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We develop a statistical model for images that explicitlybases that are directly adapted to the local image geometry.
captures variations in local orientation and contrast. €lags In this paper we create a model for image patches that is
of wavelet coefficients are described as samples of a fixegkplicitly adapted to both local image amplitude and orien-
Gaussian process that are rotated and scaled according to &ation. Specifically, we extend the GSM concept to include
set of hidden variables representing the local image catra local orientation. Oriented features are an important com-
and orientation. An optimal Bayesian least squares estmat ponent of natural images. Their orientation can vary gyeatl
is developed by conditioning upon and integrating over theacross the image, but the structure of wavelet patches with
hidden orientation and scale variables. The resulting deno different orientations are often similar up to a rotationn A
ing procedure gives results that are visually superior tasts  example is shown in Fig. 1. In order to capture this behavior,
obtained with a Gaussian scale mixture model that does natie describe wavelet patches as arising from a GSM process
explicitly incorporate local image orientation. that is then rotated according to an inhomogenous hidden ori

entation variable. We develop a Bayes least squares estimat

1. INTRODUCTION based on this model, and apply it to the problem of denoising.
Natural photographic images occupy only a small portion of
the space of all possible two dimensional signals. Human ob- 2. IMAGE TRANSFORM
servers can easily identify images that have been corruptadultiscale linear transforms (loosely known as “wavelts”
by noise, indicating that the difference between naturagen have become the representation of choice for a wide varfety o
signals and noise are substantial. Understanding andiexploimage processing tasks. In the current work, we require-a rep
ing this difference underlies essentially all methodsfioage resentation that allows us to measure local orientationt@nd
denoising. In this work we examine the problem of restoringotate coefficient patches by an arbitrary angle. As the &amp
images corrupted by additive Gaussian noise of known cdecations within rotated patches do not in general match the
variance. Two of the most salient features of natural imagesriginal lattice points, it is necessary to spatially ip@ate
not shared by this noise process are the presence of stronglgtween the original coefficient sample grid points. Caitic
oriented features and large variations in local contrast. sampled seperable orthogonal wavelet representationmare

When images are decomposed in a multiscale wavelesuitable for this as aliasing effects prevent successftatjo-
type representation, variations in local image contrastima lation. Instead, we use the two-band Steerable Pyramid (SP)
fest themselves as clustering of high magnitude coeffisient[8], an overcomplete linear transform that has basis fonsti
This observation has been succesfully exploited in image co comprised of oriented multiscale derivative operators.
ing (e.g., [1]). A tractable statistical model for clustef The two-band SP of height decomposes an image into a
wavelet coefficients that is consistent with this behavim ¢ highpass band, a lowpass band and oriented bandpass bands
be constructed using a fixed homogenous distribution that i8; , andB; , for 1 < j < J. The bandpass filters are deriva-
modulated by a spatially varying hidden variable that contives in the x and y directions, and thus pairs of coefficients
trols the local magnitude [2, 3]. The Gaussian scale mixturat a given location in two subbands at a given scale may be
(GSM) is a model of this type where the homogenous districonsidered as vector components of the image gradienttat tha
bution is Gaussian and the hidden variable is a scalar fiald thlocation and scale. This representation of the gradient pro
controls the variance by simple multiplication. vides a direct measure of local orientation. The SP bandpass

There has been significant amount of recent research mands are designed to be free of aliasing which allows inter-
developing image representations that are well suitedsfor r polation between lattice points.
resenting image geometry. The curvelet [4] and contouslet [
representations are fixed bases designed to efficientlpzppr 3. MODEL
imate images that contain discontinuities along smooth conWe construct a probability model for patches of bandpass
tours, while wedglet [6] and bandlet [7] representations uspyramid coefficients. Letting be a vector representating
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Fig. 2. Normalized eigenvalues of covariance matrix esti-
mated from coefficient patches drawn from single scale of
the pyramid representation of an example image (“peppers”)
Dashed curve corresponds to raw patches, and solid curve to
Fig. 1. Left: Image with two strongly oriented patches indi- patches rotated according to dominant orientation.
cated.Right: coefficients for each patch at one scale of a two-

band steerable pyramid, displayed as vector fields. Patches = . ) ) )
are similar up to rotation. statistics, we can examine the eigenvalues of the covarianc

matrix. Figure 2 shows the eigenvalues of the covariance ma-
trix formed from the sample outer products of vectorized 5x5
patches of 2-band SP coefficients drawn directly from an ex-
v=+2zR(0)u ample image, compared with that computed from patches that
are rotated to align the dominant local orientation with the
wherez and ¢ are hidden scalar variable&(6) is a linear  horizontal axis. The curve for the rotated patches clearly i
spatial rotation operator and is a zero mean multivariate dicates that energy is more concentrated in the first fewneige
Gaussian random variable with covarianCg. We assume values, suggesting that behavior of the rotated patchesrie m
the hidden variables and ¢ are independent of each other homogeneous.
and ofu. Thus, the full density of) corresponds to an in-
finite mixture of Gaussians, with the mixture determined by 4. ESTIMATING MODEL PARAMETERS
the density of the hidden variables. We assume a uniform di
tribution on [0, 27) for py(6), and following [9, 10] place a
non-informative Jeffrey’s pseudopript(z) % on the mul-

such a patch, we set

Sthe model is specified by knowledge of the covariance ma-
trix C(0), or equivalently, ofCy and R(¢). In this work we

. ; estimateC'(#) directly from the noisy data, by estimating the
fupher 2, truncated 10z € [2min, Zmas] With same bounds as orientation of each patch, spatially rotating (and intéaipo

in [10]. ing) the patches contents, and then computing the covarianc

_Note that when condmongd on f|_xed values of the h'dderbf these rotated patches. Each of these steps is described in
variablesz and @, the patchw is distributed as a zero mean the following subsections

multivariate Gaussian with covariance adapted according t
the local amplitude and orientation and written as 4.1. Neighborhood Orientation

2C(0) = zR(0)CoR(0)T An m xm patch of two-band SP coefficientsnay be consid-
ered as a collection ofi? gradient vectors,; for i = 1...m2.
In this paper we use 5x5 patches augmented with one péait/e define the neighborhood orientatigrior the patch as the
of “parent” coefficients from the immediately coarser sub-angle of the unit vectok(¢) = (cos(¢), sin(¢))? that maxi-

band, to include some cross-scale interaction. mizes the sum of squares of inner products
Attempting to undo the action of the multiplieby divid-
ing each patch by an estimate of the hidden variable at its lo- ;fl(k(qs)Thi)Q,

cation yields patches with statistical properties mucketdo
Gaussian [2]. Thus, the variations of the local contrasttEn This is equivalent to the orientation of the eigenvector@&or
captured by the hidden multiplier, and when this is removedponding to the largest eigenvalue of thex 2 Orientation
by division the statistics of the remaining process are mor®esponse Matrix M =h;h!. Settingh; = (z;, )7, we
homogenous. have
. Ong may similarily gttempt to undo the effect of the hid- b= 11 (251, S22 — yf)) 7

en orientation by rotating the content of image wavelettped 2

according to an estimate of the local orientation. As a meayhere/ indicates the angle of the vector whose components
sure of the effectiveness of the model in capturing locabjena 5, specified by the two arguments.
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4.2. Rotation of Patches covariance for the subband noise can be computed from the
We describe a patch located at position (m,n) of the j'th pyramid decomposition of the power spectra of the noise pro-

gradient band by cess in the pixel domain (as in [10]).
Given a patch of noisy coefficient datg we writew =
vp(r,8) = Bjp(m+r,n+s) v+n wherev is the original image patch we wish to estimate,

andn is a zero mean Gaussian with covariagge
for p = {z,y}. Resampling the x and y components along & ¢ Bayes least squares estimator is then
coordinate system rotated Bygives

Sp(r,s) = Bj ,(m+rsing + scosf,n + rcosf — ssinb) 0= /Up(v|w)dv

These vector component_s must then be transformed togethg&halogous to the method of [10], we compute this first by

as a vectors, we thus defid&6)v by introducing and integrating over the hidden variallesd =
R(O)v), = 0S, + sin 65,
( ( )U) COS. + sin Y b= /U//p(v,z,ﬁ\w)dzde dv
(R(#)v)y = —sin @S, + cosbS,

The resampling requires values for the barkis, and = //p(zﬂ\w) </ Up(v|waz79)dv> dzdf
B, , at locations between the regular sample lattice points.
We first upsample each band by a factor26f in each di- As v is Gaussian with covariane€’(#) when conditioned

rection by padding the fourier transform with zeros and takon » andf, the inner integral over is a standard linear (Wiener)
ing the inverse fourier transform. We then perform bilinearestimate:

interpolation from the four nearest upsampled lattice {30in
Results presented in this paper lge= 4. o(w; z,0) = /Up(v|w7 z,0)dv = 2C(0)(C,, + 2C(0)) 'w
4.3. Estimation of C(6)

Our model describes an image patotorrupted with additive
Gaussian noise by

0 is thus a weighted integral of these Wiener estimates. By
Bayes rule we have

p(w|z,0)p(z,6)
p(w)

wheren is a sample from the zero mean Gaussian noise Ior({Nhen conditioned on andf, w is a zero mean Gaussian with

cess with known covariandg,, .
. covariancezC'(0) + C,,. Transforming the integral overto
The rotator variableg are unknown, and are estimated . ) ]
the log domain by setting = log(z) yields

by computing the neighborhood orientatign of the noisy
pa_tch. U_nder_the assumption that the r_10ise process is ro- exp( __w eyC(e) + ) w)
tationally invariant and that, + andn are independent, we ¢ = // O(w; z,0)dody
have N eJC + On|1/2

w = vZR($)u +n p(z,0lw) =

with appropriate normalization constait This procedure

* * T
[2(0 — ¢")u(R(9 — ¢7)v)"] gives an estimate of the entire patch; in practice we estimat
= E[z]E[R(O)u(R(O)u)T] + C, each coefficient using a patch centered on it, taking thescent
=C) +C, coefficient. These integrals are computed as simple double

sums by discretizingpg(z) andd to a finite number of points.
where we assume without loss of generality th&t|=1. Note  Results shown in this paper use 13 pointslégrz and 16 for
thato* is different for every patch. 0. The scalar highpass residual is denoised using the GSM
We estimateC'(6) by forming the average outer product procedure described in [10], while the lowpass band is left
of rotated patches and subtractifig. To ensure positive def- unchanged.
initeness we diagonalize the estimate and replace all megat

eigenvalues by the smallest positive eigenvalue. 6. RESULTS
Figure 3 shows a denoising example, using 5 patches in-
5. DENOISING ALGORITHM cluding parent and SP height 3. The lower right image is

We perform denoising in the SP coefficient domain by dedenoised using the model described above. The lower left
composing the noisy image, denoising the subbands and thémage is denoised using the GSM model of [10] with two SP
inverting the SP transform. We assume the noise is additivdaands, which is similar to the current method without adap-
Gaussian and stationary with known covariance. Each sultation to orientation. The best results in [10] were obtdine
band contains noise filtered by the SP basis functions; thesing an 8-band SP, and are comparable or slightly better tha



Fig. 3. Upper left: Cropped original imageUpper right:
image with added white Gaussian noise witk= 40 (PSNR

= 16.08). Lower left: denoised with two-band GSM model
(PSNR = 25.60) (see [10]).Lower right: denoised with
orientation-adapted two-band GSM. (PSNR=26.22)

the orientation-adapted GSM results presented here. Noté®]
that the edges in the image denoised with the orientation-

adapted method are sharper, and suffer less from blockiness
on oblique edges. Table 1 compares PSNR results for severeth]

test images.

7. DISCUSSION
We've introduced a statistical model for local patches ofelet

Barbara| Lena | Peppers| Boats
Two band GSM| 29.19 | 31.51| 31.56 | 30.06
Current method 29.83 | 31.74| 31.69 | 30.05

Table 1. Denoising results in PSNR &1 2 x 512 test images
with gaussian white noise with = 20. Noisy images all have
PSNR=22.10

of estimatingC'(6) and a more systematic exploration of the
effects of neighborhood size.

Finally, as in previous work [10], we do not currently
make use of the full global model implied by our local de-
scription (we ignore the overlap of the patches, computing
independent estimates of each coefficient based solelyson it
surrounding patch). We do not include any description of the
spatial structure of the hidden orientation variablesoipo-
rating such effects is difficult, but is likely to lead to stdos-
tial additional improvements in performance.
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