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ABSTRACT

Theconventionalmethodof generatingbasighatis optimallyadap-
ted(in MSE) for representationf anensemblef signalsis Princi-

pal Componentnalysis(PCA). A moreambitiousmoderngoal is

the constructionof basesthat are adaptedto individual signalin-

stances.Here we develop a newv framavork for instance-adapte

signalrepresentatioby exploiting thefactthatmary real-world sig-

nals exhibit local self-similarity Speci cally, we decomposeghe
signalinto multiscalesubbandsandthenrepresentocal blocks of

eachsubbandisingbasisfunctionsthatarelinearly derivedfrom the
surroundingcontext. The linear mappingsthatgeneratehesebasis
functionsare learnedsequentially with eachone optimizedto ac-
countfor asmuchvarianceaspossiblein thelocal blocks.We apply
this methodologyto learninga coarse-to- nerepresentationf im-

ageswithin amulti-scalebasis demonstratinghattheadaptve basis
canaccountfor signi cantly morevariancethana PCA basisof the
samedimensionality

Index Terms— Adaptive basisconditionalPCA, self-similarities,
imagemodeling,imagerepresentation.

1. INTRODUCTION

A fundamentalconceptin signal processings that of selectinga
representatiothatis optimally adaptedo a classof signals.In the
mostwell-known formulation of this problem,known as Principal
Componenténalysis(PCA),alinearbasiss selecteduchthateach
successie axiscapturesasmuchvariance(estimatedverthesignal
ensemble)as possible[1]. Although it is optimal over the entire
signalclass this basismay performpoorly onindividual examples.

Recentiteratureexploresthe problemof adaptinga basisto in-
dividual signalinstances Speci cally, oneattemptgo selecta sub-
setof basiselementdrom alarge redundantictionaryof functions
suchthatthe signalis bestrepresentedAlthoughthe generalprob-
lemis NP-hard,it canbesolvedin somespecialcasesanda variety
of algorithmshave beendevelopedto nd approximatesolutions,
[eq., 2, 3, 4] thathave beenusedfor both compressionfe.g., 5, 6]
anddenoising,[e.q,, 7, 8]. Neverthelessthesemethodstendto be
computationallyexpensve, andcompressiorexamplesto datehave
not demonstratedonsistenbr signi cant advancesover traditional
methodsprimarily dueto thecostof encodingheindicesof selected
basiselements.

An interestingpropertyfound in mary naturally-occurringsig-
nalsis self-similarity: local structuresoccur repeatedlyat differ-
entlocations,orientationsandscaleswithin a given signalinstance.
Neither PCA nor sparseadaptve basesexploit this property but a
numberof authorshave developedalternatve methodsof doing so.
Fractalimagecodingscheme&ncodesachimagedblock asatrans-
formedcopy of alargerblock, wheretransformationsncludetrans-
lation, rotation, shearing,and contraction[9]. State-of-the-artex-
ture synthesisnethodsusea relatedstratgy, generatinghovel tex-
tureimagesby carefullystitchingtogetheiblocksrandomlyselected

from within an exampletexture image,[e.g., 10, 11]. Imageself-
similaritieshave alsobeenexploited for imagerepairing/inpainting,
[e.g, 12], andfor imagedenoising[e.g., 13,14, 15].

In this paper we presenta methodof learningan adaptve ba-
sis thatis generatedrom the signalitself. Speci cally, eachpatch
of signalis representedssingbasisfunctionsthatarelinearly com-
putedfrom contextual information. Patchedrom onebandof a sub-
bandimagedecompositioruseasconditionalneighborhoogatches
on the samepositionin a coarsersubband A relatedrepresentation
hasbeenpreviously developedfor image distortion analysis[16].
Notethatthis approachliffersfrom thefractalcodingapproachbpe-
causethe contetual information is dravn from a xed neighbor
hoodaroundeachpatch. In addition,we do not attemptto directly
representhe patchcontents put insteadto generatea basisfor the
patch.We developa methodof optimizingthe matrix thatgenerates
the basisfunctions,soasto maximizethe varianceaccountedor in
patchef anensemblef signals.As such,we referto this method
asconditionalPCA (cPCA).We apply cPCAto the problemof im-
agerepresentatiorexploiting the self-similaritythatoccursbetween
co-locatedpatchesin adjacentscalesof a multi-scaledecomposi-
tion. We shaw thatthis representatiois capableof capturingsignif-
icantly morevariancethanPCA over the samepatchesandexamine
the degradationthat occurswhenthis conditionalrepresentations
cascadedrom coarsescaledo ne scales.

2. CONDITIONED PCA
2.1. SequentialPCA learning problem

The Principal ComponentAnalysis (PCA) problemcorrespondso

learninga sequencef basisfunctionsthatbestcapturethe variance
of anensemblef signals[1]. GivenN signalsrepresentedsvec-
torsfy,jn = 1;2; ;N g of dimensionK , the rst PCA basis
vector representsn axis that capturesthe one-dimensionasignal
subspacevith highestvariancethesecondapturesheseconcdigh-

estvarianceaxis, andso on andso forth. Althoughthe PCA basis
may be directly computedasthe eigervectorsof the signal covari-

ancematrix, orderedaccordingto the eigemvalues,it may also be
computedsequentiallyby optimizingonecomponenatatime:

by = argmin  minky{ s bk? (1)
b n=1 Skin
wherewe de ne
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Due to the orthogonalityof PCA basisfunctions,eachoptimal co-
efcient s, needsio be computedonceohthek™ iteration. This
greedyformulationproducesxactly the sameresult(up to numeri-
cal considerationsasthe eigervectorsolution.

2.2. SequentialcPCA learning problem

We baseour formulationof the cPCA problemon the PCA formu-
lation describedabove, but insteadof solving for a x ed setof ba-
sis vectors,we seekthe besttransformationof a setof input data
vectorsto a form a basisfor a setof outputdatavectors. Con-
siderN input-outputvectordatapairsfxnjn = 1;2; ;Ngand
fynjn = 1;2; ;N g, wherethe dimensionsof x,'s andy,'s
areM 1 andM , respectiely. The objective is to nd a setof op-
eratorsfBy : RM1 I RM2jk = 1;2; ;K g suchthattheK -
dimensionalsubspacespanneddy vectorsf B (Xn)g capturesas
muchof the varianceof the vectorsfy, g aspossible. In orderto
reducethe complity of the problem,we assumehe operatorsare
linear(i.e.,theB'sareM, M matrices). Evenwith thisrestric-
tion, x ednonlineartransformationsnay beincorporatedy apply-
ing themto the contextual dataandappendingheseresultsontothe
original inputvectorsxp .

Following the greedyPCA formulationof the previous section,
we seekto minimize:

By = arg mBm min ypq Skn BXn 2
Skin

n=1

Unlike the PCA formulation,the basisvectorsf B xnjj = 1:::kg
arenotguaranteetb beorthogonalandthus,we mustcomputeeach
yﬁk) by eliminating(projectingout) thesubspacspannedy all pre-
viously generatedasisvectorsf Bjxnjj = 1:::k 1g from the
originalyn :

1

Y = yn sibn;
j=1
1
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Sng = argfl;r_nng Kyn sSjnBjxnk®: (3)
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TheB \'sarecomputedsequentiallygreedily),startingwith k = 1.

Foreachk, thef s-(t‘n) g arecomputedrom Eq.(3) by pseudo-imerting
thecurrentadaptedasissetf Bj xnjj = 1:::k 1gforeachn (this
setis emptywhenk = 1). ThentheB y'sareobtainedrom Eq. (2),
by alternatingbetweensolving for the optimal B « andsolving for
theoptimalsy., . Althoughwe cannofprove corvexity of theoverall
objective function, this alternationis a form of coordinatedescent

andthusguaranteedo corvergeto a (possiblylocal) minimum.

3. APPLYING CPCATO IMAGES

In this section,we shov preliminarytestsillustrating the potential
adwantagesof the cPCA representatiorfor image coding. Image
structuresexhibit several forms of self-similarity with respectto
translationanddilation. Thus,we will apply cPCA within a mul-
tiscale,orientedtransformin which theseself-similaritiesareeasily
recognizedindrepresentedSpeci cally, we useasteerablgyramid
decompositio{17], which partitionsthe imageinto orientedsub-
bandsof spatialfrequeng varyingby factorsof two. Thisrepresen-
tationis anovercompletdight frame,andwe useit becaus¢hecon-
tentsof eachscaleare translation-inariant and rotation-irvariant.

X y X y
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Fig. 1. Self-similarity betweenco-locatednon subsampledoarse-
scale(x) and ne-scale(y) patchesfor (a) anoscillatingtextureand
(b) astepedge.

a

For our examples,we use a steerablepyramid with three orienta-
tion bandswhichis roughly ve-fold overcompleteBoththecPCA
andthe PCA basisusedin this sectionare computedfor x ed size
patchef agivensubband.

Selectingourvectorsy n to bespatialblocksof coefcients within
a subbandywe wish to choosecontext vectorsx, basedonthecon-
tent of co-locatedblocksat the next coarses{“parent”) subbandat
the sameorientation. In studyingthe relationshipbetweenthese
child-parentblocks,we nd that differentimagestructuresexhibit
differentbehaiors. Speci cally, edgegproduceoscillationsatroughly
the centerfrequeny of eachsubbandput texturesproduceoscilla-
tionsthatarelockedto the signalfrequeny in both subbandsThis
behaior is illustratedin Fig. 1. This meansthat texturesand pe-
riodic signalstructureswill appearwith the samefrequeng in the
(non-davnsampled)arentasin the child, but edgeswill appearat
afrequeng in thechild thatis twice thatof the (non-davnsampled)
parent.Thus,we de ne the conditioningvectors X, to includethe
contentsof a (non-davnsampledplock from the parentband,con-
catenatedvith thoseof a frequeng-doubledversionof thatblock.

Figure2illustratesfour typicalexamplef reconstructind 1x11
patchedrom a horizontal“child” bandby two methods: rst, using
four PCA basisfunctionsof the child band,andsecondusingfour
cPCAbasisfunctionsthatarecomputedrom the parentband.Note
thatthe PCAbasisfunctionsfor all patchesre x ed(by design) but
thebasisfunctionsof cPCA, which arecomputedby applying x ed
transformationg B« jk = 1;:::4g to the parentvectorx, , aredif-
ferentfor eachchild patch.Looselyspeakingwe nd thatthecPCA
basisfunctionsappeato be similarto oneof thetwo parentpatches,
or slightly translateccopiesof thosepatches.

Figure2(a)shavs anexamplewherethechild patchhasastrong
horizontalstructure Sincethe rst four PCAbasisfunctionscapture
predominantlyhorizontal structuresthe patchreconstructedising
the PCA basisfunctionsis a satishctoryrepresentationf the child
patch.SimilarresultsareobtainedusingthecPCAbasis.Figure2(b)
shaws a casewherethe PCA reconstructiorcaptureghe horizontal
structurein the child, but fails to representhe non-horizontabnes.
cPCA,ontheotherhand,is capableof capturingthis signalchange.
Figure 2(c) illustratesa striking examplein which the child patch
is orientedobliquely (the subband ters in the steerablgoyramid
arebroadlytunedfor orientation).This is poorly representetly the
PCA basis but thecPCAbasisexploits the structurein the parentto
provide a high-qualityreconstructiorof the child patch. Finally, in
Fig. 2(d), we shav thatevenwhenthe child patchdoesnot have ary
predominanbrientation cPCAis ableto reconstructhechild patch
morefaithfully thanPCA.

As we have seenwaveletbandsdo tendto retainstructurefrom
coarsdo ne, butin somecasesstructureghatcannotoeseenn the
coarselbandappearin ner bands.In sucha case,it is impossible
to recover arything from linear combinationf the parent.We can
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Fig. 2. Representatiorof four example patchesusing PCA and
cPCA bases. The rst column shavs the subbandpatches. The
“child” is the patchy, to be approximatedandthe “parents”are
a patchfrom the samelocation of the (non-davnsampled)coarser
frequeng bandandits frequeng-doubledversion,the concatena-
tion of whichformsx, in thecPCAequationsThe seconccolumn
(single patch)shawvs approximationf different patchesobtained
with 4-componenPCA and cPCA basegy @ ). Finally, the third
column(groupsof four patchesshaws thefour differentbasisfunc-
tionsusedfor thePCAreconstructiomnthetop (fby; k = 1:::44q,
basisfunctionsglobally derived from the child band,identical for
all threeexamples)andthe four basisfunctionsusedfor the cPCA
reconstructiorff Bk xn; k = 1:::4g basisfunctionsadaptvely de-
rived from the concatenategharents,obtainedwith the samefour
linearpredictionmatricesfor all rows).

alleviatethis problemwith asimplemodi cation of Eq. (2), addinga
x edbasisfunction, by, to theconditionally-adaptetasisfunction:

X " 2
fBi;bxg=argmin  min vy s (Bxn + be) 1 (4)
H n=1 Sk:n

by allows the basisto capturepossible“new arrivals” in the child
bandthatcannotbe predictedrom the parent.Eq. 4 is equivalentto
PCAwhenB = 0, andto Eq.(2) whenb = 0. Noticethatthe PCA
and cPCA basiscomponentsharea commoncoefcient, andthus
thisformulationdoesnotincur any additionalrepresentationalost.

ThecPCAmatricesB «x canbe optimizedover theimagebeing
represente@asin the exampleof Fig. 2), or over a separatéraining
set. Of course evenwhenthey arederived from a generictraining
set,they still producedifferentbasisfunctionsfor every patch. The
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Fig. 3. SNR versusnumberof componentdor standard®CA and
cPCAwith a standard®CA componeniblock size5 5, pyramid
with three orientationsand three scales). (a) Performancen en-
coding one subbandof the “peppers”’image, with differentbases,
including: cPCAwith B« s optimizedon “peppers”(downward tri-
angles);cPCA optimizedon a separatdraining setof threeimages
(upwardtriangles);PCA optimizedon “peppers’(dashed)andPCA
optimizedon the separatdraining set(circles),almostoverlapping
thepreviousone. (b) Performancén encodinga subbandf differ-
entimageswith baseptimizedover a separatéraining set.Notice
thatall imageshave approximateljthe samebehaior, exceptfor the
white noise, which, asexpectedjs moredif cult to approximate.

latteris preferabldor codingapplicationssothattheB i 's neednot
beencodedn the datastream.Figure3(a) shavs the SNR behaior
of cPCAwhenthelineartransformhasbeentrainedon a setof three
images(Lena,BarbaraandBoat)on5 5 patchesandappliedto an
imagenot in the training set(peppers).This gure alsoshaws the
performancef cPCAwhenthelineartransformB is trainedon the
imagebeing representedpeppers)and whenthe linear transform
hasbeenlearnedfrom white noise(which captureghe redundang
of the steerablgpyramid basisonly). Also shavn arethe resultsof
PCA, bothtrainedon the peppersmage,andtrainedon the separate
training set. The cPCA representatiomutperformsPCA for small
numbersf basiselementdy roughly4dB. Onceroughlyhalf of the
componentsf thebasishave beenusedfor thereconstructiongPCA
losesits advantagewith respecto PCA. Neverthelesstheremaining
erroratthis stageis quite small. Theerrordropsto zerowhenall 25
basisfunctionsareincluded(not shavn in plot).

Figure 3(b) shavs only the cPCA behaior for a setof several
imagesjncludingwhite noise. ThematricesB ¢ areoptimizedover
thesamethree-imagerainingsetmentionedpreviously. Thebeha-
ior of cPCA is quite consistentover all the images,and doesnot
vary muchfor imagesin or out of the training set. The only curve
that falls signi cantly shortof the generalbehaior is that of the
noiseimage,which doesnot exhibit the sameself-similarity proper
tiesasthe photographiémages.We have alsoexaminedthesesame
cunesfor imagesrepresentedavith orthogonalwavelettransforms,
to determinewvhetherthelearnedB wascapturingredundanciedue
to overcompleteness the steerablepyramid, or redundancieslue
to imageself-similarity We nd thatthe behaior of cPCArelative
to PCA on orthogonalwaveletsis similar (althoughabsoluteper
formanceis worse),demonstratinghat the primary advantagesve
reportherearedueto imageself-similarity

Finally, Fig. 4 shavsanexampleof animagereconstructeffom
only asinglePCA or cPCAbasisfunctionin every 5x5 patchof the
two highest-frequencpyramidlevels,alongwith thehigh-frequeng
(non-orientedyesiduaband.Boththe PCAbasisandthecPCAma-
triceshave beentrainedon a setthatdid not containtheimageunder
considerationthusthereis no associatedostfor encodingeither



(a) PCA,PSNR=25.99dB

(b) cPCA,PSNR=27.26dB

Fig. 4. Reconstructiomf animageby substitutinghelasttwo steer
able pyramid levels and the residualhigh frequeng bandwith (a)
aone-termPCA approximationand(b) a one-termcPCA cascaded
representationSeetext.

basis.In orderto do the PCA andcPCA approximationsthe pyra-
mid bandsare divided in non-overlapping5x5 patchesand every
patchis representedvith a single basisfunction. For cPCA, this
is donerecursvely from coarseto ne scale,computingeachband
(exceptfor thoseat the coarsestscale)from the previously approxi-
matedparent(andthus,accumulatingheerrors).PCAis performed
independentlyor eachsubbandDespitethecascadingf errors the
one-componentPCA approximationbehaes betterthan the one-
componenPCA approximationpothvisually andin PSNR.

4. CONCLUSIONS

We have introducedconditionalPCA, a nev methodologyfor adap-
tive signalrepresentatiothatdirectly exploits contextual self-simila-
rities. This representatiooffers potentialadvantagedor signalsin
whichthevarianceof alocal patch(or coefcient block) conditioned
onits context is signi cantly lessthantheunconditionedsariance.

Speci cally, we believe cPCAoffersseveraladvantagesverre-
centlydevelopedmethoddor adaptve basisselectiorfrom nite re-
dundantictionaries:1) the cPCAbasisis notlimited to a nite set,
andthushasthe potentialto adaptto a muchlarger variety of local
imagestructuregassuminghey areself-similar);2) Themaincom-
putationalcostis thelearningof theB « 's, which canbedoneof ine
from atrainingset. Computatiorof thelocally adaptve basess then
linear, andthusfar moreef cient thancurrentapproximatenethods
for selectinganoptimalbasisfrom aredundantlictionary;and3) the
basisfunctionsarenot speci ed directly, but arecomputedrom the
signalitself. For example,in compressionthe signalspeci c basis
functionscould be computedrom previously receved data,andin
denoisingthey canbe computedrom previously cleanediata.

We have shavn preliminary examplesof imagerepresentation,
which demonstratdghe potentialusefulnesf cPCA. In this con-
text, we are currently working to improve the algorithm by which
theB's areoptimized,andwe areexploring alternatve choicesof
conditioningneighborhoodsncludingfor examplesurroundingco-
efcients in the sameband, or coefcients from other orientation
bands.More generally we believe the cPCArepresentatiosanof-
fer advantagesn mary otherapplicationswherePCA or ary other
signal-adaptedmagerepresentatiois used. This includesa broad
rangeof computevision, patternrecognitionandimageprocessing
applicationssuchascompressionsestorationsuperresolution,and
objectrecognition.

5. REFERENCES

[1] 1. T. Jolliffe, Principal Componenfnalysis Springerseriesn
Statistics Springer 2 edition,2002.

[2] S. Mallat and Z. Zhang, “Matching pursuit with time-
frequeng dictionaries, IEEE Trans.on SignalProc., vol. 41,
no.12,pp.3397-34151993.

[3] N. G. Kingshury andT. H. Reeves, “Redundantrepresenta-
tion with complex wavelets:how to achieve sparsity’ in ICIP,
2003,vol. 1, pp.45-48.

[4] Michal Aharon, Michael Elad, and Alfred Bruckstein, “K-
SVD: An algorithm for designingovercompletedictionaries
for sparserepresentatioh, IEEE Trans.on Signal Proc., vol.
54,pp.4311-43222006.

[5] E.Le PenneandS. Mallat, “Sparsegeometricimagerepre-
sentationswith bandelet$, IEEE Trans.on Image Proc., vol.
14,n0.4, pp.423-4382005.

[6] R. M. Figuerasi Ventura,P. Vandegheynst, andP. Frossard,
“Low-rateand e xible imagecodingwith redundantepresen-
tations; |EEE Trans.on Image Proc,, vol. 3, pp. 726-739,
2006.

[7] S.S. Chen,D. L. Donoho,and M. A. Saunders, “Atomic
decompositiorby basispursuit; SIAM Journal on Scienti ¢
Computingvol. 20,no.1, pp.33-61,1998.

[8] J.-L. Starck,E. J. CandesandD. L. Donoho, “The cunelet
transformfor imagedenoising, IEEE Trans.on Image Proc,,
vol. 11,n0.6, pp.670-6842002.

[9] M. FE Barnslg andL. P. Hurd, Fractalimage compession A.
K. Peters|.td, 1993.

J. De BonetandP. Viola, “A non-parametrignulti-scalesta-
tistical modelfor naturalimages), in Adv in Neurl Info. Pro-
cessingDecembell997,vol. 9, MIT Press.

(10]

[11] A. A. Efrosand T. K. Leung, “Texture synthesisby non-
parametricsampling; in Proc. of the Int. Conf on Computer
Vision, Sept.1999,vol. 2, p. 1033.

Z.Wang,Y. L. Yu, andD. Zhang, “Best neighborhoodnatch-
ing - aninformationlossrestoratiortechniquefor block based
imagecodingsystems, |IEEE Trans.on Image Proc, vol. 7,

pp.1056-10611998.

Z. WangandD. Zhang, “Restorationof impulse noise cor
ruptedimagesausinglong-rangecorrelationi, IEEE SignalPro-
cessing_etters, vol. 5, pp.4-6,1998.

A. Buades,B. Coll, andJ. M. Morel, “Image denoisingby
non-localaveraging, in Proc. IEEE Int. Conf on Acoustics,
Speeh, and SignalProcessing2005,vol. 2, pp.25-28.

(12]

(13]

(14]

[15] K. Daboy, A. Foi, V. Katkovnik, andK. Egiazarian, “Image
denoisingby sparse3-D transform-domaircollaboratve lter -
ing,” IEEE Trans.on Image Proc, vol. 16, no. 16, pp. 2080—

2095,2007.

Z. Wangand E. P. Simoncelli, “An adaptve linear system
framework for imagedistortion analysis, in Proc. of ICIP,,
2005,vol. 3, pp.1160-1163.

E. P. SimoncelliandW. T. Freeman,“The steerablgyramid:
a exible architecturdor multi-scalederivative computatiort,
in ICIP, 1995,vol. 3, pp.444-447.

(16]

(17]



