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Abstract

In this paper we describea nonlinearimage represen-
tation basedon divisive normalizationthat is designecto
matd the statistical propertiesof photayraphicimages,as
well as the perceptual sensitivityof biological visual sys-
tems.We decomposan image usinga multi-scaleoriented
representationand use Students t as a modelof the de-
pendenciewithin local clustes of coefcients. We then
showthat normalizationof eact coefcient by the squae
root of a linear combinationof the amplitudesof the coef-
cients in the clusterreducesstatisticaldependencies\e
further showthat theresultingdivisivenormalizationtrans-
formis invertibleandprovidean ef cient iterativeinversion
algorithm. Finally, we probethe statisticaland perceptual
advantaes of this image representationby examiningits
robustnesgo addednoise and usingit to enhanceimage
contrast.

1. Intr oduction

Choosingagoodrepresentatiois of fundamentaimpor-
tanceto imageprocessinggndcomputerisionapplications.
Most recentefforts in nding imagerepresentationfocus
on linear transformsoptimizedto minimize statisticalde-
pendenciesThebasisfunctionsobtainedusingthesemeth-
odsarelocalizedoriented Iters at differentspatialscales,
which arelooselyreferredas“wavelets”. Suchtransforms
have beenusedasan effective substratdor a wide variety

of applicationsin computervision and image processing.

Neverthelesslineartransformsio not completelyeliminate
higherorder statisticaldependenciesn photographicim-
ageq20, 2]. Itisthusnaturalto developinvertiblenonlinear
transformsthat canreducesuchhigherorderstatisticalde-
pendencies.

Severalrecentimagerepresentationg?5, 16, 15, 10] in-
cludespatiallyvaryingdivisivenormalization(DN ) assim-
ple nonlinearmap, whereeachcomponentn a clusterof

coefcients is divided by the squareroot of a linearcombi-
nationof the squarecamplitudesof its neighbors.Divisive
Normalizationwasoriginally motivatedby obsered prop-
ertiesof biologicalvision,whereit wasusedto explainnon-
linearitiesin the responsesf corticalneuronde.g., 12, 9],
nonlinearmaskingphenomenotin visual perceptione.g.,

, 27, 24], andhasalsobeenempirically showvn to reduce
statisticaldependenciesf theoriginallinearrepresentation
[e.g.20, 4, 19].

In this paper we provide a more e xible form of the
DN representatiorWe rst justify the Studentst modelas
agooddescriptiorof someobsenedstatisticalpropertieof
photographidmagesin the waveletdomain.We thenshowv
that DN transformis an approximationto remove higher
orderdependencieBom the Studentst model. Extending
the divisive normalizationtransformto imagesof arbitrary
sizeswe show anef cient iterative inversionalgorithmthat
is guaranteedo corverge. We probethe statisticalandper
ceptualadvantage®of thisimagerepresentatioby demon-
stratingthatit is morerobustto additive noisethancorven-
tional linear transforms. We also apply a simple method
of adaptve contrastenhancemertb the DN representation,
demonstratinghatthe resultingimagesare nearlyartifact-
free comparedo the resultsof applyingsuchenhancement
in alinearrepresentation.

2. Photographic Image Wavelet Statistics

Photographiégmagesexhibit highly non-Gaussiastatis-
tical behaviors. Whendecomposeih amulti-scaleoriented
decompositionthe coefcients tendto have highly kurtotic
mauginal distributions[5, 7]. More importantly thereare
higherorder staticaldependenciebetweencoefcients at
nearbylocations,orientationsandscaleqd 28, 4] thatcannot
bemodeledby Gaussiaimodels.Suchnon-Gaussiastatis-
tical propertieof photographiémagewaveletscanbemore
clearlyillustratedby examiningthe conditionaldistribution
of adjacenpairsof waveletcoefcients. Considen(x1;x2)
representingwo coefcients at adjacentspatiallocations,



Fig. 1. Conditionalhistogramof two adjacentvaveletco-

ef®cients. Grayscaldntensitiesare proportionalto prob-
ability, with larger valuescorrespondingo brighter pix-

els. Eachcolumnis normalizedio ®Il thefull rangeof in-
tensities.Redsolid anddashedinesindicateconditional
meanandstandardieviation, respectiely. Blue solid and
dashedines are best-®ttinglinear modelsfor the condi-
tional meanandstandardieviation.

within the samesubbandf a waveletdecompositioh. We
examine the conditional histogramof this pair of coef-
cients,gatheredover the whole subbandasin [20]. Fig.1
shaws this conditionalhistogram which illustratesseveral
importantaspect®f therelationshipbetweerthe two coef-
cients. First, the conditionalmeanandvarianceof x; ex-
hibit strongdependengonthevalueof x». In thiscasethe
conditionalmeancanbe approximatedvith a linear func-
tion of x, (shown as a solid blue line). The conditional
variancecanalsobe t with alinearfunction of the mean-
correctedsquareof x, (shavn asabluedashedine).

3. Student'st Model

The behaior of multi-scaledecompositiorcoefcients
asdescribedn previoussectioncanbecapturedwith a Stu-
dent'st modelof a clusterof coefcients. Formally, a D-
dimensionaStudentst variablex with zeromeanhasden-
sity:

No

1+ =x" * 1
2x X (1)

p(xj ;5 )/
where () is the Gammafunction, is a positive de nite
matrix,and ; aretwo modelparametersPreviously, Stu-
dent'st hasbeenproposedsanimagemodelmainlyfor its
corveniencdan computation 23, 18, 29. We shaw thatfor
a Studentst variablex, the conditionalmeanandvariance
ofitsi" componengiventherest,

E(xijxj;j 6 i)= ; and var(xijx;;] 6 i) = ,2 (2)

1In this work, we usesteerablegyramid [21], which a particulartype
of overcompletevavelettransform.However, the obseredregularitiesare
fairly robustacrosdifferentmulti-scaledecompositions.

canbeexpresseas:
X 2
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Thatis, the conditionalmeanof onewaveletcoefcient is a
linearfunctionof the neighboringcoefcients, andthecon-
ditional varianceis a linear combinationof mean-corrected
square®f neighboringcoefcients, plusaconstant.When
D = 2, thisgivestheexactdependengasshavnin Fig.1.

4. Divisive Normalization

Studentst is a specialcaseof the moregeneraldensity
family of Gaussiarscalemixtures[1]. As such,it hasbeen
shavn thata Studentst variablex canbe equivalently ex-
pressedsthe productof two independentandomvariables
as D

X=u z 4

whereu is a D -dimensionalzero-mearGaussianvariable
with covariancematrix , andz is a positive-valuedvari-
ablewith aninverseGammadensityof parameterg; ),
as:

1 1

exp 5 : (5)
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Notethatthe Gaussiarscalemixturesformulationof a Stu-
dent'st variableprovidesa separatiorof the statisticalde-
pendenciesn x: the Gaussiarcomponentu carriesonly
second-ordedependenciesyhile thelatentvariablez cre-
ateshigherorderdependenciely correlatingall the Gaus-
siancomponentghrougha commonscalingfactor If we
useadecorrelationiransform(e.g.,PCA) to diagonalizethe
covariancematrix  rst, the Gaussiarcomponenu then
haszerodependenyg i.e.,all componentén u aremutually
independent.We canthenremove ary_additionalhigher
order dependenciedy dividing x by © z. Accordingto
Eq.@), suchan operationresultsin theindependenGaus-
sianvariableu.

However, asz is alatentvariable,its valueis not observ-
able. Sincewe only have accesgo variablex, onenatural
approximationto the division of z is tq, rst obtainan es-
tin}?te of z from x, 2, andthenusex= 2 to approximate
x="Z. In particular we canconsidethemaximumaposte-
rior (MAP) estimate?y ap = argmax; p(zjx), or thethe
minimummeansquarecerror(MMSE) estimatecomputed
as?v ap = E(zjx). In thecaseof Studentst model,how-
ever, bothestimatorgake thefollowing form

Sy
!/ b+ G X?; (6)
j

whereb= 1 andg; s correspondo the diagonalsof the di-
agonalizedccovariancematrix . Dueto spaceimitations,



we cannotprovide the proof here. Combiningwith the

front-end decorrelationtransform, we can approximately
remove statisticaldependencies the Students t variable
by the following transform:

P .
X ax()

ri =4

(7)

b+ j G (X K X )?
whereparametersy arecomputedrom the eigen-\ectors
of matrix

Thetransformdescribedn Eq.(7) coincideswith thedi-
visive normalizationtransformasdescribedn [19], which
has beenshavn to empirically reduce statistical depen-
denciesof multi-scaledecompositiortoefcients of photo-
graphicimages.The parametersn the divisive normaliza-
tion transform,f b;cy ; ax g canbe obtainedby maximizing
thelik elihoodof blocksof multi-scaledecompositiorcoef-
cients underthe model[23]. Shown in Fig.2(a) is a sub-
bandof a photographiédmage,andin (c) is the DNT of this
subbandComparedo theoriginal subbandthe DNT coef-
cients aremorehomogeneouwith similar statisticsaacross
differentlocations. Furthermoreasshawn in Fig.2(b) and
(d), the DNT representatiorhas a mamginal distribution
muchcloserto a Gaussiarthanthe original subband.

5. Iterati ve Inversion of DNT

The divisive normalizationtransform,Eq.(7), is nonlin-
ear Neverthelesst canbeinverted[15], andherewe de-
velopa moreefcient iterative procedurefor doingso. To
describethe inversionprocedurewe rst rewrite the for-
wardDN transformin matrix andvectorform. Firstdenote
X = (Xg; :xp)T asthe vectorizedmulti-scaleoriented
representationf animage,includingcoefcients in all sub-
bandsy = (r1; ;rp)T asits correspondindN trans-
form coefcients, and 1 is a D dimensionalvector with
all componentbeing one. Furthermorelet A and C be
the matricesformed by weightsa; s and ¢ s, respectiely.
Notethatthesematricesthoughmaybehugein sizedueto
theirdimensionalityof D D, have sparseblock-Toeplitz
(corvolutional)[11] structuresleterminedy the neighbor
hood con guration and the spatial homogeneityassump-
tions. With thesenotationsand introducingintermediate
variables the DN transformis equialentto the following
sequencef operations:

y = (o A ®)
z = (5 )T 9)
u = z (bl+ C2) (10)
ro= signy)Pun  signiyo)’ )T (1)

wherey, z andu areall D dimensionalectors,| p is the
D D identity matrix, and denotesthe element-wise
division operator

The inversionof the DN transformationis thus com-
posedof reversingthestepsn Eq.(8) - (11), as

u = (5 )’ (12)
z = blp D) tu (13)
y = o)’z signGo)’ )T (14)
x = (Ip A)ly: (15)

where denotesslement-wisanultiplication,andD( ) is
theoperatoithattakesavectorandturnsit into thediagonal
of a diagonalmatrix. All stepsarestraightforvard, except
(13), which requiressomeexplanation. First we make use
of thefactthatfor two vectorsu andv,u v = D(u)v.
Sofrom Eq.(10) we have,

z=u (bl+ C2)
) z=bu+ pD(u)Cz
) (o D(U)C)z= bu:

Invertingthe matrix thengivesEq.(13).

Mostof thecomputationatostin invertingtheDN trans-
form is spenton the two matrix inversions,of Eq.(13) and
(15). For smallD suchasimagepatchesthesestepsmay
be computeddirectly. For large D (typically the casefor
multi-scaleorientedrepresentatioof a whole image)it is
computationallyinhibitive to perform matrix inversiondi-
rectly. Onthe otherhand,notethatinversionof thetwo big
matricesare not necessaraswe really needjust to solve
thetwo correspondindjinearequations

bu
y:

(o0 D(u)C)z
(l D A)X

Thematriceson theleft handof thesetwo linearequations,
thoughpotentiallyvery large,arehighly structured Analo-
gousto the Landweberlgorithmfor solvingthe Fredholm
integral equatiorof the rst type[13], ourproblemis equi-
alentto solvingthesetwo linearequations:

D(u)C)"(Ip D(u)C)z
A)T(p Ax:  (16)

(lo DWC) (u b)=(lp
(Ilo A)Ty=(Ip

Theadwantageof re-expressinghe problemthisway is that
theright-handsidesof theseequationsare symmetricpos-
itive de nite matrices,andthusthey canbe solved using
conjugatggradientdescenf17], with aguarante®f corver-

genceto the correctsolution. In computingthe gradients,
we take advantageof the fact that the matrix-vectorprod-
uct betweera block-Toeplitzmatrix anda vectoris equia-

lentto a corvolution [11], which may be ef ciently imple-

mentedwith fastFouriertransform.



(@) (b) (©) (d)
Fig. 2. (a) A subbandf the steerablgyramid decompositiorof a photographiémage.(b) Log histogramof subbandoef®cients
shavn in (a) (bluesolid line). (c) The DNT transformatiorof the subbandn (a). (d) Log histogramof DNT subbandtoefdcients
shavn in (c) (blue solid line). In both (b) and (d) a Gaussiarwith the samemeanand variance(red dashedine) is shavn for
comparison.

(a) Original (b) SSIM=0.51 (c)SSIM=0.71

(d) SSIM=0.62 (e) SSIM=0.66 (f) SSIM=0.75
Fig. 3. (a) A photographidmage. (b)-(f) Perturbation®f the imageshavn in (a) resultingfrom addingwhite Gaussiamoise
to coef®cientsof differentimagerepresentationsAll perturbedmageshare PSNRof 25dB in the pixel domain,andareshavn

alongwith SSIM scores(b) Raw pixel, (c) Fourierdomain,(d) waveletdomain,(e) steerablgoyramid, (f) DNT domain.

6. Perceptual Relevance

We have describeda DNT representatiofrom the sta-
tistical viewpoint. A substantiabody of work in the per
ception literature has shavn that the divisive normaliza-
tion operationcan effectively explain masking phenom-
ena,in which the presencef large coefcients reduceghe
visibility of errorsin coefcients that are nearbyin loca-
tion, orientation,or scale[e.g., 8, 27, 24]. In this section,

we demonstratehe perceptualkelevanceof the represen-
tation by testingits resilienceto noise contamination. A
perceptually-matcherkpresentatioshouldhave the prop-
erty thatequal-sizedistortionsin the representatioshould
correspondo equally visible distortionsin the imagedo-
main. Thus,addingwhite noiseto therepresentatioshould
generateequally visible distortionsat all locationswithin
theimage.On the otherhand,addingwhite noisein anon-



perceptualepresentatiorfe.g., the pixel domain)will pro-
ducedistortionsof unequalbisibility throughoutheimage,
dependingnthelocal imagecontext.

We comparehe DNT representatiowith four otherlin-
earrepresentationgaw pixels,Fouriertransform orthogo-
nalwaveletandsteerabl@yramid. TheDNT representation
useda steerablgyramidasthefront-endlinearrepresenta-
tion, anda neighborhoodncludinga5 5 spatialneigh-
borblockand3 3 neighborblocksin two adjacenbrien-
tationsand upperscales. We perturban imageby adding
white Gaussiamoiseto the coefcients of eachrepresenta-
tion, andadjustingthe strengthof this noisesothatdistorted
imageshavethesamemeansquaresrrorrelative to theorig-
inal image.For the Fourier, wavelet,andsteerablgyramid
representationghe noiseamplitudeis matchedto a given
fraction of the standarddeviation for eachfrequeng band
or subbando reducevisibility.

Shown in Fig 3 is theresultof this procedureon a par
ticular photographiémage,with the x edoutputPSNRset
to 25dB. The perceptualquality of the imagesis drasti-
cally different. For linearrepresentationghe noiseaffects
theentireimageuniformly, while in the DNT domain large
perturbationsare con ned to the vicinity of high contrast
imagefeatureqe.g.,edges)wherethey arelessvisible be-
causeof maskingeffects.

To quantify the perceptuatifferencebetweertheseim-
agesas a function of imagePSNR,we useda recentper
ceptualimage quality metric, the structuralsimilarity im-
agemetric (SSIM) [26]. Numerically SSIM index ranges
betweerD and1, with largervaluesindicatingbetterimage
perceptuafuality. We repeatedhis experimenton a setof
fourimagesandoverawiderangeof imagePSNR15dB
to 30dB). For eachrepresentatioandnoiselevel, we gen-
eratedl0 exampleimagesandcomputedhe averageSSIM
over these.Shawn in Fig.4 arethe plots of SSIM for each
imagerepresentatioasa functionof the outputPSNR.The
plot indicatesthatthe imagesfor which noisewasaddedn
DNT domainarepredictedby SSIMto appeatessdistorted
thanall otherimagesandacrossall noiselevels.

7. Contrast Enhancement

Representingmagesin the divisive normalizeddomain
re ects certainaspectof humanvisual perception.In this
section,we make use of this in enhancingthe visual ap-
pearanceof low contrastregions of photographidmages.
In general,contrastvarieswidely acrossa typical photo-
graphicimage.Thegoalof contrasenhancemeris to boost
contrastin thoseregionswhereit is low or moderatewhile
leaving it unchangedvhereit is high. Thisrequireghatthe
contrasenhancemeriieadaptedo thelocalimagecontent.
All of this mustbedonewithout generatingartifacts.

Many recentcontrastadjustmenmmethodsare basedon
representingmagesin the waveletdomain|e.g., 6, 22, 8,
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Fig. 4. Effectsof noiseperturbationfor differentimage
representationsSeetext for details.

, 3. A commonthemeis to usea point-wisenon-linear
mapping (typically a power function with exponentless
thanl, alsocalled“gammacorrection”)to adjustcoefcient
valuesimagesothatsmallvaluesareboostedsubstantially
but largevaluesareboostedonly slightly or left alone.Such
methodshave beenshownn ableto effectively improve the
globalappearancef theimage. However, theindependent
adjustmenbof thetransformcoefcients oftenintroducesar
tifactssuchasripples and halosaroundhigh-contrastea-
tures,andtheseneedto be eliminatedin a post-processing

step[6, 14, 3.
7.1 Method

We rst transformthe steerablepyramid coefcients of
theimageinto theDNT domain,usingaDNT transformus-
ing ageneralizedheighborhoodystena5 5 spatialneigh-
borhooda3 3neighborhoodor two adjacenbrientations
subbandanda3 3neighborhoodor upperscalesubband,
and optimally estimatedparameters.In the DNT domain,
eachcoefcient is individually boostecby agammacorrec-
tion typenon-lineamap:

o =x @ )+ (17)
where , and are adjustableparameters.The parame-
ter 2 [0;1) determineghe strengthof the enhancement
effect (small producesa large effect,and = 1 hasno
effect). Parameter (setto 0.01)preventsampli cation of
noisein low signalareasandparameter representavalue
thatis unmodi ed by the mapping(typically, this is setto
the maximumvalueof a subband).Themodi ed DNT co-
ef cients arethentransformedackto the waveletdomain,
from which the contrastenhancedmageis reconstructed.
Although thereis no guaranteehat the nonlinearly mod-



ied DNT representationwill be invertible (see[
have notencounteredny failuresin practice.

1), we

7.2 Experiments

To illustratethe ef cacy of imagecontrasttnhancement
with DNT representationye rst testit onanarti cial im-
agecontainingvertical edges.In Fig.5(a), we showv a hor-
izontal scanline from the testimage,and mark the ampli-
tudesof the edgesat four differentlocations(pointA, B, C
andD), coveringarangeof differentstrengths.

We compareatontrasenhancememtith DNT represen-
tationwith two othermethodsusinglinearimagerepresen-
tations. Fig.5(b) shavs the contrastenhancementesult of
a widely usedglobal “unsharpmasking”operation,which
corresponddo convolution with a lter that boostshigh
frequeng content. The imageis rst decomposedvith a
two-bandsteerablegoyramid, thencoefcients in eachsub-
bandare multiplied by a scalarwhosevalueis larger for
higherfrequeng band.Notethatthe overallimagecontrast
is boostedyy this simpleprocedurebut thelargejumpsand
low jumpsin intensitiesare increasedy an equalfactor
Fig.5(c) shaws the result of using a more elaboratecon-
trastenhancemenethod,usingagammacorrectionin the
waveletdomain[6, 14, 3]. With atwo-bandsteerableyra-
mid decompositiorof theimage thecoefcient magnitudes
weretransformedvith a gammacorrection-like non-linear
function (similar to Eq.(17), but the jx] is replacedby the
local standarddeviation of coefcients). The contrasten-
hancedmageis thenobtainedby invertingthe pyramidde-
composition. As showvn in Fig.5(c), this methodalleviates
someof the problemsof the global high-passltering, as
high intensityjumpsareboostedonly a smallamount.On
the other hand, artifactsare introducedin the smoothre-
gionsaroundedges.In Fig.5 (d), contrastenhancemernte-
sultingfrom a globalgammacorrectionin the DNT domain
is shavn. Comparedo the two methodsbasedon linear
representationghe low contrastdn theimagesaregreatly
boostedwhile the large jumps are only slightly changed.
This is achiezed with only a minimal introductionof arti-
facts.

Fig.6 shawvs contrasenhancemenesultsof four natural
photographigmages with divisive normalizedrepresenta-
tion. In processinghe RGB colorimageswe rst corvert
theminto the L*a*b* color space,contrastenhancinghe
L* channel,and transformecthe resultingimage back to
the RGB space.The valuesarechosenfor eachindivid-
ualimageto producevisually acceptableesults.Note that
acrossall images,the overall contrastis boosted,and de-
tails in the low contrastregions(e.qg.,the upperleft corner
in the rst imageshaving thewindows of a building) have
becomesigni cantly morevisible.

2|magescourtesyof N. BonnierandP. Greenspun.

8. Conclusion

In this paperwe startwith ajusti cation of the Students
t modelfor imagesin thewaveletdomain.We thenshaved
thatthis naturallyleadsto anon-lineaiimagerepresentation
basedon a local divisive normalizationtransform. We de-
velopedmethodsfor estimatingthe modelparametersand
for invertingthe divisive normalizationtransform.We then
demonstratethe statisticalandperceptuatelevanceof this
imagerepresentationand shaved a simple applicationto
contrasienhancement.

We expectthis representatioto bene t anumberof ap-
plicationsin imageprocessingandmachinevision. An ob-
vious candidateis compression:a previous normalization
representatiobasedn ablock-DCTdecompositiorexhib-
ited substantiaimprovementsn perceptuabppearancef
compressedmages[15]. In addition, this representation
seemspromisingas a substrateor applicationswhich re-
quire nonlinearimagemanipulation,asin the contrasten-
hancemenexample. For example,blendingof imagesor
inpaintingto remove artifactscould bene t from this type
of representation.

We believe the modelmay be signi cantly extendedby
directlyincorporatingocal orientationandphaseproperties
into the local predictionsof meanandvarianceandwe are
currentlyworking in this direction.
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Fig. 6. Contrastenhancemenesultsof naturalphotographiémages.Ontheleft columnarethe originalimagesandontheright
arethe correspondingontrastenhancedmageswith divisive normalizationrepresentationdmagescourtesyof N. Bonnierand
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