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Abstract

Steerable �lters, as developed by Freeman and Adel-

son, are a class of rotation-invariant linear operators

that may be used to analyze local orientation patterns

in imagery. The most common examples of such op-

erators are directional derivatives of Gaussians and

their 2-D Hilbert transforms. The inherent symmetry

of these �lters produces an orientation response that is

periodic with period �, even when the underlying im-

age structure does not have such symmetry. This prob-

lem may be alleviated by reconsidering the full class of

steerable �lters. In this paper, we develop a family of

even- and odd- symmetric steerable �lters that have a

spatially asymmetric \wedge-like" shape and are opti-

mally localized in their orientation response. Unlike

the original steerable �lters, these �lters are not based

on directional derivatives and the Hilbert transform

relationship is imposed on their angular components.

We demonstrate the ability of these �lters to properly

represent oriented structures.

1 Introduction

Oriented �lters are used in many vision and im-

age processing tasks, such as edge detection, texture

analysis, motion analysis, etc. Several authors have
addressed the problem of extracting orientation infor-

mation using rotation-invariant operators [1, 3, 4, 2].

In [2], Freeman and Adelson propose a framework for
synthesizing an arbitrary oriented �lter from a lin-

ear combination of a �xed set of steerable basis �lters.
They designed a set of such steerable �lters based on

directional derivatives of Gaussians, and used these

�lters and their Hilbert transforms to compute \local
orientation maps". Directional derivatives of Gaus-

sians impose a periodicity (of period �) on the orienta-
tion map. For example, an orientation map computed

at the end of a line segment will produce a bimodal re-

sponse as a function of orientation. This problem may

be alleviated by reconsidering the full class of steerable
�lters.

In this paper, we describe a new set of steerable �l-

ters that are not based on directional derivatives, but
that are optimally localized in their oriented energy

response. 1 We begin by reviewing the basic princi-

ples of steerability, and develop a design criterion for
steerable �lters with localized angular response. This

design strategy is used to create a set of even- and
odd-symmetric �lters, which are then used to derive

orientation maps on both synthetic and real images.

These examples suggest that the �lters are well-suited
for applications in junction analysis, detection, and

classi�cation.

2 Steerability
This section reviews the principle of steerability,

as developed by Freeman and Adelson [2]. The pre-
sentation is based on that given in [7, 6]. The sim-

plest illustration of the steerability principle is the
directional derivative of a two-dimensional Gaussian,

G(x; y). The directional derivatives of the Gaussian

(in polar coordinates) in the horizontal and vertical
directions are:

G
(0)
1 (r; �) = cos(�)(�r e�r

2=2)

G
(�=2)
1 (r; �) = sin(�)(�r e�r

2=2);

where the subscript indicates the order of the deriva-

tive, and the parenthesized superscript indicates the
angle of the derivative direction. It is straightforward

to show (using basic trigonometric identities) that the
function G1 can be synthesized at an arbitrary orien-

tation � using the following equation:

G
(�)
1 (r; �) = cos(�)G

(0)
1 (r; �) (1)

+ sin(�)G
(�=2)
1 (r; �):

1The �lters are wedge-like in shape, an idea suggested in [5].



This equation embodies the steering property of the

directional �rst derivative �lters: the directional
derivativeG1 can be generated at an arbitrary orienta-

tion � as a linear combination of the basis �lters G
(0)
1

and G
(�=2)
1 , where the coe�cients cos(�) and sin(�)

are referred to as the interpolation functions. Free-
man & Adelson also showed that the steering property

extends naturally to directional derivatives of higher
order: an n�th order derivative requires n+1 rotated

basis �lters in order to perform the interpolation prop-

erly.

Amongst several applications, Freeman and Adel-
son present a method of orientation analysis based

on the outputs of quadrature pairs. The orientation

strength, or \energy", is de�ned as the sum of squared
outputs of the n-th order directional derivative of a

Gaussian, G
(�)
n , and its Hilbert transform, H

(�)
n . Re-

sults of applying a quadrature pair of fourth-order �l-

ters (G4=H4) to several synthetic images are shown in

Figure 1. The response of the �lters to the vertical line
and cross are as expected. However, the �lters respond

bi-modally to the half-line at � = �=2 and � = 3�=2

(instead of exhibiting a single peak at � = �=2). The
response to the corner is bi-modal, but the peaks oc-

cur near � = 3�=4 and � = 7�=4 instead of � = �=2
and � = �.

These \incorrect" responses at asymmetric regions

in the image are due to the inherent symmetry of di-

rectional derivatives: the �lter response at any angle �
must be the same as the response at angle �+�. The

cause of this symmetry is apparent when considering

the properties of directional derivatives. An n-th or-
der directional derivative has an angular component

that contains a subset of the harmonics between the
�rst and the n-th. In particular, for odd n, the di-

rectional derivative contains only the odd harmonics,

and for even n, it contains only the even harmonics.
Therefore, an even-order derivative kernel will always

exhibit symmetry (when reected through the origin)
and an odd-order derivative kernel will exhibit anti-

symmetry. In either case, the squared response of the

operator will always be symmetric (that is, the angu-
lar component of the squared energy response will be

periodic with period �).

Although the directional derivatives of a Gaussian

provide a useful example, the principle of steerability
is not limited to such functions. The conditions under

which any function can be made steerable are outlined
in [2], and essentially amount to a bandlimiting con-

dition on the angular component of the �lters. Given

Figure 1: Middle column contains graphs of ori-
ented energy as a function of angle at the center of
the test images on the left. Far right column con-
tains polar plots of the same functions. Oriented
energy was measured using the set of eleven 13-
tap G4=H4 quadrature pair �lters presented in [2].
Note the forced symmetry in the oriented energy
response even when the underlying image structure
is asymmetric (i.e. the half-line and corner).

that directional derivatives always exhibit symmetry,

we set out to design a more general steerable function
that is not based on directional derivatives.

3 Design of Steerable Wedge Filters

This section discusses the design of a set of even-

and odd-symmetric steerable wedge �lters. We as-

sume a polar-separable form for the �lters, and de-
scribe the independent design of the angular and ra-

dial �lter components.

3.1 Angular Function

The general steerability condition, in polar-

separable form, is given by:

h(�� �)g(r) =

N̂X
n=1

kn(�)h(�n � �)g(r);

where h(�) is the angular portion of the steerable ker-

nel, g(r) is the radial portion, kn(�) are interpolation



functions, and �n are a �xed set of N̂ orientations2.

We now consider the derivation of a set of even- and
odd-symmetric steerable wedge �lters (ge and go, re-

spectively). To achieve steerability with 2N �lters,
the angular portion of each �lter kernel must be con-

strained to be a weighted sum of the �rst N circular

harmonics. Rather than construct 2-D Hilbert trans-
form pairs, we design a pair of �lters whose angular

components are Hilbert transforms. The angular por-

tions of the �lters are then of the following form:

ge(�) =

NX
n=1

wn cos(n�) (2)

go(�) =
NX
n=1

wn sin(n�): (3)

It is easily veri�ed that these angular functions will be

steerable with N̂ = 2N basis �lters. In order to elimi-
nate symmetry in these �lters, they are designed so as

to maximally localize the oriented energy \impulse"
response: E(�) = g2e(�) + g2o(�). In order to mini-

mize the width of this impulse response, we write a

quadratic penalty function on the Fourier coe�cients,
fwng, as: P(fwng) =

R
d� �(�)2

�
g2e(�) + g2o(�)

�
. The

function �(�) is a weighting function, which we choose
as �(�) = j�j. To facilitate computer implementation,

P(fwng) is written in matrix form by sampling the

variable � at M locations:

P (~w) = j�C ~wj
2
+ j�S ~wj

2

= ~wt
�
Ct�t�C + St�t�S

�
~w; (4)

where ~w is a vector whose components are the weights

wn, � is a diagonal matrix with the values j�j
on the diagonal, and S and C are matrices whose

columns contain the sampled sinusoidal and cosinu-

soidal basis functions, Smn = sin(2�nm=M), and
Cmn = cos(2�nm=M), respectively. From equa-

tion (4), the unit vector ~w that minimizes P is sim-
ply the minimal-eigenvalue eigenvector of the matrix

[Ct�t�C + St�t�S].

Examples of even- and odd-symmetric angular
functions, for M = 512 and N 2 f2; 4; 6; 8g, are given

in Figure 2. The corresponding oriented energy re-

sponses are given in Figure 3. Note that as N in-
creases (i.e. higher frequency components are added),

the oriented energy response and the angular functions

2The directional derivative of a Gaussian is the simplest such
�lter set, with N̂ = 2, h(�) = cos(�), g(r) = r0(r), (r) the
unit normal function, and �n 2 f0; �=2g.
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Figure 2: One-dimensional even- and odd-
symmetric angular functions with N = 2; 4; 6; 8
(left to right/top to bottom). The width of the
angular function decreases with increasing N , but
the number of �lters in the steerable basis set in-
creases.

become narrower. However, this narrowing comes at

a price: the size of the basis set increases by two with
each additional frequency component.
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Figure 3: 1D oriented energy response with N =
2; 4; 6; 8 (left to right/top to bottom). The width
of the energy response decreases with increasing N ,
but the number of �lters in the steerable basis set
increases.

3.2 Interpolation Functions

We now derive the interpolation functions kn(�n)
for the even-symmetric �lters; the derivation for the

odd-symmetric �lters is similar. From equation (2),

the angular portion of the even-symmetric kernel is
given by:

h(�� �) =

NX
n=1

wn cos(n(�� �))



=

NX
n=1

wn[cos(n�) cos(n�) + sin(n�) sin(n�)]

= ~k(�) � ~f(�); (5)

where the vectors ~k(�) and ~f(�) are de�ned as:

~k(�) =

0
BBBBBBBB@

cos(�)
sin(�)

cos(2�)

sin(2�)
: : :

cos(N�)
sin(N�)

1
CCCCCCCCA

t

; ~f(�) =

0
BBBBBBBB@

w1 cos(�)
w1 sin(�)

w2 cos(2�)

w2 sin(2�)
: : :

wN cos(N�)
wN sin(N�)

1
CCCCCCCCA
:

Letting the steerable basis functions be de�ned at
�j = j�=N , for j 2 f1; 2; : : : ; 2Ng, we can write equa-

tion (5) for each basis �lter, and combine the set of
equations into a matrix equation:

~h(�) = K ~f(�); (6)

where, ~h(�), contains the steerable �lter set:

~h(�) = (h(� � �1) h(�� �2) : : : h(�� �2N ) )
t
;

and K is a �xed matrix that depends on the samples
�j and the number of frequencies N :

K =

0
B@

cos(�1) sin(�1) : : : cos(N�1) sin(N�1)
cos(�2) sin(�2) cos(N�2) sin(N�2)

..

.
. . .

..

.
cos(�2N ) sin(�2N ) : : : cos(N�2N ) sin(N�2N )

1
CA :

Equation (6) gives a linear relationship between the

steerable basis set fh(� � �n); 0 � n � 2Ng and the

Fourier basis fcos(n�); sin(n�); 0 � n � Ng. Assum-
ing that the matrix K is invertible (this is the con-

dition required for steerability), we can solve for the
Fourier basis as a function of the steerable basis:

~f(�) = K�1~h(�): (7)

Combining equation (7) with equation (5) gives the
steering relationship:

h(�� �) = ~k(�)K�1~h(�):

The interpolation functions are then simply the vector
~k(�)K�1.

We have derived interpolation functions for the

even-symmetric �lters; a similar derivation would pro-
duce interpolation functions for the odd-symmetric

functions. Computing oriented energy would then re-
quire 4N �lters (2N even and 2N odd). Such a basis

is redundant: the entire basis of 4N functions spans

only a 2N -dimensional Fourier subspace. As such, we

will derive interpolation functions using a combina-

tion of the even- and odd-symmetric �lters, therefore

requiring only 2N basis �lters (N even, and N odd).
We denote the angular functions for the even- and

odd- symmetric �lters as he(�) and ho(�), respec-

tively, and then write an equation analogous to equa-
tion (5) for each of the two �lters:

he(�� �) = ~ke(�) � ~f(�) (8)

ho(�� �) = ~ko(�) � ~f(�); (9)

where ~f(�) is the same weighted Fourier basis as

above, and the interpolation vectors ~k� are now given
(from basic trigonometric identities) by:

~ke(�) =

0
BBBBBBBB@

cos(�)

sin(�)

cos(2�)
sin(2�)

: : :
cos(N�)

sin(N�)

1
CCCCCCCCA

t

; ~ko(�) =

0
BBBBBBBB@

� sin(�)

cos(�)

� sin(2�)
cos(2�)

: : :
� sin(N�)

cos(N�)

1
CCCCCCCCA

t

:

The collection of such equations for the �lters at angles
�j can be written in matrix form (where sin and cos
are abbreviated as S and C, respectively):
0
BBB@

he(�� �1)
ho(�� �1)

.

..
he(�� �2N )
ho(�� �2N )

1
CCCA =

0
BBB@

C(�1) S(�1) : : : C(N�1) S(N�1)
�S(�2) C(�2) �S(N�1) C(N�1)

.

..
. . .

.

..
C(�2N ) S(�2N ) C(N�2N ) �S(N�2N )
�S(�2N ) C(�2N ) : : : �S(N�2N ) C(N�2N )

1
CCCA � ~f(�);

which we denote as:

~h0(�) = K 0 ~f(�):

Combining the inverse of this equation with equa-
tions (8) and (9) gives the desired linear expressions

for he and ho rotated to an arbitrary orientation �:

he(�� �) = ~ke(�)(K
0)�1 ~h0(�) (10)

ho(�� �) = ~ko(�)(K
0)�1 ~h0(�): (11)

where the basis set of both even and odd steerable �l-
ters is contained in the vector ~h0(�). Equations (10)

and (11) give the interpolation functions for interpo-
lating even and odd responses from a set of 2N even-

and odd-symmetric �lters.



3.3 Radial Function

Thus far, only the angular component of the steer-
able wedge �lters have been speci�ed. Since the �lters

are polar separable, the choice of the radial function

does not a�ect the steerability of the angular function.
For our purposes, we arbitrarily choose the following

function:

g(r) =

8<
:

0 if r > R

1 if r < R� �
1+cos(�(r+��R)�)

2 otherwise

(12)

where, R is the radius of the �lter, and � is the tran-

sition width of the raised cosine function. Given this

radial component, a set of 2D steerable wedge �lter
kernels are computed by sampling the polar-separable

product h(�� �j)g(r) (Figure 4).
3

Figure 4: Four of ten (i.e., for N = 5) even-
symmetric (left) and odd-symmetric (right) steer-
able wedge �lters.

3.4 Orientation Analysis

The orientation strength or \energy" at an angle
� is de�ned as the sum of squared outputs of a pair

of even- and odd-symmetric �lters \steered" to the

angle �. Results of applying a pair of even- and odd-
symmetric wedge �lters (with N = 5: a basis set of 10

�lters) to several synthetic images are shown in Fig-

ure 5. Consider the top two rows of Figures 5 and 1.
The response to the vertical line in the two �gures

is similar. But, the original steerable �lter (G4=H4)
response to the half-line is bi-modal, while the wedge

�lters respond unimodally, consistent with the under-

lying image structure. The response of the wedge �l-
ters to the cross and corner are \incorrect" due to the

rather broad tuning of the �lters.

This problem is easily remedied by using more nar-
rowly tuned �lters. Results for the same set of images

with a basis set corresponding to N = 9 (18 �lters) are

3Note that aliasing due to the sampling process will not a�ect
the steerability property.

Figure 5: Middle column illustrates oriented en-
ergy as a function of angle at the center of the
test images on the left. Far right column are polar
plots of middle column. Oriented energy was mea-
sured using a set of 7-tap steerable wedge �lters
with N = 5 (i.e. 10 basis �lters).

shown in Figure 6. With the larger basis set the over-
smoothed responses to the cross and the corner are

now eliminated. It is important to note that due to
their inherent symmetry, more narrowly tuned Gn=Hn

�lters will not eliminate the bi-modal response to the

half line or corner.

Figures 7 and 8 depict the results of applying 13-
tap G4=H4 �lters and 7-tap wedge �lters (N = 9) to

a \Y-junction" and \T-junction". The wedge �lters
respond with a tri-modal response to both the \T-"

and \Y-junctions" (Figure 8), while the G4=H4 �lters

respond with a bi-modal and quadra-modal response
(Figure 7). Results of applying 7-tap wedge �lters

(N = 9) to several regions in a real image are shown

in Figure 10. For such tasks as junction analysis, de-
tection, or classi�cation, the response of the wedge

�lters is clearly favorable.

4 Discussion

The inherent symmetry of derivative-based steer-

able �lters produces a symmetric orientation response
(with period �) even when the underlying image struc-

ture does not have such symmetry. This type of re-



Figure 6: Middle column illustrates oriented en-
ergy as a function of angle at the center of the test
images on the left. Far right column are polar plots
of middle column. Oriented energy was measured
using a set of 7 � 7 steerable wedge �lters with
N = 9 (i.e. 18 basis �lters).

sponse is clearly not desirable for such tasks as junc-
tion analysis, detection or classi�cation. The sym-

metry of Gaussian derivatives is due to the fact that
even-order derivatives contain only even angular har-

monics and odd-order derivatives contain only odd an-

gular harmonics. Thus, the squared response of any
derivative �lter will be periodic (with period �). Since

the steerable wedge �lters presented in this paper con-

tain both even and odd harmonics, this periodicity is
not enforced. Unlike the original steerable �lters, the

steerable wedge �lters are localized in their oriented
energy response, therefore, the wedge �lters respond

\correctly" to asymmetric regions in the image (e.g.

line endings, corners, \T-", \Y-junctions").

One drawback of the wedge �lters (relative to the
steerable derivative �lters) is that they are not x-y

separable. However, we found that 7-tap �lters are
su�cient to achieve satisfactory results.

We believe that the �lters presented here will prove
to be extremely useful in analyzing the local orienta-

tion structure of images. Future work will include de-
velopment of an algorithm for rotation-invariant pat-

tern classi�cation, suitable for identifying junctions.

Figure 7: Middle column illustrates oriented en-
ergy as a function of angle at the center of the test
images on the left. Far right column are polar plots
of middle column. Oriented energy was measured
using a set of 13-tap G4=H4 quadrature pair �lters.
Note the forced symmetry in the oriented energy
response.

Figure 8: Middle column illustrates oriented en-
ergy as a function of angle at the center of the
test images on the left. Far right column are polar
plots of middle column. Oriented energy was mea-
sured using a set of 7-tap steerable wedge �lters
with N = 9.

The results are also readily extended to three dimen-

sions, where the resulting �lters may be used to ana-
lyze volumetric data or motion sequences. In partic-

ular, a three-dimensional set of such �lters may prove

useful for recognizing motion occlusion boundaries.
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