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StatisticalImageModels

Applicationsin ImageProcessing/ Graphics:

� Compression

� Restoration

� Enhancement

� Synthesis

TheoreticalNeurobiology:

� Ecologicaloptimalityprinciplefor earlyvisualprocessing

� Adaptation/ plasticity/ learning
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Model I: Gaussian
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Powerspectraof naturalimagesfall as1=f a, a � 2.
[Field '87, Ruderman& Bialek '94, etc]
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BandpassFiltersRevealnon-GaussianBehaviors
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Marginaldensitiesof bandpass�ltered imagesarenon-Gaussian.
[Field87,Mallat89].
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Optimizingnon-Gaussianity

Linearoperatorswith maximallyindependent(or maximallynon-Gaussian)re-
sponsesareorientedbandpass�lters
[Bell/Sejnowski '97; Olshausen/Field'96]
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SampleKurtosisvs. Filter Bandwidth
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For mostimages,maximumis nearoneoctave [afterField,1987].
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SeparableWavelets

� Basisfunctionsarebandpass�lters, relatedby translation,dilation, modu-
lation.

� Orthogonal.

� Lackingtranslation-androtation-invariance.

SIAM, 3/02 6



SteerablePyramid

� Basisfunctionsareorientedbandpass�lters, relatedby translation,dilation,
rotation (directionalderivatives,orderK� 1).

� Tight frame,4K=3 overcompletenessfor K orientations.

� Translation-invariant,rotation-invariant.

[Freeman& Adelson,'90; Simoncelliet.al.,'91; Freeman& Simoncelli'95]
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SteerablePyramid:Block Diagram
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Lowpassbandis recursively split usingcentraldiagram(graybox).
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Model II: WaveletMarginals

Boats Lena Toys Goldhill
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p = 0:62 p = 0:56 p = 0:52 p = 0:60
DH = 0:014 DH = 0:013 DH = 0:021 DH = 0:0019

� Coef�cient densitieswell �t by generalizedGaussian
[Mallat '89; Simoncelli/Adelson'96]:

f (c) µ e� jc=sjp; p 2 [0:5;0:8]:

� Non-Gaussianitydueto bothimagecontentandchoiceof basis.
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Coef�cient Dependency

Large-magnitudesubbandcoef�cients arefoundat neighboringpositions,ori-
entations,andscales.
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WaveletConditionalHistogram
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� Conditionalmeanis zero

� But, conditionalvariancegrowswith amplitudeof L2
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ConditionalHistograms

Strengthof dependency is differentfor eachpairof �lters:

But theform of dependency is highly consistentacrossawiderangeof images.
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Model III: LocalGSMmodel

Model generalizedneighborhoodof coef�cients asa GaussianScaleMixture
(GSM) [Andrews& Mallows '74]:

~x =
p

z~u, where

- zand~u areindependent

-~xjz is Gaussian,with covariancezCu

- marginalsarealwaysleptokurtotic

- wechoosea�at (non-informative)prioron
log(z)

[Wainwright& Simoncelli,'99]
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GSMSimulations
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ConditionalHistogramsof pairsof coef�cients with differentspatialsepara-
tions.
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DenoisingI (Gaussianmodel)

y = x+ w; wherew is Gaussian,white.

y is anobservedtransformcoef�cient.

Bayesleastsquaressolution:

IE(xjy) =
s2

x

s2
x + s2

w
y
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DenoisingII (marginalmodel)

p = 0:5 p = 1:0 p = 2:0

Bayesleastsquaressolution:

IE(xjy) =
R

dx P(yjx) P(x) x
R

dx P(yjx) P(x)

Noclosed-formexpressionwith generalizedGaussianprior, butnumericalcom-
putationis reasonablyef�cient.
[Simoncelli& Adelson,'96]
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DenoisingIII (GSMmodel)

IE(xj~y) =
Z

dzP(zj~y) IE(xj~y;z)

=
Z

dzP(zj~y)
�
zCu(zCu + Cw) � 1~y

�
ctr

where

P(zj~y) =
P(~yjz) P(z)

R
dzP(~yjz) P(z)

; P(~yjz) =
exp(� ~yT(zCu + Cw) � 1~y=2)

p
(2p)NjzCu + Cwj

Numericalcomputationof solutionis reasonablyef�cient if onejointly diago-
nalizesCu andCw ...

[Portilla et.al.,'01]
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DenoisingSimulation:Face

noisy
(4.8)

I-linear
(10.61)

II-marginal
(11.98)

III-GSM
nbd: 5� 5+ p

(13.60)

- Semi-blind(all parametersestimatedexceptfor s w).
- All methodsusesamesteerablepyramiddecomposition.
- SNR(in dB) shown in parentheses.
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DenoisingSimulation:Fingerprint

original

soft thresholding
(17.5)

noisy
(8.1)

GSM
(21.2)

- PSNRshown in parentheses.
- Bothmethodsusesamesteerablepyramiddecomposition.
- Jointstatisticscaptureorientedstructures.
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DenoisingComparison
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PSNRimprovementasa functionof noiselevel, averagedover threeimages:

- squares:GSM
- triangles:MatLabwiener2, optimizedneighborhood[Lee, '80]

- circles:soft thresholding,optimizedthreshold[Donoho,'95]
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ExampleTextureTypes

structured random periodic 2nd-order

Canwe derive a statisticalmodel(andsamplingtechnique)to representall of
these?
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Synthesis:Gaussianmodel

Capturesperiodicity.
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Synthesis:Waveletmarginalmodel

Capturessomelocal structure.
[Heeger& Bergen,'95]
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Synthesis:GSMmodel

[Portilla & Simoncelli,'00]
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