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ABSTRACT
Theconventionalmethodof generatingabasisthatisoptimallyadap-
ted(in MSE) for representationof anensembleof signalsis Princi-
pal ComponentAnalysis(PCA). A moreambitiousmoderngoal is
the constructionof basesthat are adaptedto individual signal in-
stances.Here we develop a new framework for instance-adaptive
signalrepresentationby exploiting thefactthatmany real-world sig-
nals exhibit local self-similarity. Speci�cally, we decomposethe
signal into multiscalesubbands,andthenrepresentlocal blocksof
eachsubbandusingbasisfunctionsthatarelinearlyderivedfrom the
surroundingcontext. The linearmappingsthatgeneratethesebasis
functionsare learnedsequentially, with eachoneoptimizedto ac-
countfor asmuchvarianceaspossiblein thelocalblocks.Weapply
this methodologyto learninga coarse-to-�nerepresentationof im-
ageswithin amulti-scalebasis,demonstratingthattheadaptivebasis
canaccountfor signi�cantly morevariancethana PCA basisof the
samedimensionality.

IndexTerms— Adaptivebasis,conditionalPCA,self-similarities,
imagemodeling,imagerepresentation.

1. INTRODUCTION

A fundamentalconceptin signal processingis that of selectinga
representationthat is optimally adaptedto a classof signals.In the
mostwell-known formulationof this problem,known asPrincipal
ComponentsAnalysis(PCA),alinearbasisis selectedsuchthateach
successiveaxiscapturesasmuchvariance(estimatedover thesignal
ensemble)as possible[1]. Although it is optimal over the entire
signalclass,thisbasismayperformpoorlyon individualexamples.

Recentliteratureexplorestheproblemof adaptinga basisto in-
dividual signalinstances.Speci�cally, oneattemptsto selecta sub-
setof basiselementsfrom a largeredundantdictionaryof functions
suchthat thesignalis bestrepresented.Althoughthegeneralprob-
lem is NP-hard,it canbesolvedin somespecialcases,andavariety
of algorithmshave beendevelopedto �nd approximatesolutions,
[e.g., 2, 3, 4] thathave beenusedfor bothcompression,[e.g., 5, 6]
anddenoising,[e.g., 7, 8]. Nevertheless,thesemethodstendto be
computationallyexpensive, andcompressionexamplesto datehave
not demonstratedconsistentor signi�cant advancesover traditional
methods,primarilydueto thecostof encodingtheindicesof selected
basiselements.

An interestingpropertyfound in many naturally-occurringsig-
nals is self-similarity: local structuresoccur repeatedlyat differ-
ent locations,orientationsandscaleswithin a givensignalinstance.
NeitherPCA nor sparseadaptive basesexploit this property, but a
numberof authorshave developedalternative methodsof doingso.
Fractalimagecodingschemesencodeeachimagedblockasa trans-
formedcopy of a largerblock,wheretransformationsincludetrans-
lation, rotation,shearing,andcontraction[9]. State-of-the-arttex-
ture synthesismethodsusea relatedstrategy, generatingnovel tex-
tureimagesby carefullystitchingtogetherblocksrandomlyselected

from within an exampletexture image,[e.g., 10, 11]. Imageself-
similaritieshave alsobeenexploitedfor imagerepairing/inpainting,
[e.g., 12], andfor imagedenoising,[e.g., 13,14,15].

In this paper, we presenta methodof learningan adaptive ba-
sis that is generatedfrom thesignalitself. Speci�cally, eachpatch
of signalis representedusingbasisfunctionsthatarelinearly com-
putedfrom contextual information.Patchesfrom onebandof asub-
bandimagedecompositionuseasconditionalneighborhoodpatches
on thesamepositionin a coarsersubband.A relatedrepresentation
hasbeenpreviously developedfor imagedistortion analysis[16].
Notethatthisapproachdiffersfrom thefractalcodingapproach,be-
causethe contextual information is drawn from a �xed neighbor-
hoodaroundeachpatch. In addition,we do not attemptto directly
representthe patchcontents,but insteadto generatea basisfor the
patch.We developa methodof optimizingthematrix thatgenerates
thebasisfunctions,soasto maximizethevarianceaccountedfor in
patchesof anensembleof signals.As such,we referto this method
asconditionalPCA(cPCA).We applycPCAto theproblemof im-
agerepresentation,exploiting theself-similaritythatoccursbetween
co-locatedpatchesin adjacentscalesof a multi-scaledecomposi-
tion. Weshow thatthis representationis capableof capturingsignif-
icantlymorevariancethanPCAover thesamepatches,andexamine
the degradationthat occurswhenthis conditionalrepresentationis
cascadedfrom coarsescalesto �ne scales.

2. CONDITIONED PCA

2.1. SequentialPCA learning problem

The PrincipalComponentAnalysis(PCA) problemcorrespondsto
learninga sequenceof basisfunctionsthatbestcapturethevariance
of anensembleof signals[1]. GivenN signals,representedasvec-
tors f y n jn = 1; 2; � � � ; N g of dimensionK , the �rst PCA basis
vector representsan axis that capturesthe one-dimensionalsignal
subspacewith highestvariance,thesecondcapturesthesecondhigh-
estvarianceaxis, andso on andso forth. Although the PCA basis
may be directly computedasthe eigenvectorsof the signalcovari-
ancematrix, orderedaccordingto the eigenvalues,it may also be
computedsequentiallyby optimizingonecomponentata time:

b k = arg min
b
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Due to the orthogonalityof PCA basisfunctions,eachoptimal co-
ef�cient sk ;n needsto becomputedonceoh thek th iteration. This
greedyformulationproducesexactly thesameresult(up to numeri-
cal considerations)astheeigenvectorsolution.

2.2. SequentialcPCA learning problem

We baseour formulationof thecPCAproblemon thePCA formu-
lation describedabove, but insteadof solving for a �x ed setof ba-
sis vectors,we seekthe besttransformationof a set of input data
vectorsto a form a basisfor a set of output datavectors. Con-
siderN input-outputvectordatapairsf x n jn = 1; 2; � � � ; N g and
f y n jn = 1; 2; � � � ; N g, wherethe dimensionsof x n 's and y n 's
areM 1 andM 2 , respectively. The objective is to �nd a setof op-
eratorsf B k : RM 1 ! RM 2 jk = 1; 2; � � � ; K g suchthat the K -
dimensionalsubspacesspannedby vectorsf B k (x n )g capturesas
muchof the varianceof the vectorsf y n g aspossible. In order to
reducethecomplexity of theproblem,we assumetheoperatorsare
linear(i.e.,theB k 'sareM 2 � M 1 matrices). Evenwith thisrestric-
tion, �x ednonlineartransformationsmaybeincorporatedby apply-
ing themto thecontextual dataandappendingtheseresultsontothe
original inputvectorsxn .

Following thegreedyPCA formulationof theprevioussection,
weseekto minimize:

B k = arg min
B
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Unlike thePCA formulation,thebasisvectorsf B j x n jj = 1 : : : kg
arenotguaranteedto beorthogonal,andthus,wemustcomputeeach
y ( k )

n by eliminating(projectingout) thesubspacespannedby all pre-
viously generatedbasisvectorsf B j x n jj = 1 : : : k � 1g from the
original y n :
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TheB k 'sarecomputedsequentially(greedily),startingwith k = 1.
Foreachk, thef s( k )

j ;n g arecomputedfromEq.(3)bypseudo-inverting
thecurrentadaptedbasissetf B j x n jj = 1 : : : k � 1g for eachn (this
setis emptywhenk = 1). ThentheB k 's areobtainedfrom Eq.(2),
by alternatingbetweensolving for the optimal B k andsolving for
theoptimalsk ;n . Althoughwecannotproveconvexity of theoverall
objective function, this alternationis a form of coordinatedescent
andthusguaranteedto convergeto a (possiblylocal)minimum.

3. APPLYING CPCA TO IMA GES

In this section,we show preliminary testsillustrating the potential
advantagesof the cPCA representationfor imagecoding. Image
structuresexhibit several forms of self-similarity, with respectto
translationanddilation. Thus,we will apply cPCA within a mul-
tiscale,orientedtransformin which theseself-similaritiesareeasily
recognizedandrepresented.Speci�cally, weuseasteerablepyramid
decomposition[17], which partitionsthe imageinto orientedsub-
bandsof spatialfrequency varyingby factorsof two. This represen-
tationis anovercompletetight frame,andweuseit becausethecon-
tentsof eachscaleare translation-invariant and rotation-invariant.
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Fig. 1. Self-similarity betweenco-locatednon subsampledcoarse-
scale(x) and�ne-scale(y) patches,for (a)anoscillatingtextureand
(b) astepedge.

For our examples,we usea steerablepyramid with threeorienta-
tion bands,which is roughly� ve-foldovercomplete.Both thecPCA
andthe PCA basisusedin this sectionarecomputedfor �x ed size
patchesof agivensubband.

Selectingourvectorsy n tobespatialblocksof coef�cients within
a subband,we wish to choosecontext vectorsx n basedon thecon-
tent of co-locatedblocksat the next coarsest(“parent”) subbandat
the sameorientation. In studying the relationshipbetweenthese
child-parentblocks,we �nd that different imagestructuresexhibit
differentbehaviors. Speci�cally, edgesproduceoscillationsatroughly
thecenterfrequency of eachsubband,but texturesproduceoscilla-
tionsthatarelockedto thesignalfrequency in bothsubbands.This
behavior is illustratedin Fig. 1. This meansthat texturesandpe-
riodic signalstructureswill appearwith the samefrequency in the
(non-downsampled)parentasin the child, but edgeswill appearat
a frequency in thechild thatis twice thatof the(non-downsampled)
parent.Thus,we de�ne theconditioningvectors,x n , to includethe
contentsof a (non-downsampled)block from theparentband,con-
catenatedwith thoseof a frequency-doubledversionof thatblock.

Figure2 illustratesfour typicalexamplesof reconstructing11x11
patchesfrom a horizontal“child” bandby two methods:�rst, using
four PCA basisfunctionsof thechild band,andsecond,usingfour
cPCAbasisfunctionsthatarecomputedfrom theparentband.Note
thatthePCAbasisfunctionsfor all patchesare�x ed(by design),but
thebasisfunctionsof cPCA,which arecomputedby applying�x ed
transformationsf B k jk = 1; : : : 4g to theparentvectorx n , aredif-
ferentfor eachchild patch.Looselyspeaking,we�nd thatthecPCA
basisfunctionsappearto besimilar to oneof thetwo parentpatches,
or slightly translatedcopiesof thosepatches.

Figure2(a)showsanexamplewherethechild patchhasastrong
horizontalstructure.Sincethe�rst four PCAbasisfunctionscapture
predominantlyhorizontalstructures,the patchreconstructedusing
thePCA basisfunctionsis a satisfactoryrepresentationof thechild
patch.SimilarresultsareobtainedusingthecPCAbasis.Figure2(b)
shows a casewherethePCA reconstructioncapturesthehorizontal
structurein thechild, but fails to representthenon-horizontalones.
cPCA,on theotherhand,is capableof capturingthis signalchange.
Figure2(c) illustratesa striking examplein which the child patch
is orientedobliquely (the subband�lters in the steerablepyramid
arebroadlytunedfor orientation).This is poorly representedby the
PCAbasis,but thecPCAbasisexploits thestructurein theparentto
provide a high-qualityreconstructionof thechild patch.Finally, in
Fig. 2(d),weshow thatevenwhenthechild patchdoesnothaveany
predominantorientation,cPCAis ableto reconstructthechild patch
morefaithfully thanPCA.

As wehaveseen,waveletbandsdo tendto retainstructurefrom
coarseto �ne, but in somecases,structuresthatcannotbeseenin the
coarserbandappearin �ner bands.In sucha case,it is impossible
to recover anything from linearcombinationsof theparent.We can
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Fig. 2. Representationof four example patchesusing PCA and
cPCA bases. The �rst column shows the subbandpatches. The
“child” is the patchy n to be approximated,and the “parents”are
a patchfrom the samelocationof the (non-downsampled)coarser
frequency bandand its frequency-doubledversion,the concatena-
tion of which formsx n in thecPCAequations.Thesecondcolumn
(single patch)shows approximationsof different patchesobtained
with 4-componentPCA andcPCA bases(y (4)

n ). Finally, the third
column(groupsof four patches)shows thefour differentbasisfunc-
tionsusedfor thePCAreconstructiononthetop(f b k ; k = 1 : : : 4g,
basisfunctionsglobally derived from the child band,identical for
all threeexamples)andthe four basisfunctionsusedfor the cPCA
reconstruction(f B k x n ; k = 1 : : : 4g basisfunctionsadaptively de-
rived from the concatenatedparents,obtainedwith the samefour
linearpredictionmatricesfor all rows).

alleviatethisproblemwith asimplemodi�cation of Eq.(2),addinga
�x edbasisfunction,b k , to theconditionally-adaptedbasisfunction:

f B k ; b k g = arg min
B ;b

NX

n =1

min
sk ;n






 y ( k )

n � sk ;n (Bx n + b k )
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b k allows the basisto capturepossible“new arrivals” in the child
bandthatcannotbepredictedfrom theparent.Eq. 4 is equivalentto
PCAwhenB = 0, andto Eq.(2) whenb = 0. NoticethatthePCA
andcPCA basiscomponentssharea commoncoef�cient, andthus
this formulationdoesnot incurany additionalrepresentationalcost.

ThecPCAmatricesB k canbeoptimizedover the imagebeing
represented(asin theexampleof Fig. 2), or over a separatetraining
set. Of course,evenwhenthey arederived from a generictraining
set,they still producedifferentbasisfunctionsfor every patch.The
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Fig. 3. SNR versusnumberof componentsfor standardPCA and
cPCAwith a standardPCA component(block size5 � 5, pyramid
with threeorientationsand threescales). (a) Performancein en-
codingone subbandof the “peppers”image,with differentbases,
including: cPCAwith B k s optimizedon “peppers”(downward tri-
angles);cPCAoptimizedon a separatetrainingsetof threeimages
(upwardtriangles);PCAoptimizedon“peppers”(dashed);andPCA
optimizedon the separatetraining set(circles),almostoverlapping
thepreviousone. (b) Performancein encodinga subbandof differ-
entimageswith basesoptimizedover aseparatetrainingset.Notice
thatall imageshaveapproximatelythesamebehavior, exceptfor the
whitenoise,which,asexpected,is moredif�cult to approximate.

latteris preferablefor codingapplications,sothattheB k 'sneednot
beencodedin thedatastream.Figure3(a)shows theSNRbehavior
of cPCAwhenthelineartransformhasbeentrainedonasetof three
images(Lena,BarbaraandBoat)on5� 5 patches,andappliedto an
imagenot in the training set(peppers).This �gure alsoshows the
performanceof cPCAwhenthelineartransformB is trainedon the
imagebeing represented(peppers),andwhen the linear transform
hasbeenlearnedfrom white noise(which capturesthe redundancy
of thesteerablepyramidbasisonly). Also shown arethe resultsof
PCA,bothtrainedon thepeppersimage,andtrainedon theseparate
training set. The cPCA representationoutperformsPCA for small
numbersof basiselementsby roughly4dB.Onceroughlyhalf of the
componentsof thebasishavebeenusedfor thereconstruction,cPCA
losesits advantagewith respectto PCA.Nevertheless,theremaining
errorat thisstageis quitesmall.Theerrordropsto zerowhenall 25
basisfunctionsareincluded(not shown in plot).

Figure3(b) shows only the cPCA behavior for a setof several
images,includingwhitenoise. ThematricesB k areoptimizedover
thesamethree-imagetrainingsetmentionedpreviously. Thebehav-
ior of cPCA is quite consistentover all the images,and doesnot
vary muchfor imagesin or out of the training set. The only curve
that falls signi�cantly short of the generalbehavior is that of the
noiseimage,whichdoesnotexhibit thesameself-similarityproper-
tiesasthephotographicimages.We have alsoexaminedthesesame
curvesfor imagesrepresentedwith orthogonalwavelet transforms,
to determinewhetherthelearnedB wascapturingredundanciesdue
to overcompletenessin the steerablepyramid, or redundanciesdue
to imageself-similarity. We �nd that thebehavior of cPCArelative
to PCA on orthogonalwavelets is similar (althoughabsoluteper-
formanceis worse),demonstratingthat the primary advantageswe
reportherearedueto imageself-similarity.

Finally, Fig.4 showsanexampleof animagereconstructedfrom
only a singlePCA or cPCAbasisfunctionin every 5x5 patchof the
twohighest-frequency pyramidlevels,alongwith thehigh-frequency
(non-oriented)residualband.BoththePCAbasisandthecPCAma-
triceshavebeentrainedonasetthatdid notcontaintheimageunder
consideration,thus thereis no associatedcost for encodingeither



(a) PCA,PSNR=25.99dB (b) cPCA,PSNR=27.26dB

Fig. 4. Reconstructionof animageby substitutingthelasttwo steer-
ablepyramid levels andthe residualhigh frequency bandwith (a)
a one-termPCA approximation,and(b) a one-termcPCAcascaded
representation.Seetext.

basis.In orderto do thePCA andcPCAapproximations,thepyra-
mid bandsare divided in non-overlapping5x5 patches,and every
patchis representedwith a single basisfunction. For cPCA, this
is donerecursively from coarseto �ne scale,computingeachband
(exceptfor thoseat thecoarsestscale)from thepreviously approxi-
matedparent(andthus,accumulatingtheerrors).PCA is performed
independentlyfor eachsubband.Despitethecascadingof errors,the
one-componentcPCA approximationbehaves betterthan the one-
componentPCAapproximation,bothvisuallyandin PSNR.

4. CONCLUSIONS

We have introducedconditionalPCA,a new methodologyfor adap-
tivesignalrepresentationthatdirectlyexploitscontextualself-simila-
rities. This representationofferspotentialadvantagesfor signalsin
whichthevarianceof alocalpatch(or coef�cient block)conditioned
on its context is signi�cantly lessthantheunconditionedvariance.

Speci�cally, webelievecPCAoffersseveraladvantagesover re-
centlydevelopedmethodsfor adaptivebasisselectionfrom �nite re-
dundantdictionaries:1) thecPCAbasisis not limited to a �nite set,
andthushasthepotentialto adaptto a muchlargervarietyof local
imagestructures(assumingthey areself-similar);2) Themaincom-
putationalcostis thelearningof theB k 's,whichcanbedoneof�ine
from atrainingset.Computationof thelocally adaptivebasesis then
linear, andthusfarmoreef�cient thancurrentapproximatemethods
for selectinganoptimalbasisfrom aredundantdictionary;and3) the
basisfunctionsarenot speci�eddirectly, but arecomputedfrom the
signalitself. For example,in compression,thesignalspeci�c basis
functionscouldbecomputedfrom previously receiveddata,andin
denoising,they canbecomputedfrom previouslycleaneddata.

We have shown preliminaryexamplesof imagerepresentation,
which demonstratethe potentialusefulnessof cPCA. In this con-
text, we arecurrentlyworking to improve the algorithmby which
theB k 's areoptimized,andwe areexploring alternative choicesof
conditioningneighborhoods,includingfor examplesurroundingco-
ef�cients in the sameband,or coef�cients from other orientation
bands.More generally, we believe thecPCArepresentationcanof-
fer advantagesin many otherapplicationswherePCA or any other
signal-adaptedimagerepresentationis used.This includesa broad
rangeof computervision,patternrecognitionandimageprocessing
applications,suchascompression,restoration,super-resolution,and
objectrecognition.
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