
Nonlinear Dynamics of Neural Systems

Excitability/Oscillations :  fast autocatalysis + slower
negative feedback

Value of reduced models

Time scales and dynamics

Phase space geometry

Different dynamic states – “Bifurcations”; concepts and
methods are general.

http://www.cns.nyu.edu/doctoral/courses/2005-2006/fall/compNeuro05/

XPP software:http://www.pitt.edu/~phase/     (Bard Ermentrout’s home page) 



Repetitive Firing, HH model and others

Response to current step

nerve block

Subthreshold



Repetitive firing in HH and squid axon
-- bistability near onset

Linear stability: eigenvalues of
4x4 matrix.  For reduced model 
w/ m=m∞(V): stability if
∂Iinst/∂V + Cm/τn > 0.

Rinzel & Miller, ‘80

HH eqns Squid axon

Guttman, Lewis & Rinzel, ‘80

Interval of bistability



Case of small φ

traj hugs V-nullcline -
except for up/down
jumps.

ML model
- excitable
regime



Morris-Lecar model:  Repetitive firing…   Type II

Iapp



Onset is via 
Hopf bifurcation

Repetitive Activity in ML (& HH)

“Type II” onset
Hodgkin ‘48



Adjust param’s changes nullclines:  case of 3 “rest” states

Stable or Unstable?

3 states – not necessarily:
stable – unstable – stable.

3 states Iss
is N-shaped 

Φ small enough,
then both upper/middle 
unstable if on middle branch.



ML: φ large 2 stable steady states 

Neuron is bistable: plateau behavior.

Saddle point, with 
stable and unstable manifolds

V

t e.g., HH with 
VK = 24 mV

Iapp switching pulses



ML: φ small both upper states are unstable

Neuron is excitable with strict threshold.

threshold
separatrix long 

Latency   

Vrest

saddle

IK-A can give long latency 
but not necessary.

Iss must be N-shaped.



Onset of Repetitive Firing – 3 rest states

SNIC- saddle-node on invariant circle

V

wIapp

excitable

saddle-node

limit cycle

homoclinic orbit;
infinite period

emerge w/ large amplitude – zero frequency



Response/Bifurcation diagram
ML: φ small

freq  ~√ I–I1

Firing frequency starts at 0.  low freq but no conductances
very slow

IK-A ?   (Connor et al ’77)

“Type I” onset
Hodgkin ‘48



Transition from Excitable to Oscillatory 

Type II,   min freq ≠ 0
Iss monotonic
subthreshold oscill’ns
excitable w/o distinct threshold
excitable w/ finite latency

Same for W-C network models.

Type I, min freq = 0
ISS N-shaped – 3 steady states
w/o subthreshold oscillations
excitable w/ “all or none” (saddle) threshold
excitable w/ infinite latency

Hodgkin ’48 – 2 classes of repetiitive firing; 
Also - Class I less regular ISI near threshold





Noise smooths the f-I relation

Type II

Type I

I app

frequency

Analogy for firing rate network models?



FS cell
near threshold

RS cell, w/ noise FS cell, w/ noise



Electrical Activity of Cells
• V = V(x,t) , distribution within cell 

• uniform or not?, propagation?
•Coupling to other cells
•Nonlinearities
•Time  scales

∂V 
∂ t

∂2 V 
∂ x2Cm +Iion(V)=              + Iapp + coupling

Current balance equation for membrane:

capacitive           channels     cable properties              other cells 

d
4Ri

∑ gc,j(Vj–V)

∑ gsyn,j(Vj(t)) (Vsyn-V)

Coupling: “electrical” - gap junctions

j

j

chemical synapses
other cells

= ∑ gk(V,W) (V–Vk )
Iion = Iion(V,W)

k
channel types

∂W/∂ t = G(V,W) 
gating dynamics

generally nonlinear


