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Abstract

In this paper, we describea nonlinearimage represen-
tation basedon divisivenormalizationthat is designedto
match thestatisticalpropertiesof photographicimages,as
well as the perceptualsensitivityof biological visual sys-
tems.We decomposean imageusinga multi-scaleoriented
representation,and useStudent's t as a modelof the de-
pendencieswithin local clusters of coef�cients. We then
showthat normalizationof each coef�cient by the square
root of a linear combinationof theamplitudesof thecoef-
�cients in the clusterreducesstatisticaldependencies.We
furthershowthat theresultingdivisivenormalizationtrans-
formis invertibleandprovideanef�cient iterativeinversion
algorithm. Finally, weprobethestatisticalandperceptual
advantagesof this image representationby examining its
robustnessto addednoise, and using it to enhanceimage
contrast.

1. Intr oduction

Choosingagoodrepresentationisof fundamentalimpor-
tanceto imageprocessingandcomputervisionapplications.
Most recentefforts in �nding imagerepresentationsfocus
on linear transformsoptimizedto minimize statisticalde-
pendencies.Thebasisfunctionsobtainedusingthesemeth-
odsarelocalizedoriented�lters at differentspatialscales,
which arelooselyreferredas“wavelets”. Suchtransforms
have beenusedasan effective substratefor a wide variety
of applicationsin computervision and imageprocessing.
Nevertheless,lineartransformsdonotcompletelyeliminate
higher-order statisticaldependenciesin photographicim-
ages[20, 2]. It is thusnaturalto developinvertiblenonlinear
transformsthatcanreducesuchhigher-orderstatisticalde-
pendencies.

Severalrecentimagerepresentations[25, 16, 15, 10] in-
cludespatiallyvaryingdivisivenormalization(DN ) assim-
ple nonlinearmap,whereeachcomponentin a clusterof

coef�cients is dividedby thesquareroot of a linearcombi-
nationof thesquaredamplitudesof its neighbors.Divisive
Normalizationwasoriginally motivatedby observedprop-
ertiesof biologicalvision,whereit wasusedto explainnon-
linearitiesin theresponsesof corticalneurons[e.g.,12, 9],
nonlinearmaskingphenomenonin visual perception[e.g.,
8, 27, 24], andhasalsobeenempirically shown to reduce
statisticaldependenciesof theoriginal linearrepresentation
[e.g.,20, 4, 19].

In this paper, we provide a more �e xible form of the
DN representation.We �rst justify theStudent's t modelas
agooddescriptionof someobservedstatisticalpropertiesof
photographicimagesin thewaveletdomain.We thenshow
that DN transformis an approximationto remove higher-
orderdependenciesfrom theStudent's t model. Extending
thedivisive normalizationtransformto imagesof arbitrary
sizes,weshow anef�cient iterativeinversionalgorithmthat
is guaranteedto converge.We probethestatisticalandper-
ceptualadvantagesof this imagerepresentationby demon-
stratingthatit is morerobustto additivenoisethanconven-
tional linear transforms. We also apply a simple method
of adaptivecontrastenhancementto theDN representation,
demonstratingthat the resultingimagesarenearlyartifact-
freecomparedto theresultsof applyingsuchenhancement
in a linearrepresentation.

2. Photographic ImageWaveletStatistics

Photographicimagesexhibit highly non-Gaussianstatis-
tical behaviors. Whendecomposedin amulti-scaleoriented
decomposition,thecoef�cients tendto havehighly kurtotic
marginal distributions [5, 7]. More importantly, thereare
higher-orderstaticaldependenciesbetweencoef�cients at
nearbylocations,orientationsandscales[28, 4] thatcannot
bemodeledby Gaussianmodels.Suchnon-Gaussianstatis-
tical propertiesof photographicimagewaveletscanbemore
clearlyillustratedby examiningtheconditionaldistribution
of adjacentpairsof waveletcoef�cients. Consider(x1; x2)
representingtwo coef�cients at adjacentspatiallocations,
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Fig. 1. Conditionalhistogramof two adjacentwaveletco-
ef®cients. Grayscaleintensitiesareproportionalto prob-
ability, with larger valuescorrespondingto brighterpix-
els.Eachcolumnis normalizedto ®ll thefull rangeof in-
tensities.Redsolid anddashedlines indicateconditional
meanandstandarddeviation, respectively. Blue solidand
dashedlines arebest-®ttinglinear modelsfor the condi-
tionalmeanandstandarddeviation.

within thesamesubbandof a waveletdecomposition1. We
examine the conditional histogramof this pair of coef�-
cients,gatheredover the whole subbandas in [20]. Fig.1
shows this conditionalhistogram,which illustratesseveral
importantaspectsof therelationshipbetweenthetwo coef-
�cients. First, theconditionalmeanandvarianceof x1 ex-
hibit strongdependency on thevalueof x2. In thiscase,the
conditionalmeancanbe approximatedwith a linear func-
tion of x2 (shown as a solid blue line). The conditional
variancecanalsobe�t with a linear functionof themean-
correctedsquareof x2 (shown asa bluedashedline).

3. Student's t Model

The behavior of multi-scaledecompositioncoef�cients
asdescribedin previoussectioncanbecapturedwith aStu-
dent's t modelof a clusterof coef�cients. Formally, a D-
dimensionalStudent's t variablex with zeromeanhasden-
sity:

p(x j� ; �; � ) /
�

1 +
�
2

x T � � 1 x
� � � � D

2
(1)

where�( �) is theGammafunction, � is a positive de�nite
matrix,and�; � aretwo modelparameters.Previously, Stu-
dent's t hasbeenproposedasanimagemodelmainly for its
conveniencein computation[23, 18, 29]. We show thatfor
a Student's t variablex, theconditionalmeanandvariance
of its i th componentgiventherest,

E(x i jx j ; j 6= i ) = � i and var(x i jx j ; j 6= i ) = � 2
i ; (2)

1In this work, we usesteerablepyramid [21], which a particulartype
of overcompletewavelettransform.However, theobservedregularitiesare
fairly robustacrossdifferentmulti-scaledecompositions.

canbeexpressedas:

� i =
X

j 6= i

aj x j and � 2
i = b+

X

j 6= i

cj (x j � � j )2: (3)

Thatis, theconditionalmeanof onewaveletcoef�cient is a
linearfunctionof theneighboringcoef�cients, andthecon-
ditional varianceis a linearcombinationof mean-corrected
squaresof neighboringcoef�cients, plusa constant.When
D = 2, thisgivestheexactdependency asshown in Fig.1.

4. DivisiveNormalization

Student's t is a specialcaseof themoregeneraldensity
family of Gaussianscalemixtures[1]. As such,it hasbeen
shown thata Student's t variablex canbeequivalentlyex-
pressedastheproductof two independentrandomvariables
as

x = u
p

z; (4)

whereu is a D-dimensionalzero-meanGaussianvariable
with covariancematrix � , andz is a positive-valuedvari-
ablewith an inverseGammadensityof parameters(�; � ),
as:

pz (zj�; � ) =
1

� � �( � )
z� � � 1 exp

�
�

1
�z

�
: (5)

NotethattheGaussianscalemixturesformulationof aStu-
dent's t variableprovidesa separationof thestatisticalde-
pendenciesin x: the Gaussiancomponentu carriesonly
second-orderdependencies,while thelatentvariablez cre-
ateshigher-orderdependenciesby correlatingall theGaus-
siancomponentsthrougha commonscalingfactor. If we
useadecorrelationtransform(e.g.,PCA) to diagonalizethe
covariancematrix � �rst, the Gaussiancomponentu then
haszerodependency, i.e.,all componentsin u aremutually
independent.We can then remove any additionalhigher-
order dependenciesby dividing x by

p
z. According to

Eq.(4), suchan operationresultsin the independentGaus-
sianvariableu.

However, asz is a latentvariable,its valueis notobserv-
able. Sincewe only have accessto variablex, onenatural
approximationto the division of z is to �rst obtainan es-
timateof z from x, ẑ, andthenusex=

p
ẑ to approximate

x=
p

z. In particular, wecanconsiderthemaximumaposte-
rior (MAP) estimatêzM AP = argmaxz p(zjx), or the the
minimummeansquarederror(MMSE) estimate,computed
asẑM AP = E(zjx). In thecaseof Student's t model,how-
ever, bothestimatorstake thefollowing form

/
s

b+
X

j

cj x2
j ; (6)

whereb = 1
� andcj s correspondto thediagonalsof thedi-

agonalizedcovariancematrix � . Due to spacelimitations,



we cannotprovide the proof here. Combining with the
front-end decorrelationtransform,we can approximately
remove statisticaldependenciesin the Student's t variable
by thefollowing transform:

r i =
x i �

P
j aj x j (i )

q
b+

P
j cj (x j �

P
k ak x j )2

; (7)

whereparametersak arecomputedfrom theeigen-vectors
of matrix � .

Thetransformdescribedin Eq.(7) coincideswith thedi-
visive normalizationtransformasdescribedin [19], which
has been shown to empirically reducestatistical depen-
denciesof multi-scaledecompositioncoef�cients of photo-
graphicimages.Theparametersin thedivisive normaliza-
tion transform,f b;ck ; ak g canbe obtainedby maximizing
thelikelihoodof blocksof multi-scaledecompositioncoef-
�cients underthe model[23]. Shown in Fig.2(a) is a sub-
bandof a photographicimage,andin (c) is theDNT of this
subband.Comparedto theoriginalsubband,theDNT coef-
�cients aremorehomogeneouswith similarstatisticsacross
differentlocations.Furthermore,asshown in Fig.2(b) and
(d), the DNT representationhas a marginal distribution
muchcloserto a Gaussianthantheoriginal subband.

5. Iterati ve Inversionof DNT

Thedivisive normalizationtransform,Eq.(7), is nonlin-
ear. Neverthelessit canbe inverted[15], andherewe de-
velopa moreef�cient iterative procedurefor doingso. To
describethe inversionprocedure,we �rst rewrite the for-
wardDN transformin matrix andvectorform. First denote
x = (x1; � � � ; xD )T asthevectorizedmulti-scaleoriented
representationof animage,includingcoef�cients in all sub-
bands,r = (r 1; � � � ; rD )T asits correspondingDN trans-
form coef�cients, and 1 is a D dimensionalvector with
all componentbeing one. Furthermore,let A and C be
the matricesformedby weightsai s and ci s, respectively.
Notethatthesematrices,thoughmaybehugein sizedueto
their dimensionalityof D � D , have sparseblock-Toeplitz
(convolutional)[11] structuresdeterminedby theneighbor-
hood con�guration and the spatial homogeneityassump-
tions. With thesenotationsand introducing intermediate
variables,the DN transformis equivalentto the following
sequenceof operations:

y = (I D � A)x (8)

z = (y2
1 ; � � � ; y2

D )T (9)

u = z � (b1 + Cz) (10)

r = (sign(y1)
p

u1; � � � ; sign(yD )
p

uD )T (11)

wherey, z andu areall D dimensionalvectors,I D is the
D � D identity matrix, and � denotesthe element-wise
divisionoperator.

The inversion of the DN transformationis thus com-
posedof reversingthestepsin Eq.(8) - (11), as

u = (r 2
1 ; � � � ; r 2

D )T (12)

z = b(I D � D(u)C) � 1u (13)

y = (sign(r1)
p

z1; � � � ; sign(rD )
p

zD )T (14)

x = (I D � A) � 1y: (15)

where
 denoteselement-wisemultiplication, andD(�) is
theoperatorthattakesavectorandturnsit into thediagonal
of a diagonalmatrix. All stepsarestraightforward,except
(13), which requiressomeexplanation.First we make use
of the fact that for two vectorsu andv, u 
 v = D(u)v .
Sofrom Eq.(10) we have,

z = u 
 (b1 + Cz)

) z = bu + D(u)Cz

) (I D � D(u)C)z = bu:

Invertingthematrix thengivesEq.(13).
Mostof thecomputationalcostin invertingtheDN trans-

form is spenton the two matrix inversions,of Eq.(13) and
(15). For smallD suchasimagepatches,thesestepsmay
be computeddirectly. For large D (typically the casefor
multi-scaleorientedrepresentationof a whole image)it is
computationallyinhibitive to performmatrix inversiondi-
rectly. On theotherhand,notethatinversionof thetwo big
matricesarenot necessaryaswe really needjust to solve
thetwo correspondinglinearequations

(I D � D(u)C)z = bu

(I D � A)x = y:

Thematriceson theleft handof thesetwo linearequations,
thoughpotentiallyvery large,arehighly structured.Analo-
gousto theLandweberalgorithmfor solvingtheFredholm
integralequationof the�rst type[13], ourproblemis equiv-
alentto solvingthesetwo linearequations:

(I D � D(u)C)T (u 
 b) = (I D � D(u)C)T (I D � D(u)C)z

(I D � A)T y= (I D � A)T (I D � A)x: (16)

Theadvantageof re-expressingtheproblemthisway is that
the right-handsidesof theseequationsaresymmetricpos-
itive de�nite matrices,and thus they can be solved using
conjugategradientdescent[17], with aguaranteeof conver-
genceto the correctsolution. In computingthe gradients,
we take advantageof the fact that the matrix-vectorprod-
uct betweena block-Toeplitzmatrix anda vectoris equiva-
lent to a convolution [11], which maybeef�ciently imple-
mentedwith fastFouriertransform.



(a) (b) (c) (d)
Fig. 2. (a)A subbandof thesteerablepyramiddecompositionof a photographicimage.(b) Log histogramof subbandcoef®cients
shown in (a) (bluesolid line). (c) TheDNT transformationof thesubbandin (a). (d) Log histogramof DNT subbandcoef®cients
shown in (c) (blue solid line). In both (b) and(d) a Gaussianwith the samemeanandvariance(red dashedline) is shown for
comparison.

(a)Original (b) SSIM = 0.51 (c) SSIM= 0.71

(d) SSIM = 0.62 (e)SSIM= 0.66 (f) SSIM = 0.75
Fig. 3. (a) A photographicimage. (b)-(f) Perturbationsof the imageshown in (a) resultingfrom addingwhite Gaussiannoise
to coef®cientsof differentimagerepresentations.All perturbedimageshave PSNRof 25dB in thepixel domain,andareshown
alongwith SSIMscores.(b) Raw pixel, (c) Fourierdomain,(d) waveletdomain,(e)steerablepyramid,(f) DNT domain.

6. Perceptual Relevance

We have describeda DNT representationfrom the sta-
tistical viewpoint. A substantialbody of work in the per-
ception literature has shown that the divisive normaliza-
tion operationcan effectively explain maskingphenom-
ena,in which thepresenceof largecoef�cients reducesthe
visibility of errorsin coef�cients that are nearbyin loca-
tion, orientation,or scale[e.g., 8, 27, 24]. In this section,

we demonstratethe perceptualrelevanceof the represen-
tation by testingits resilienceto noisecontamination. A
perceptually-matchedrepresentationshouldhave theprop-
erty thatequal-sizedistortionsin therepresentationshould
correspondto equallyvisible distortionsin the imagedo-
main.Thus,addingwhitenoiseto therepresentationshould
generateequally visible distortionsat all locationswithin
theimage.On theotherhand,addingwhite noisein a non-



perceptualrepresentation(e.g.,thepixel domain)will pro-
ducedistortionsof unequalvisibility throughouttheimage,
dependingon thelocal imagecontext.

We comparetheDNT representationwith four otherlin-
earrepresentations:raw pixels,Fouriertransform,orthogo-
nalwaveletandsteerablepyramid.TheDNT representation
useda steerablepyramidasthefront-endlinearrepresenta-
tion, anda neighborhoodincluding a 5 � 5 spatialneigh-
bor block and3 � 3 neighborblocksin two adjacentorien-
tationsandupperscales.We perturban imageby adding
whiteGaussiannoiseto thecoef�cients of eachrepresenta-
tion,andadjustingthestrengthof thisnoisesothatdistorted
imageshavethesamemeansquareerrorrelativeto theorig-
inal image.For theFourier, wavelet,andsteerablepyramid
representations,the noiseamplitudeis matchedto a given
fractionof thestandarddeviation for eachfrequency band
or subbandto reducevisibility.

Shown in Fig 3 is the resultof this procedureon a par-
ticularphotographicimage,with the�x edoutputPSNRset
to 25dB. The perceptualquality of the imagesis drasti-
cally different. For linear representations,thenoiseaffects
theentireimageuniformly, while in theDNT domain,large
perturbationsare con�ned to the vicinity of high contrast
imagefeatures(e.g.,edges),wherethey arelessvisible be-
causeof maskingeffects.

To quantify theperceptualdifferencebetweentheseim-
agesasa function of imagePSNR,we useda recentper-
ceptualimagequality metric, the structuralsimilarity im-
agemetric (SSIM) [26]. Numerically, SSIM index ranges
between0 and1, with largervaluesindicatingbetterimage
perceptualquality. We repeatedthis experimenton a setof
four images,andoverawiderangeof imagePSNRs(15dB
to 30dB). For eachrepresentationandnoiselevel, we gen-
erated10exampleimagesandcomputedtheaverageSSIM
over these.Shown in Fig.4 aretheplotsof SSIM for each
imagerepresentationasa functionof theoutputPSNR.The
plot indicatesthat theimagesfor which noisewasaddedin
DNT domainarepredictedby SSIMto appearlessdistorted
thanall otherimages,andacrossall noiselevels.

7. Contrast Enhancement

Representingimagesin thedivisive normalizeddomain
re�ects certainaspectsof humanvisualperception.In this
section,we make useof this in enhancingthe visual ap-
pearanceof low contrastregionsof photographicimages.
In general,contrastvarieswidely acrossa typical photo-
graphicimage.Thegoalof contrastenhancementis toboost
contrastin thoseregionswhereit is low or moderate,while
leaving it unchangedwhereit is high. This requiresthatthe
contrastenhancementbeadaptedto thelocalimagecontent.
All of this mustbedonewithoutgeneratingartifacts.

Many recentcontrastadjustmentmethodsarebasedon
representingimagesin the wavelet domain[e.g., 6, 22, 8,
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Fig. 4. Effectsof noiseperturbationfor different image
representations.Seetext for details.

14, 3]. A commonthemeis to usea point-wisenon-linear
mapping(typically a power function with exponent less
than1,alsocalled“gammacorrection”)to adjustcoef�cient
valuesimagesothatsmallvaluesareboostedsubstantially,
but largevaluesareboostedonly slightly or left alone.Such
methodshave beenshown able to effectively improve the
globalappearanceof theimage.However, the independent
adjustmentof thetransformcoef�cients oftenintroducesar-
tifactssuchasripplesandhalosaroundhigh-contrastfea-
tures,andtheseneedto beeliminatedin a post-processing
step[6, 14, 3].

7.1. Method

We �rst transformthe steerablepyramid coef�cients of
theimageinto theDNT domain,usingaDNT transformus-
ingageneralizedneighborhoodsystema5� 5spatialneigh-
borhood,a3� 3neighborhoodfor two adjacentorientations
subbandsanda3� 3neighborhoodfor upperscalesubband,
andoptimally estimatedparameters.In the DNT domain,
eachcoef�cient is individually boostedby agammacorrec-
tion typenon-linearmap:

g(x) = x
�
(1 � � )

jxj
�

+ �
� 
 � 1

(17)

where� ,� and 
 are adjustableparameters.The parame-
ter 
 2 [0; 1) determinesthe strengthof the enhancement
effect (small 
 producesa large effect, and
 = 1 hasno
effect). Parameter� (setto 0.01)preventsampli�cation of
noisein low signalareas,andparameter� representsavalue
that is unmodi�ed by the mapping(typically, this is setto
themaximumvalueof a subband).Themodi�ed DNT co-
ef�cients arethentransformedbackto thewaveletdomain,
from which the contrastenhancedimageis reconstructed.
Although thereis no guaranteethat the nonlinearlymod-



i�ed DNT representationwill be invertible (see[15]), we
havenotencounteredany failuresin practice.

7.2. Experiments

To illustratetheef�cacy of imagecontrastenhancement
with DNT representation,we �rst testit on anarti�cial im-
agecontainingverticaledges.In Fig.5(a), we show a hor-
izontal scanline from the testimage,andmark the ampli-
tudesof theedgesat four differentlocations(point A, B, C
andD), coveringa rangeof differentstrengths.

Wecomparedcontrastenhancementwith DNT represen-
tationwith two othermethodsusinglinearimagerepresen-
tations. Fig.5(b) shows the contrastenhancementresultof
a widely usedglobal “unsharpmasking”operation,which
correspondsto convolution with a �lter that boostshigh
frequency content. The imageis �rst decomposedwith a
two-bandsteerablepyramid, thencoef�cients in eachsub-
bandare multiplied by a scalarwhosevalue is larger for
higherfrequency band.Notethattheoverall imagecontrast
is boostedby thissimpleprocedure,but thelargejumpsand
low jumps in intensitiesare increasedby an equalfactor.
Fig.5(c) shows the result of using a more elaboratecon-
trastenhancementmethod,usingagammacorrectionin the
waveletdomain[6, 14, 3]. With a two-bandsteerablepyra-
mid decompositionof theimage,thecoef�cient magnitudes
weretransformedwith a gammacorrection-like non-linear
function (similar to Eq.(17), but the jxj is replacedby the
local standarddeviation of coef�cients). The contrasten-
hancedimageis thenobtainedby invertingthepyramidde-
composition.As shown in Fig.5(c), this methodalleviates
someof the problemsof the global high-pass�ltering, as
high intensityjumpsareboostedonly a small amount.On
the other hand,artifactsare introducedin the smoothre-
gionsaroundedges.In Fig.5 (d), contrastenhancementre-
sultingfrom aglobalgammacorrectionin theDNT domain
is shown. Comparedto the two methodsbasedon linear
representations,the low contrastsin the imagesaregreatly
boostedwhile the large jumps are only slightly changed.
This is achieved with only a minimal introductionof arti-
facts.

Fig.6 showscontrastenhancementresultsof four natural
photographicimages2 with divisive normalizedrepresenta-
tion. In processingtheRGB color images,we �rst convert
theminto the L*a*b* color space,contrastenhancingthe
L* channel,and transformedthe resulting imageback to
theRGB space.The 
 valuesarechosenfor eachindivid-
ual imageto producevisually acceptableresults.Notethat
acrossall images,the overall contrastis boosted,andde-
tails in the low contrastregions(e.g.,theupperleft corner
in the �rst imageshowing thewindows of a building) have
becomesigni�cantly morevisible.

2Imagescourtesyof N. BonnierandP. Greenspun.

8. Conclusion

In thispaper, westartwith ajusti�cation of theStudent's
t modelfor imagesin thewaveletdomain.We thenshowed
thatthisnaturallyleadsto anon-linearimagerepresentation
basedon a local divisive normalizationtransform.We de-
velopedmethodsfor estimatingthemodelparameters,and
for invertingthedivisive normalizationtransform.We then
demonstratedthestatisticalandperceptualrelevanceof this
imagerepresentation,andshowed a simpleapplicationto
contrastenhancement.

We expectthis representationto bene�t a numberof ap-
plicationsin imageprocessingandmachinevision. An ob-
vious candidateis compression:a previous normalization
representationbasedonablock-DCTdecompositionexhib-
ited substantialimprovementsin perceptualappearanceof
compressedimages[15]. In addition, this representation
seemspromisingasa substratefor applicationswhich re-
quire nonlinearimagemanipulation,asin the contrasten-
hancementexample. For example,blendingof imagesor
inpaintingto remove artifactscould bene�t from this type
of representation.

We believe themodelmay besigni�cantly extendedby
directly incorporatinglocalorientationandphaseproperties
into thelocal predictionsof meanandvariance,andwe are
currentlyworking in this direction.
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Fig. 6. Contrastenhancementresultsof naturalphotographicimages.On theleft columnaretheoriginal images,andon theright
arethecorrespondingcontrastenhancedimageswith divisive normalizationrepresentations.Imagescourtesyof N. Bonnierand
P. Greenspun.


