
Ee [tr (vary, [9:(x 2)])] = (o)™ 21 + 57 3, — [l
i

Putting together the bias and variance terms gives us:

2 1
Ly = B By [ oo = 2| 0By | ) = (| + B B 2 0x0) T2 o)
)
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COMBINING THE LOSSEs Now, putting the second and third term back into the loss, we get

L= Exo,e ”r(XOs Xt)”z + )B? Ex0

1
Z o) [Lz1

jo

2
],u(XO)Z_l/zHF

+ ,Bt6 Exo + ﬂ? Exo ||]y(XO)T2_1]y(XO)||12:

plus higher orders. How should we interpret this loss?
The order f} term regularizes the Jacobian by encouraging the encoder to be contractive,
basically penalizing the encoder from mapping small changes in the input space to large changes

1/2 50 it enforces the more informative (high-precision)

in latent space. It is weighted by X~
dimensions to be more stable.

The second term has order 8¢, and this penalizes the Frobenius norm of the Hessian, weighted
by the precision. This forces the manifold of the latent space to be locally flat, with more informa-
tive (high-precision) dimensions getting a stronger penalty on their curvature. This ameliorates

the “latent holes” issue in VAEs where latent interpolation fails by ensuring that linear changes

in image space locally correspond to linear changes in latent space.

EXTENDING TO ALL NOISE LEVELS One weakness of a proof based on Taylor expansions is that
it only holds when the noise level (f;) is small. However, the variance exploding noising process
we assume (x; = X + f;€) allows us to write noisy images in terms of slightly less noisy images.
We are going to exploit this iterative definition to apply the above proof at all noise levels. Let’s
define an intermediate timestep that differs from timestep ¢ by a small value §¢. Due to the Markov

property of the diffusion process, we can write the iterative noising process as

X = Xp—1 + CSXt,
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where 6x; ~ N (0, y2I) and we have defined the incremental noise variance as y? = 2 — 2 |.
Since 8t is small, y? is also small. We can now apply the same steps as the original proof, but
instead of expanding around x,, we expand around the previous noisy state x;_;. This means

that the Jacobian is approximated as

Ju(x) = Ju(xi1) + Y 8% Hj(xe1) + O(y})
J

= Ju(x¢-1) + H(x4-1) - 6% + O(Ytz)'

where H - 5%, is the Hessian tensor product with a sample of scaled white noise. Since y; is small,
the Taylor expansions hold regardless of the size of the total noise level t. Now let’s plug this into
the third loss term that penalizes the curvature. In this case, we get an per-noise level expression

in terms of Jacobians and Hessians evaluated at x;_1:

2
L3(0) =¥ B B x-S 2| 408 B

1 2
;G—;IIHJ(&—OIIF]

_ 2

+ Yté Ey,_, ||]p(xt—1)TZ 1]p(xt—l)”F-
However, since we train over all noise levels with some distribution, e.g. t ~ U0, co], the total
regularization effect is given by the weighted average of all ¢ dependent terms over the entire

trajectory.

We can express this expected loss in terms of x, by applying the Taylor expansion to the
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Jacobian recursively over all noise levels, which gives us

Ju(xe) = Ju(xp-1) + H(x4-1) - %,
= Ju(Xe-2) + H(x1—2) - 6%4-1 + H(x4-1) - 6%,

t
= Ju(x0) + ) H(x51) - 5%,
s=1

In the limit of § — 0, this sum turns into a stochastic integral with respect to the Brownian

motion X, of the noisy image:

Ju(x0) = Ju(xo) + /0 H(x,) dx;.

We can now plug this into the third loss term again to express it in terms of xy. For notational

convenience, let’s set ¥~1/2 = Id.

2

L(t) o< By, ||Ju(x0)27Y/? .

2
= EXO

(o) + /0 H(x,) dx,

F

We can expand the squared norm term using the identity ||A+BJ|? = ||A||?+||B||> +2(A, B), which

gives us

/ H(x)d,

The first term is constant over time since it is not ¢t dependent. The cross product term goes to 0

2 t
L3(t) = By, |G|’ + Bx, 28, <JH<xO>, / w(xs>dxs> |
F 0

because the expectation of the martingale is 0. For the second term, we can use the It isometry,

which allows us to rewrite the expected squared integral as the expected integral of the norm of
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the Hessians.
2

Bt
Ex, _E, [ /0 ||¢I(xs>||%dﬁ3] |

/Otﬂ(xs)dxs

If we consider all possible noise levels, the total expected loss becomes

F

Ei~fo.00] [L3(1)] = Ex,t [II],J(Xo)IIf% +/0 IIW(XS)IIf:dﬁf] :

ConcLusioN By expressing the total loss in terms of the clean image, we see that we are im-
plicitly training the encoder to minimize the integral of the Hessian, weighted by the noise level
B2. This essentially encourages the network to smooth the curvature along the entire denoising

trajectory.

B.2.2 THE SAMI OBJECTIVE ENCOURAGES DISENTANGLEMENT ACROSS SCALES

We show that when the data are generated by independent features that differ in how strongly
they show up in the image, the SAMI objective prefers a representation in which each latent
coordinate carries a single feature, and in which the same coordinate carries the same feature at
every noise level. The coordinates switch on one at a time as the image gets cleaner, in order of
how loud each feature is, so the representation grows as a nested hierarchy.

The mechanism that aligns the latent axes at a single noise level is not new. A VAE whose
encoder outputs a diagonal covariance cannot represent a posterior whose coordinates are corre-
lated, and this pushes the latent axes into alignment with the natural axes of the problem. Rolinek
et al. (2019) derive this through the geometry of the decoder, and Kumar and Poole (2020) show
that the uniqueness comes from the restricted variational family rather than from the prior. What
is new here is what happens when this mechanism is applied across a whole family of noise levels
at once. The feature that is loud enough to survive heavy noise is not the same feature that is
loud enough to survive light noise, so each feature has its own noise level at which it becomes

visible. We show that these levels are distinct, that they order the features, and that they give
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each latent coordinate a name that does not depend on which noise level we happen to be looking
at. That last point is what turns a per-level alignment result into a statement about a single stable

hierarchy.

B.2.2.1 SeTUP

The clean image is generated from K independent features, x = ¢g(ys, ..., yx), and the noisy
image at signal level y is

x, =YX +e€ e ~N(0,Ip),

so large y means a clean image and small y a heavily corrupted one. The encoder is the usual

diagonal Gaussian,

qy (2 | x7) = N (g (xy), diag(ag (x,))),

and the prior is p(z) = N(0,I). SAMI maximizes the ELBO with the KL term weighted by S,

L =E[logpe(xy | 2)] - BE[Dxe(gs(z | ) I p(2))]. (B.4)

Write g = E[yk | x,] for the best estimate of feature k from the noisy image. The question
is which of the many equally good codes the objective picks: if z carries the same information
as y, then so does Ay for any invertible K X K matrix A, and a decoder can undo the mixing.
Reconstruction quality alone therefore cannot tell these codes apart. The following assumptions

specify how we distinguish between these codes.

Assumption 1. (S1) Independent features. The features yy, . .., yx are mutually independent

with finite variance.

(S2) Distinct feature energies. Each feature has a signal energy a; > 0 measuring how strongly
it moves the image, a; = ||dx/dyx||?. The energies are distinct and separated by a fixed ratio:

ar > (1 + &)ayy, for some § > 0, so we may order them a; > a; > --- > ag. We write
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Yk < 1/ax for the noise level at which feature k becomes visible.

(S3) Concentrated posterior. At each level y the posterior over the currently visible features is
well approximated by a Gaussian whose precision matrix in the feature frame is y diag(ay, . . ., ag).
This is the usual Laplace or Bernstein—-von Mises approximation (Vaart, 1998), and it is where

the assumption that features act on separate parts of the image enters.

(54) Linear competitors. The codes being compared are y5 = Ay for invertible A, followed by
any rescaling of individual coordinates. We are asking which mixing matrix the objective

prefers, not searching over all possible nonlinear codes.

(55) Smooth dependence on the noise level. The encoder is a single network taking both x,

and y as input, and its parameters vary continuously with y.

B.2.2.2 WHY A DIAGONAL ENCODER PICKS THE FEATURE AXES

The key point is that the encoder is forced to report a diagonal covariance, and a diagonal
covariance cannot describe a posterior whose coordinates are correlated. In the feature frame the
posterior is uncorrelated by (S3), so nothing is lost. In a rotated frame it is correlated, and the

mismatch costs the objective something. The next lemma computes that cost exactly.

Lemma B.1 (Cost of a diagonal encoder in a mixed frame). Suppose the true posterior over the
features is Gaussian with precision matrix P, and the code is z = Ay. Among all diagonal-covariance

Gaussian encoders, the smallest achievable gap between the ELBO and the true log likelihood is
K
A(A) =1| > log (ATTPA™), - logdet (ATPAT")|. (B.5)
i=1

This quantity is always nonnegative, and it equals zero exactly when AT PA™! is diagonal, i.e. when

the code’s axes line up with the axes in which the posterior is uncorrelated.
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Proof. The ELBO differs from log p(x,) by Dx1(q4(z | xy) Il p(z | x)), so maximizing the ELBO
over encoders means making this gap as small as possible. In the z coordinates the true posterior
is Gaussian with precision P = A"TPA~!. Writing the encoder covariance as a diagonal matrix D
and matching means, the gap is

% tr(PD) — K — log det(PD)]|.
Differentiating in D;; gives P — 1/D;; = 0, so the best diagonal choice is D;; = 1/1311', and sub-
stituting back leaves equation B.5. Nonnegativity and the equality condition are Hadamard’s

inequality, []; P;; > det P, with equality exactly when P is diagonal. m]

Two things are worth noticing. First, the cost in equation B.5 falls on the reconstruction side
of the objective, not on the KL side: a mixed code makes the encoder a worse description of the
true posterior, so it reconstructs worse. This is why f does not enter the lemma. Second, the cost

depends on A only through how far A is from diagonalizing the posterior.

Proposition B.2 (Alignment at a fixed noise level). Under Assumption 1, at any noise level y the
encoders maximizing equation B.4 are exactly those whose mixing matrix A is a signed permutation
restricted to the currently visible features. Each visible feature is therefore carried by one coordinate,

up to reordering the coordinates, flipping their signs, and rescaling them.

Proof. By (S3) the posterior precision in the feature frame is P = y diag(ax). By Lemma B.1 the
objective is maximized by any A making A~TPA™! diagonal. Restricting to the rotations within
(S4) (rescalings are absorbed by the coordinatewise freedom), RPRT is diagonal precisely when
R maps eigenvectors of P to coordinate axes. Since the gy are distinct by (52), the eigenvalues of
P are distinct, its eigenvectors are the feature axes and are unique up to sign, and so R must be a

signed permutation. m]

161



Remark 1 (Distinct energies are doing the work). If two features had equal energy, the posterior
precision would have a repeated eigenvalue, any rotation within that two-dimensional subspace
would leave equation B.5 at zero, and those two features would not be separated. This is the
same condition under which PCA has a well-defined set of principal axes. This is why we need
Assumption (S2): it is what makes the feature frame identifiable at all. It is also, as the next

subsection shows, exactly what orders the features across noise levels.

Remark 2 (Where f acts). Since f does not affect which frame is preferred, its role is to set how
much information a coordinate must carry before it is worth keeping. A larger  charges more
per unit of encoded information, so a feature must be correspondingly louder before the recon-
struction gain outweighs the cost. In the language of the next subsection, f sets the activation

level  and hence shifts all the thresholds y; together, without changing their order.

B.2.2.3 FROM ONE NOISE LEVEL TO A HIERARCHY

Proposition B.2 applies at each noise level separately, and it determines the code only up to
reordering the coordinates. That reordering is free to differ from one level to the next, meaning
that an encoder may assign a particular feature to one coordinate at high noise and to another
coordinate at low noise. This satisfies Proposition B.2 everywhere but does not result in a repre-
sentation with a consistent hierarchy. To get hierarchical disentanglement, we use the assumption

that each feature becomes visible at its own noise level.

Lemma B.3 (Features switch on one at a time and stay on). For y < y’, the noisy image x, can
be obtained from x, by adding further noise, so no feature can be more visible at y than at y’: the
information I(yx; x,) is nondecreasing in y. Fixing an activation level n > 0 and calling feature k
active when I(yi;x,) > 1, the set of active features only grows asy increases, and under (S2) and

(S3) the features become active one at a time in the order yy,ys, . . ., Yk, feature k switching on at

Y = Yk-
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Proof. Monotonicity is the data-processing inequality applied to the extra noise. A nondecreasing
function crosses the level n at most once, so once a feature is active it stays active and the active
sets are nested. By (53) the information I(yx; x,) depends on y only through the product yay, so
the crossing happens at y < 1/ay = yx; the ratio gap in (S2) keeps the crossings separated, giving

the stated order. m|

Lemma B.4 (The assignment cannot drift). Let $*(y) be an optimal encoder at level y, and for a
feature k let 7. (y) be the index of the coordinate carrying it. Then i is constant on the whole range

of levels where feature k is active.

Proof. By Proposition B.2 the mixing matrix at each level is a signed permutation on the active
features, so i (y) is well defined there. There are finitely many signed permutations, and distinct
ones are separated by a fixed distance, so as y varies the mixing matrix cannot pass from one to
another without leaving the set of optima in between. By (S5) the encoder varies continuously
with y, so it cannot jump; hence 7 is locally constant, and being locally constant on an interval

it is constant. O

Remark 3 (Why continuity is needed, and why sharing parameters is not enough). A single net-
work taking y as an input is perfectly capable of permuting its own output coordinates as a
function of y, and doing so costs nothing: the objective at each level is unchanged, so such an
encoder is just as optimal. Parameter sharing alone therefore does not give consistency. What
rules the drifting solution out is that the optimal assignments form a finite, separated set while
the encoder moves continuously, so it has nowhere to drift to. This is the one place (S5) is used,

and it cannot be dropped.

Lemma B.5 (Switch-on levels identify the coordinates). Each coordinate carries no information
below one particular noise level and information above it, and these switch-on levels are the distinct
values yi, ..., yx. Reading off which level a coordinate switches on at therefore identifies which

feature it carries, and the answer does not depend on the level at which we inspect the code.
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Proof. By Lemma B.4 the coordinate carrying feature k is the same throughout that feature’s
active range, so its information curve is that of yi, which by Lemma B.3 crosses 1 exactly once,
at yx. Rescaling a coordinate does not change how much information it carries, so the crossing
point is unaffected by the remaining freedom in Proposition B.2. The thresholds are distinct by

(S2), so the map from coordinates to switch-on levels is one-to-one. O

Theorem B.6 (Hierarchical disentanglement across scales). Under Assumption 1, an encoder max-

imizing the SAMI objective across the family of noise levels satisfies:

(i) Alignment. At every noise level, each visible feature is carried by a single latent coordinate,

up to reordering, sign, and rescaling.
(ii) Stability. A given coordinate carries the same feature at every level where that feature is visible.

(iii) Hierarchy. As the image gets cleaner the coordinates switch on one at a time, loudest feature

first, and the coordinates active at one level are a subset of those active at every cleaner level.

Proof. (i) is Proposition B.2 applied at each level, which is available because the cost in Lemma B.1
is incurred level by level and is minimized simultaneously at every level by the aligned code.
(ii) is Lemma B.4. (iii) combines Lemma B.3, which nests and orders the features, with (ii) and

Lemma C.4, which attach each feature to a fixed coordinate throughout its active range. O

Remark 4 (What is new). Part (i) is the known effect of a diagonal encoder, in the form given
by Rolinek et al. (2019) and Kumar and Poole (2020), restated here for the noisy observation
xy. Parts (ii) and (iii) are the novel contribution: we show that the assignment of feature to
latent coordinate does not drift as the encoder varies continuously with y, and given this fixed
assignment, observing when the coordinate becomes informative as we increase the SNR tells us

which feature it is representing. Both aspects make the representation disentangled.
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C APPENDIX: A RATE-DISTORTION

ACCOUNT OF INFOMAX

C.1 DERIVATION OF THE BARBER-AGAKOV BOUND

Given a fixed data distribution p(x) and an encoder p(z|x), the mutual information (MI) is

defined as

1(X;2) = H(X) - H(X|Z)

= H(X) + Ep(x) [log p(x]2)]

Let g(x|z) be a variational approximation to p(x|z). The MI can be written in terms of g(x|z):

q(x|z)
q(x|z)

= H(X) + ]Ep(x,z) [log q(X|Z)] + Ep(x,z) [log

I(X;Z) = H(X) + Ep(x,) |log p(x|z) + log

p(xlz)
q(x|2)

= H(X) + Ep(x) [log q(x]2)] + Dxw. (p(x|2)llg(x|2)) .
Defining the variational approximation to MI as I(X;Z2) :=H(X) + Ep(xz) [log q(x|2)], we get

I(X;Z) = 1(X; Z) + Dx, (p(x12) llq(x]2)) .
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Since Dk, (p(x|z)||q(x|z)) > 0, the variational approximation of the MI forms a lower bound on
the true M1,
1(X;2) < I(X; 2),

where equality occurs when q(x|z) = p(x|z), such that Dxy, (p(x|z)||g(x|z)) = 0.

C.2 MARGINAL DISTORTION

Here we show that the mean squared error mmse(y|Z) = Eyx, . [”x - x(xy, Y, z)||2] is equal
to the rate of change of the Z-conditional entropy of X, with respect to the SNR y, given by
dyh(X,|Z). We also show that this is equal to —9,h(X|X,, Z).

Given a noising process x, = 4/yx +¢€ where y is the SNR and € ~ N(0, I), the -lMMSE relation
tells us that

o 1(X;X,|Z) = %mmse(ﬂZ) (1)

where mmse(y|Z) = E|lx — x(x, . 2) ||2. From the definition of mutual information:
o, I(X;X,1Z) =9, (h(X,|Z) - h(X,IX, Z)) = 9, (h(X,1Z) — h(X,|X))

where the second equality is from the Markov chain relation z—x—x,. The second term disappears

because it is a constant; it has no dependency on y for all x:
d
h(X,|1X) = 2 log(2me) Vx.
Thus we know that 9,I(X; X,|Z) = d,h(X,|Z). Combining this with Eq. 1, we get

1
Emmse(y|Z) = 9,h(X,|Z).
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By decomposing the mutual information as entropies of X rather than X,,
0, 1(X;X,1Z) = 9, (h(X|Z) - h(X|X,,Z)) = -9,h(X|X,, Z),

the mmse is also equal to

1
Emmse(y|Z) = -9,h(X|X,, Z).

C.3 RELATION OF MARGINAL MUTUAL INFORMATION TO FISHER
INFORMATION

Let X be any random variable with a finite variance with a density f(x). Let € be an inde-
pendent normally distributed random variable with zero mean and unit variance, and suppose

X, = X + 4fye. We want to show that
1 2
R, =0,I(Z; X)) = 2 Ep(xx,.2) [”ny log p(z | xy)|| ] > 0.
de Bruijn’s identity connects the entropy to Fisher information:
0 1
a_yhe(xy) = EJ(X)/)

where h, is the differential entropy to base e and ] is the Fisher information. The proof can be
found in Theorem 17.7.2 of Cover and Thomas (2006).

Meanwhile, given conditioning variable Z, conditional de Bruijn’s identity (Lemma C.1) is

a 1
a_yhe(Xylz) = EJ(XHZ)
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The marginal mutual information is
OHI(Z:X,) = k(X)) = 4h(%,12) = 2 (J(%) = J(X12) ) = 2T(Z ] X))
Using the definition of the Fisher information,
Ry = J(Z 1 X)) = By, | [V, logp(zl)|* |

Lemma C.1 (Conditional de Bruijn’s identity). Let X be any random variable with a finite variance
with a density f(x). Let € be an independent normally distributed random variable with zero mean
and unit variance. Let W be a random variable that we wish to condition on. Suppose Y, = X + +fye.

The conditional de Bruijn’s identity is given by
0 1
a_yhe(yy|w) = SJ (% W) (C.1)

Proof. The density of Y, is

1 (y— x)z) dr.

0w = [ oz e (-5

Since € is independent of everything, conditioning on W = w only affects the distribution of X,

but not the additive Gaussian noise. Hence the conditional density of Y, given W is

oo —x 2
gy (ylw) :[ f(XIW)\/%ﬂy exp (_(y 2 ) )dx.

168



Likewise, the joint distribution is defined as

gy (Y, w) = fw(w)gy(ylw)

0 _ 2
fir (w) / f(xlw)% exp (— v zyx) ) dx

h 1 (y —x)°
/_wf(x,w)\/mexp(— 2 )dx.

Since the identities in de Bruijn’s identity (derivatives with respect to y and y) do not affect f(x),

we can simply replace f(x) with f(x|w) to get similar identities for g, (y|w):

11 (_(y—x)2)+(y—x)2 1 eXp(_(y—X)z)]dx

2o = [ s >[
i w) = xX|lw ———eX
aygy y o 2y 271t P 2y 2y? 2wy 2y

9 _ [ 1 y—x (y — x)?
o (ut) = [ fxt) = (4 exp (U2 a

& [ 1 1 (y-x?%\  (y—x)° (y —x)?
ot o 2en 552 S o 28

dx

Thus we can see that
2

0 10
a—ygy(y|w) = Ea—yzgy(lﬂw)-

Now let’s use this to get de Bruijn’s identity for a%he(YﬂW). We can define h,(Y,|W) as

he(Y, W) = / gy (s w) In g, (y|w)dy

:_[ f(W)[ gy(ylw) Ing, (y|lw) dy dw
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Differentiating, we get

d 0 ©
a—yhe(Yy|W) = _a_y /_m f(w)h(Y,|W = w) dy dw

= —[ f(W)[ %}/lw)lngy(yhv) +gy(ylw)gy(;|w) g}’((;;hﬂ’)dy dw

o 9 17)
= —'[ f(W)'[ —gy(aTW) In g, (ylw) + —gy(ath) dy dw

e e w0 © 9
= [ 2 [Tt ayan [ oo [T g g dy o

The first term goes to zero since the inner integrand f gy(ylw)dy = 1. We can use the identity

above to get

0 1 [ ® o
She,W) =<3 [ 1) [ g ul) ng ulw) dy d

Let’s do integration by parts, just like before.

1[a 1 ro[a 2
- =g, (y|w) Ing,(y|w) +—/ [— ( |w)] dy|dw.
2 |:ayg)/ Y g}’ y . 2 . ayg)’ Y gy(y|w) y

Shyiw) = [ )

Since the definition of J(X|W) is

o0 o) 2
JXIW) = / f(w) / £xlw) [%haf(xm] dx dw

o 00 2
= [ [ ) | s 2| e

the second term is the conditional Fisher information % J(Y,|W). All that remains is to show that

the first term is zero. We can rewrite the first term as

d _ 1 agy(yh’")
a—ygy<y|w>lngy<y|w)—l o W “2\/gy(y|w>1n\/gy<y|w>]
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This goes to zero, just like for a%gy(y) Ing,(y). Thus

0 1
a_yhe(YﬂW) = E](Yy|W)

C.4 RATE AS A DOT PRODUCT

We want to show that the norm-based form of the marginal rate (Eq. 4.9) is equivalent to the

dot-product form of the marginal rate (Eq. 4.10):

R =0 I(Z Xy) p(xxy ) [“ny logp(z | xy)” ] p(xxy z) [ny logp(z | xy) ayxy]
Since I(Z;X,) = H(Z) — H(Z|X,) and H(Z) is independent of y, we have

0,1(Z;X,) = 0/E [logp(z|xy)]
d
=E [d_y log p(z | xy)]

=E [ay log p(z|x,) + Vi, log p(z]x,) - 8yxy]

The first term can be written as

Ep(zx,) [a logp(zlxy)] Ep(x,) /p(z|x},)ay log p(z|xy) dz]
D(xy) /8Yp(z|xy) dz]
D(xy) ay/p(z|xy) dz].

where in the second line we have used the identity p,d, log p, = 9,p,. Since f p(zlx,) dz = 1, the
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entire expectation goes to 0. Thus we are left with

o I(Z;Xy) = Ep(x.zx,) [ny log p(z|x,) - 8yx),] .

C.5 HIERARCHICAL DISENTANGLEMENT FROM NOISE-LEVEL
STRUCTURE

SETUP. Suppose animage x € RP is generated from K independent latent featuresy = (v, . . ., yx)
through a smooth injective map x = f(y) that may otherwise be arbitrarily nonlinear. Each fea-
ture is standardized to unit variance. We never observe y directly, but only through the noised

observation

xy = VY f(y) +e e ~N(0,Ip),

where y is the signal-to-noise ratio (SNR): y — oo is a clean image and y — 0 is one buried in
noise.

We build the theorem from the following two quantities. Denoting J(y) = df /dy € RP*K for
the Jacobian and Ji(y) for its k-th column, define the energy of feature y; and its SNR threshold

as

ay) = W% e < ax

The energy ay measures how much the image moves when yy is perturbed, and yj is the noise
level at which that motion first rises above the unit noise floor. Below yi the observation is
essentially uninformative about yy, carrying only o(y ax) nats (Lemma C.4); above it, information
about y; accumulates. We assume the SNR thresholds are distinct and ordered, y; > --- > yk.
Equivalently, since yx =< 1/ag, the energies run the opposite way, a; < --- < ak: a feature with
a large threshold has small energy. As y increases from 0 we cross yx first, so features become

detectable one at a time in the order yg, . .., y;.
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Our goal is to show that a conditional Gaussian encoder with diagonal covariance,

py(z | xy) = Nlpg (xy), diag(oy(xy))),

trained on the InfoMax objective, learns latents z = (zy, . .., z)) that are disentangled according
to the SNR threshold: the encoder assigns each feature to a unique latent and maintains that

bijective map across all noise levels.
Assumption 2.

(A1) There exist features y = (v, ..., yx) that are mutually independent, with smooth density,

standardized so that E[y;] = 0, Var(y) = 1.

(A2) f : RK — RP is smooth and injective, and its Jacobian J(y) = df/dy € RP*K has full

column rank.

(A3) (Separability) J(y) " J(y) is diagonal for every y; that is, Ji(y)"J;j(y) = 0 for k # j, with

diagonal entries ax(y) = ||Jk(y) %

(A4) (Distinct ordered energies) The energies occupy non-overlapping bands, ax(y) < ax:+1(y),

so the SNR thresholds y; < 1/ay are distinct and oppositely ordered, y; > y2 > -+ > yk.

(A5) (Bounded, weakly nonlinear energies) Over the support of the prior p(y), the energies ax(y)
are (i) uniformly bounded, with fixed constants 0 < amin < ax(y) < @max < oo for all y; and
(ii) slowly varying, the curvatures 8*f/ ayi being small relative to the unit spread of yj, so

each column J(y) changes little as y ranges over the prior.

(A6) (Regularity of generative posterior) The Bayesian posterior p(y | x,) induced by the gener-
ative model concentrates at high SNR in a local Gaussian about the maximum-likelihood

estimate. We assume f is proper.

173



Theorem C.2 (Disentangled hierarchical representation). Under Assumption 2, the maximally
informative code for x, is the assignment z; = Uy ;) of one latent per feature, and this assignment
is preserved across noise levels, the latents activating in the order yx,...,y; asy increases. The

assignment holds up to a permutation and a per-coordinate reparametrization.

Proof sketch. The claim rests on two facts: because each feature has a distinct noise threshold,
the optimal code assigns each feature to a single latent; and because information only grows with
Y, that assignment is stable as the image gets cleaner. The five steps below outline this argument

and point to the relevant lemma.

Step 1 (visibility is energy). To detect y; we must notice its effect on the image. Perturbing y; by
a small § shifts the noised mean by +/y 6 Ji(y); against unit-variance noise this is detectable only

when the effective per-feature SNR

se(y) = ya(y) (C.2)

exceeds one. This is made precise by Lemma C.3.

Step 2 (features appear one at a time). Feature k is invisible while s; < 1 and visible once s; > 1,i.e.
oncey 2 yx = 1/ag. “Loud” features (large ax, small y;) survive heavy noise, while “faint” features
(small ay, large yx) are only visible in a clean image. Distinct energies correspond to distinct
thresholds, so as we lower the noise the features appear in a fixed order. This monotonicity is

given by Lemma C.4(ii)-(iii).

Step 3 (the order labels the features). Because the features switch on at distinct noise levels, the
crossing level itself identifies which feature has appeared: y acts as a label sorting the features.

This step is laid out in Lemma C.6.

Step 4 (the best code assigns latents to features). Observe a single latent z; as we sweep y. If z; carries
one feature it has a single onset, defined as a latent that is silent below y; and informative above.

If the latent mixes two features with different thresholds it has two onsets. Among informative
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codes we show the noise-level structure forces a bijection z; <> yj up to relabeling. This step is

given by Lemma C.6.

Step 5 (the arrangement is stable across noise levels). This assignment persist across noise levels
for two reasons: features appear in a fixed order set by their energy, and since information is
monotone in y, once a feature is visible it stays visible. The active set of features therefore grows in
a nested fashion, with a loud feature appearing low in the hierarchy and a faint feature appearing

high. This result comes from combining Lemma C.4(i) with (A4).

The three lemmas below examine a single object, the per-feature threshold yj, from three
angles. Lemma C.3 has to do with precision: we use the Cramér-Rao bound to determine y.
Lemma C.4 approaches this from an information perspective: the -MMSE relation recovers the
same yi and shows that information is monotone. Lemma C.6 is the labeling step: distinct thresh-

olds turn onsets into a coordinate frame.

Lemma C.3 (Fisher information and the SNR threshold). The Fisher information that x, carries
abouty is

I,(y) =yJy) ' J(y), (C3)

which under (A3) is diagonal with entries y ar(y). Any unbiased estimator of yx from x, therefore
has variance at least (y ax)~". Since yi carries unit prior variance, x, is essentially uninformative

about yx whiley ar < 1 and becomes informative oncey ay 2 1, fixing the SNR threshold y; =< 1/ay.

Proof. Since x, | y ~ N(+/y f(y),Ip), the score is Vylogp(x, | y) = W](y)T(x}, - Wf(y)) =

\Y J(y) "e. The covariance of the score is the Fisher information, y /7 J, giving us equation C.3.
(A3) makes it diagonal.

By Cramér-Rao, any unbiased estimate of y; from x, has standard deviation at least (yap)~ V2,
the inverse square root of its Fisher information. The observation becomes informative about yj

only once this variance falls below the unit feature variance (Recall (A1)), which occurs once

yax = 1. The crossover at yay < 1 gives us the SNR threshold y; < 1/a. O
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Lemma C.4 (Monotone per-feature information). Denotey_r = (y;)j«k for the features in'y other

than yy.

(i) Fory <y’ the chainy — x,» — x, is Markov; hence y — I(yx;xy) is non-decreasing.

(ii) Letmmse(y) = E|f(y)-E[f(y) | x,]II%, and letmmse(y | y) = Ellf (y)-E[f(y) | xy yellI”

be the residual error when yy is known. Then, with no assumption on f beyond injectivity,

d
d—yI(yk;x),) = %mmsek(y), mmseg(y) := mmse(y) — mmse(y | yx) > 0.

The per-feature rate of change in information is thus exactly half the error that knowing yj
removes, and its non-negativity recovers the monotonicity of (i).

(iii) The onset of yy is at yx. Asy — 0,

I(yr; xy) = %ck Yy +o(y), ¢k := mmseg(0) = tr Cov(]E[f(y) | yk]),

with ¢, =< ay under (A5). Thus I(yx;x,) = O(yax) untily 2 yr < 1/ay, recovering the

threshold of Lemma C.3.

Proof. (i) Degrading a cleaner observation yields a noisier one: x, a VY/y xp + € with € ~
N(0, (1 = y/y")Ip) independent of x,/, so y — x,, — x, is Markov and the data-processing
inequality (Cover and Thomas, 2006) gives I(yx; x,) < I(yk; Xy).

(ii) Since f is injective, y <> f(y) is a bijection, and given y; so is y_x < f(y):

I(y;xp) =1(f(y)sxy),  I(y-ksxy | i) = I(f(y)sxy | yr)-

Both are governed by the (conditional) I-MMSE relation (Guo et al., 2005),

d d
—I(y;x,) = 1 —I(y_g; =1 .
ar (y;xy) = 3 mmse(y), ar (V-3 %y | yx) = 3 mmse(y | yx)
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They are related by the chain rule for mutual information,
I(y;xy) = I(yi; xy) + 1(y—k5 %y | yx),
so differentiating and subtracting gives
d 1 1
d—yl(yk;xy) = E(mmse(y) — mmse(y | yk)) = Emmsek(y).

where we have defined mmsey (y) as the mmse error removed by knowing yi. This can essentially
be interpreted as the amount of residual uncertainty in f that y; explains at SNR y. We know
that mmse(y|yx) < mmse(y) because E[f]x,] is a suboptimal estimator when we also know yj.
Hence mmsey(y) > 0. This independently reproves (i) that I(y; x,) is non-decreasing.

(iii) At y = 0 (high noise) the observation x, = € is independent of y, so the estimators reduce to

prior means and the errors to prior variances:

mmse(0) = tr Cov(f(y)), mmse(0 | y¢) = E[ tr Cov(f(y) | y«)]-

The law of total variance, Cov(f) = E[Cov(f | yx)] + Cov(E[f | yx]), gives

¢k := mmsex(0) = mmse(0) — mmse(0 | yx) = tr Cov(E[f(y) | yk]),

the variance of the k-th component of f explained by y. To first order, a unit change in yx moves

the image along the Jacobian Ji, so E[f | yx] — E[f] = Jk yx. Thus

Cov (E[f | y]) = JuJ{ Var(ye) = JiJ
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where in the equality we have used the unit variance assumption (A1). This means that

e ~ tr (JkJ)) = kll® = a.

where we have used assumption (A5)(ii) that Ji varies slowly. Thus ¢ =< a.

Integrating the relation from (ii) from 0, and using I(yx; xo) = 0, we get

Y Y
I(yg; xy) = %/ mmse(s) ds = %ck Y+ %/ (mmseg (s) — c) ds = %ck Yy +o(y).
0 0

The first term is linear and the remainder is o(y) since mmse(s) — c as s — 0 (A5).

The information grows linearly at rate %ck = %ak. This means it is negligible while ya;, < 1
and order one once ya < 1,i.e.once y < 1/ay = yk. (At y = yx the leading term is %ak (1/ag) = %
nat.) This low-SNR slope, extrapolated to where I reaches O(1), places the onset at the same
Yk =< 1/ay as the high-SNR Cramér-Rao bound of Lemma C.3; the two regimes meet at the SNR

threshold. m|

Proof. (i) We can show the Markov relation by writing x, in terms of x,/: x, 4 W x, + € with
€ ~ N(0, (1—y/y")Ip) independent of x,-. By the data-processing inequality (Cover and Thomas,
2006) we get I(yx; xy) < I(yg; xy).

(ii) The scalar identity is given by Guo et al. (2005); under (A3) the orthogonal columns decouple
the per-feature estimation errors to leading order, so mmse(y) = >, mmse(y) and the derivative
can be split into per-feature terms.

(iii) By part (ii), the -MMSE relation gives din (Yrs xy) = % mmseg (y), and we will use this relation
to analyze the behavior of the information near y = 0. At y = 0 the observation x;, = € is pure

noise, independent of y, so the MMSE estimator of feature k’s contribution to the image is its
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prior mean, and the residual error is the full prior variance,
¢t := mmsex(0) = Var(contribution of yi to f(y)).

To first order, a unit perturbation of y; moves the image along Ji(y), so this variance scales as

IJkl? = ax, giving cx < ai under (A5). Integrating the I-MMSE relation from 0 to y, and using

I(yx; x0) =0,
[ 1 [ 1
I(yp;xy) = 5‘/ mmsey(s) ds = §Ck)’+§/ (mmser(s) —cc)ds = Fcry+o(y),
0 0

where the remainder is 0(y) because the integrand vanishes as s — 0, by the regularity of mmsey
near the origin (A5).

This indicates that as we move away from y = 0, the growth in information is linear of order
O(y ax). This is negligible while y ax < 1 and of order one once y a; < 1, i.e. once y < 1/ay = yx.
(At y = yi the leading term is %ak -(1/ay) = % nat, so roughly half a nat has accumulated by the
SNR threshold.) Strictly, this is an expansion around y = 0, so our statement above extrapolates
the low-SNR slope out to where the information reaches O(1). This extrapolation agrees with the
high-information estimate of Lemma C.3, which places the onset at the same SNR y; < 1/ay; both
the Cramér-Rao bound and the I-MMSE slope perspective approach the threshold from opposite

regimes. mi

Definition C.5 (Onset). Let z = {/(x,) be any scalar statistic of the observation. Its information
y = I(z;xy) is non-decreasing (data processing, Lemma C.4(i)). Say z has an onset at y; if I(z; x,)
crosses from o(1) to Q(1) as y passes yx, where 0(1) and Q(1) are taken in the effective-SNR sense

(sk = yar — 0 and — oo respectively). Onsets are counted only at the threshold set {y, ..., yx}

Lemma C.6 (Distinct thresholds determine the basis). Suppose a code is aligned to the feature basis:

each coordinate z; is an invertible reparametrization of a single feature yy(;), for some assignment

179



k(-). Then
(i) each coordinate becomes informative at the threshold of the feature it carries, and

(ii) the distinctness of these thresholds (A4) recovers the assignment k(-) uniquely.

Proof. (i) Each feature has a single onset at its own SNR threshold. By separability (A3) and Lemma C.4(ii),
I(yx; x,) depends on the noise level only through the feature’s effective SNR s; = yay. It is a fixed
increasing function of s that vanishes at s = 0, is 0(1) for sy < 1 and is Q(1) for s > 1. Such a
curve crosses from o(1) to Q(1) exactly once, at s < 1, i.e. y < yx. Because the other thresholds
y;j (j # k) never enter this curve, it has no second crossing. Hence y; has a single onset at y;.

Each aligned coordinate inherits its feature’s onset. By hypothesis, latent z; is an invertible
reparametrization of the single feature yi(;) and mutual information is invariant under such

reparamaterization, so

I(zi; xy) = I(y(iys xy)-

Latent z; thus has the same information rate as yy(;) and, by Step 1, a single onset at yj ;).
(i) The thresholds y; > - -+ > yk are distinct (A4), so the map i — yy(; is injective. Reading each

coordinate’s onset level off against {yx} therefore uniquely recovers the assignment k(-). ]

ASSEMBLING THE THEOREM. The proof has three steps. Concentration: at high information the
posterior over the active features is Gaussian and, under separability, diagonal in the feature
frame — but only up to a rotation within the active block, which sufficiency alone cannot remove.
De-rotation: the diagonal encoder, under InfoMax, is exact only in the frame that diagonalizes the
posterior, and distinct energies make that frame unique — so it lands on the feature frame, and
Lemma C.6 labels the axes. Nesting: monotone information grows the active set in threshold

order.

Proof. Concentration. By Lemma C.3 the posterior precision is 7, (y) = y diag(a). Restrict to the

active features A(y) = {k : y > yx}; inactive features carry o(1) information (Lemma C.4(iii)) and
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do not concentrate. Let y denote the maximum-likelihood estimate of y from x,, i.e. the minimizer
of ||x, — ¥ f (y)|I% and g its k-th coordinate.

As y increases the posterior sharpens, and by Bernstein-von Mises theorem (Vaart, 1998) (oth-
erwise known as local asymptotic normality in the frequentist literature) the posterior over the
active features y4(,) converges, to leading order 1/y, to a normal distribution about § with co-
variance J;/'l. Diagonality of 7, (A3) makes this covariance diagonal, so the posterior factorizes

over features,

plyan 1%) =~ || Mde va™),  AG) ={k:y > ped.
keA(y)

Because this depends on x, only through the centers 7 (the widths being fixed), the vector
(Jk)kea(y) is a minimal sufficient statistic for y4(,). Moreover, since the posterior factorizes, this
statistic is coordinate-wise: each 7 is sufficient for its own feature y; alone. Hence the maximally
informative code’s coordinates are re-parametrizations of the active features {yx }rca(y). This is
determined, however, only up to a rotation within the active block, since I(z; x,) is invariant un-
der any invertible reparametrization of z. This residual rotation is removed in the de-rotation
step.

De-rotation. Concentration determined the code only up to a rotation within the active block;
we show the diagonal encoder, under InfoMax, selects the feature basis out of this rotation family.
By the feature basis we mean the coordinate axes aligned with yy, . . ., yx; under (A3) this is exactly
the eigenbasis of the posterior covariance Iy_l = A := diag((yax) ™).

Information alone cannot make this selection. For any rotation R of the active block, Ry is an
equally valid sufficient statistic and I(Rz; x,) = I(z;x,), so InfoMax evaluated on a fixed code is
blind to R. The tie is broken instead by the factorial constraint on the encoder.

The encoder is restricted to diagonal covariance, py(z | x,) = Ny, diag(0¢)), so its coordi-

nates are conditionally independent given x,. A mean-field code matches the posterior exactly
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only when the posterior is itself diagonal in the code coordinates; otherwise it approximates a
correlated Gaussian by a factorized one and pays a gap equal to the posterior’s total correlation.
In a basis where the active block has covariance ¥, the information among the coordinates that a

factorized code must discard is given by

A(X) = min Dxi(pllq) = 3 Zlongk—logdetZ > 0.
%

q factorized

By Hadamard’s inequality, A(2) = 0 iff ¥ is diagonal.
Applying this to the rotation family R gives covariance RAR" with fixed det(RART) = det A,

SO

RART
%log Hk ( )kk
det A

A(RART) =
By contrast, in the feature basis R = I, the covariance A is already diagonal so A = 0, meaning that
a diagonal encoder is exact and InfoMax-optimal. For any R # I, RAR" is non-diagonal because
the eigenvalues (ya)~! are distinct (A4), so A(RART) > 0 and the rotated basis is suboptimal.
The only rotations preserving diagonality are permutations and sign flips.

The InfoMax-optimal diagonal encoder thus selects the unique basis that diagonalizes the
posterior, i.e. the feature basis, up to a permutation and a sign. Lemma C.6 fixes the permutation
by matching each coordinate’s onset to a threshold .

Remark: the mechanism uses the finite posterior width (ya;) ™! and the distinctness of those
widths (A4): in the deterministic o — 0 limit the gap vanishes and rotations are free again. The
alignment is thus derived from the diagonal-encoder InfoMax objective, not imposed, and holds
to leading order in 1/y, matching concentration. Without the diagonal constraint the rotation
survives.

Nesting: As y increases, the active set A(y) = {k : y > yx} only gains elements, and by the
monotonicity of I(yx; x,) (Lemma C.4(i)) a feature stays informative once past its threshold. The

active set is therefore nested, A(y) € A(y’) for y < y/, and grows one feature at a time in the
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order set by (A4), y; > - -+ > yx: features are represented as yg, . . ., y; as the image possesses less

noise. This nested, ordered activation is the hierarchy. m]

C.6 RATE-OPTIMAL LIKELIHOOD BIAS IS ORTHOGONAL TO THE
PRIOR DRIFT

Let the combined inference drive be u = s + g, where s € R? is the attractor drift from the
prior population and g € R? is the additive bias from the likelihood population. Suppose the
coding rate increases with the drive power, R = ¢(||u||*) with ¢’ > 0. Let g, be the component
in g orthogonal to s such that (g,,s) = 0. We can thus write g = a s + g, . Suppose the bias does
not attenuate the prior drift, so that (s, g) > 0. Then for any fixed orthogonal component g, , the

rate is minimized at @ = 0, so the rate-optimal bias satisfies (s, g) = 0.

Proof. Since as || sand g, L s, the Pythagorean identity gives

lull? = 111+ o) slI* + llg o lI* = (1 + a)?[IslI* + llg. II*.

The condition (s, g) = «||s||* > 0 restricts @ > 0. On this range ||u||? is strictly increasing in «,

and since ¢’ > 0 so is R. Hence R is minimized at « = 0, giving (s,g) =0andu =s + g, . m]

What this implies is that under a shared power budget on the combined drive, the norm form
lIs]|* + ||g9]|* and the dot-product form 2(s, g) are not independent constraints but the two terms
of a single quadratic. Any prior-parallel component of the likelihood bias inflates the combined
power through the cross term while conveying nothing the prior population could not produce by
gain modulation alone. A code that penalizes the total power of the combined code thus implicitly

orthogonalizes the likelihood bias and the prior drift.
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D APPENDIX: HIERARCHICAL

REPRESENTATIONS OF PRIOR KNOWLEDGE

D.1 MARGINAL RATE

Here we derive the identity

O 0GY)|2) = By |12 [V, log pelyy, 2| = By [ eI

We can express the marginal rate in terms of the difference of the unconditional and conditional

|

MMSEs using the I-MMSE relation:

2
- Hy - (ﬁ(yn’ n) = 'nBely, ~ rngxlyqﬂ)

ar]I(XS le) = Ep(x,y,y,,,z) Hy - (Q(yr]’ ’7) - rr]gzly,,)

2
= Ep(rgyyz (00— [0+ rpgz)1?]

_ [ T 2 T
= By ) |~2ru" 8tz - 728 8|
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where g, (yp, 2) = Vy, log p(zlyy), gx|y”,z(y,7,x, z) =V, logp(x|y;,2z) and u = y — §(yy, 1, 2).

Taking the expectation, we have

E [ulyy, 7.z x| = E [ylyy, 1.2 x| = §(yy. 1, 2)
= 9(yp, 1,2, %) = J(yy. 1, 2)
= (g(yr]’ '7) - rngz(yr]’ Z) - rngx|z(yr7, z, x)) - (g(yr]’ ’7) - rqu(yr]’ Z))

= _rqu|z(yi7’ 2, x)

We can plug this back into our definition of 9,1(X; Y, |Z):

2
(X Yy1Z) = Ep(xyy,.2) [_Zrn“TgXIyn,z - rngLyq,ngIyn,Z]
T
=E [—ZrUE [ulypmzx] g - r,?ggyngﬂymz]

= Ep(xy.yy.2) [r,? ||gx|y,,,z||2]
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