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Abstract: A variety of experimental studies suggest that sensory systems are capable of performing
estimation or decision tasks at near-optimal levels. In this chapter, I explore the use of optimal
estimation in describing sensory computations in the brain. I define what is meant by optimality
and provide three quite different methods of obtaining an optimal estimator, each based on different
assumptions about the nature of the information that is available to constrain the problem. I
then discuss how biological systems might go about computing (and learning to compute) optimal

estimates.

The brain is awash in sensory signals. How does it interpret these signals, so as to extract
meaningful and consistent information about the environment? Many tasks require esti-
mation of environmental parameters, and there is substantial evidence that the system is
capable of representing and extracting very precise estimates of these parameters. This is
particularly impressive when one considers the fact that the brain is built from a large num-
ber of low-energy unreliable components, whose responses are affected by many extraneous
factors (e.g., temperature, hydration, blood glucose and oxygen levels).

The problem of optimal estimation is well studied in the statistics and engineering communi-
ties, where a plethora of tools have been developed for designing, implementing, calibrating
and testing such systems. In recent years, many of these tools have been used to provide
benchmarks or models for biological perception. Specifically, the development of signal
detection theory led to widespread use of statistical decision theory as a framework for
assessing performance in perceptual experiments. More recently, optimal estimation theory
(in particular, Bayesian estimation) has been used as a framework for describing human
performance in perceptual tasks.
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tors, Tony Movshon and Brian Wandell, for helpful comments and suggestions. This work was financially
supported by the Howard Hughes Medical Institute, the National Institutes of Health (EY018003), and the
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In this chapter, I’ll explore the use of optimal estimation in describing sensory computations
in the brain. In the first half, I’ll define what I mean by optimality, and develop three quite
different formulations for obtaining an optimal estimator. In the second half, I'll ask how
biological systems might go about computing optimal estimates. This is not intended as a
complete review of this rich multi-disciplinary topic, and I apologize in advance to the many
authors whose important contributions I’ve neglected to mention. Instead, my purpose is
to clarify and resolve a number of myths and misunderstandings about optimal estimation,
and to offer a personal perspective on the relationship between these concepts and the
design and function of biological sensory systems.

1 Definition and formulations of optimal estimation

A common problem for systems that must interact with the world (including both biological
organisms, and man-made devices) is that of obtaining estimates of environmental proper-
ties, x, from sensory measurements, m. An estimator is simply a deterministic function,
f(m) that maps measurements to values of the variable of interest. If x is a binary vari-
able, then the estimator reduces to a decision function. Generally, the measurements are
assumed to be corrupted by noise, which could arise from a number of sources, including the
signal itself (e.g., the quantization of light into photons, when one is interested in knowing
the light intensity), the transduction mechanism, or variability within the neurons that are
transmitting and computing with this information (see (Faisal et al., 2008) for a recent
review of noise in the nervous system).

Our primary question is: how does an organism select and implement a good estimator,
or (more optimistically) the best estimator? To address this, we’ll have to state explicitly
what we mean by “best”. The traditional statistical formulation of the best estimator is
the one that minimizes the average value of a pre-defined loss (cost) function, L (x, f(m)).
The loss function specifies the cost of generating an estimated value of f(m) when the true
value is x. It is generally assumed to be positive, and equal to zero only when the estimate
is equal to the true value.

1.1 Regression formulation

Suppose we wanted to build a machine that could perform optimal estimation of z, given a
noisy measurement m'. We can imagine “training” this machine by showing it many signal-
measurement pairs, {z,,m,}. Typically, we imagine that each measurement arises from its
associated true value through some sort of noisy transformation. Figure 1(a) illustrates
such a set of training data.

An estimator, f, attempts to invert the measurement process, mapping measurements m

!Throughout, = and/or m can be scalar-valued or vector-valued quantities. For example, m might
represent responses of a population of neurons.
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Figure 1. Regression formulation of the optimal estimation problem, illustrated for a one-
dimensional signal and measurement. (a) The measurement process (also known as the
encoding process). We assume a set of data pairs (plotted points), {z,,m,}, indexed by
n € [1,2,...N], representing true signal values and associated noisy measurements. The
dashed line indicates the average measurement as a function of the true signal value. (b)
The estimation (or decoding) process. The estimator, f(m) maps measurements back to
estimated signal values. The optimal estimator (solid line) does this so as to minimize a
specified loss function. Note that this need not be (and is generally not) the inverse of
the average measurement function (dashed line). Note also that the optimal estimator will
depend on the signal values that are included in the data set, which are summarized by the
histogram shown in (c).



back to signal values = (Fig. 1(b)). This mapping is deterministic: each measurement leads
to a unique estimate. But if we hold the signal value fixed, and make a set of estimates
(each arising from a different measurement), these estimates will fluctuate because of the
variability in the underlying measurements. The optimal estimator is the one that minimizes
the average loss over these examples:
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We will refer to this as a “regression” estimator - a special case is the linear regression solu-
tion, which arises when L is the squared error. An example optimal estimator is indicated
by the solid line in Fig. 1(b). Note that this transformation is not the same as the inverse

of the transformation to average measurements (i.e., the inverse of the dashed line shown
in Fig. 1(a)).

Of course, the precision with which we can constrain the function f depends on how much
data we have. Loosely speaking, the usual approach is to restrict f to be sufficiently simple
(e.g., smooth, or defined by a small number of parameters) that the available data will
constrain it properly. For example, the estimator shown in Fig. 1(b) was computed by
binning the data (as a function of m), and computing the best estimate value for each bin.
More formally, we might specify a restricted set of possible functions (denoted F) from
which the solution will be selected.? Finally, note that the solution we obtain will depend
on the distribution of data. If the set of training examples includes many x values clustered
in a particular region of the space, then the average loss will contain many terms from that
region, and the optimization process will thus attempt to reduce the estimation errors there,
typically at the expense of larger errors elsewhere. This suggests that the training examples
should be selected so as to represent the distribution of values that might be encountered
in the environment.

The regression formulation is appealing because it is simple and intuitive. Its primary
limitation is that it requires supervised training. That is, obtaining an optimal estimator
relies on a training set of noisy measurements, m,,, each accompanied by its corresponding
correct signal value, z,. Supervised learning for estimation and classification problems
has been well-studied. A standard example is the problem of learning an input-output
relationship with a simplified network of artificial neurons, for which the optimal solution
may be obtained by back-propagation (essentially, a form of stochastic gradient descent on
the objective function). But this requires large amounts of data, especially when learning
muti-dimensional functions.

From the biological /behavioral perspective, a fully supervised training paradigm also seems
implausible. Although most organisms absorb enormous amount of sensory data during
their lifetimes, the information received regarding “correct” answers would seem to be rel-
atively sparse. For example, consider the problem of estimating the distance to a nearby

2A more sophisticated solution would adjust the smoothness of the estimator adaptively to the amount
of data. This issue of model complexity and its relationship to to learning from data is fundamental to the
study of machine learning.



object based on visual input. We can compare our estimate to the one obtained by reaching
out and touching the object. But the amount of this kind of feedback we receive seems
vastly insufficient to train the enormous cascade of neurons that are involved in estimating
distances from visual input. Similarly, optimization through natural selection (with surviv-
ing organisms passing preferred solutions to their offspring genetically) seems implausible,
both because of the time required and because genetic material seems unlikely to contain
sufficient information to encode even a fraction of the detailed connectivity of those neurons.

Instead, it seems that evolution has endowed the brain with powerful capabilities for unsu-
pervised learning (based on noisy measurements alone), and that this is used to supplement
and bolster the supervised learning that may be used in the relatively infrequent cases for
which the correct answers are known. Unsupervised learning is a heavily studied topic in
machine learning (e.g., Hinton & Sejnowski, 1999), and methods have been developed for
learning patterns in data, mostly for purposes of optimal coding or clustering/categorization.
Perhaps less well known is the fact that optimal estimators may also be written in unsu-
pervised form. To explain this, I’ll turn first to a probabilistic formulation of the problem.

1.2 Probabilistic (Bayesian) Formulation

When we describe optimality in terms of minimizing an objective function over a training
data set, we usually have in mind that this set is representative of future data we will
encounter.  This notion may be formalized by describing both the training and future
data as samples randomly drawn from a common probability distribution. The law of large
numbers tells us that as the number of data pairs grows, the original regression objective
function will converge to the expected value (mean) of the loss function, integrated over all
possible combinations of z and m:

Jopt = argm}n // P(x,m) L (x, f(m)) dzdm

Unlike the regression formulation, which is written directly in terms of data, the proba-
bilistic formulation is written in terms of a continuous probability density. And since this
formulation effectively results from assuming infinite amounts of data, the smoothness con-
straint that was necessary for selecting an estimator in the regression case is now optional.

The probabilistic objective function may be simplified by using the definition of conditional
probability to rewrite the joint density as a product of the marginal density of m, and the
conditional density of x given m (known as the posterior distribution):

Jopt = argmfin/P(m)/P(xlm)L(x,f(m))da; dm.

If the estimator is unrestricted, then we may ignore the outer integral and optimize the
estimator separately for each measurement value:

fopt(m) = arg mfin/P(:E|m)L(x,f(m))dm.
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Figure 2. Bayesian formulation of the optimal estimation problem. (a) the measurement
density, P(m|z), shown as a grayscale image, where intensity indicates log probability. The
dashed line indicates the mean of the density, as a function of z. (b) the posterior density,
P(xz|m). Solid line indicates mean of the density, and dashed line indicates the (inverted)
mean of the measurement density in (a). (c) the prior density, P(x).

That is, for each measurement, the best estimate is the one that minimizes the expected
value of the loss function over the posterior distribution for that measurement.

Finally, the posterior distribution may be rewritten in terms of densities that are more nat-
urally associated with process from which the data arise. Specifically, we can the describe
measurement noise using a conditional probability P(m|x). This measurement density ex-
presses the probability of m, for each value x of the signal. If we think of it the other
way around, holding the measurement fixed and reading off a function of the signal, this
is known as a likelihood function. Now Bayes’ rule may be used to express the posterior
in terms of the measurement density and the prior distribution P(z), which expresses the
probability of occurrance of value x in the world:

z)P(x)

= arg min P(m| z, f(m))dx
fos(m) = avganin [ SO Lo fm) 1)

An example of the Bayesian solution, based on the same distributions used to generate the
data in Fig. 1, is illustrated in Fig. 2. To provide some intuition, it is worth mentioning
several well-known special cases.



Quadratic error (least squares) solution. The most common case used in the engi-
neering community is the least squares loss function, L(z, f(m)) = (z — f(m))?. In this
case, the optimal estimate (which may be derived by differentiating the objective function
and setting equal to zero) is simply the mean of the posterior:

fus(m) = /xP(:::|m) de.

It is worth mentioning that in the special case of a jointly Gaussian probability density over
signal and measurement, this solution turns out to be a linear function of the measurement
(the solution is the same as that of our next example).

Linear estimator, quadratic error. Now consider what happens when the estimator
is restricted to be a linear function of the measurement. The Linear Least Squares solution
is

g
fues(m) = =" m
Omm

The linear solution relies only the cross-correlation between signal and measurement, and
between the measurement and itself, and not on full knowledge of the posterior density.
This result extends naturally to multi-dimensional inputs or outputs.

Maximum probability solution Suppose the loss function penalizes all errors equally,
except for the correct answer (which incurs no penalty). Then the solution is the maximum
of the posterior density, known as the maximum a posteriori (MAP) estimator:

fymap(m) = arg max P(z|m).

The probabilistic formulation expresses the estimation problem in terms of four natural
ingredients:

e the prior, P(x), which represents the probability of encountering different signal values
in the world,

e the measurement density, P(m|x), which represents the (probabilistic) relationship
between the signal and measurement,

e the loss function, L(z, f(m)), which represents the cost of making errors,

e and the family of functions F from which the estimator is to be chosen (this ingredi-
ent may not be required for the Bayesian solution, which effectively operates under
conditions of infinite data).

Note that although the regression solution of the previous section was developed directly
from pairs of input-output data, it is also implicitly relying on these same ingredients.
Specifically, it is effectively based on the joint probability density of signal and measurement,



which is equivalent to the product of the prior and likelihood. And, as stated in the previous
section, it also requires the specification of a loss function and a family of functions from
which the solution is to be drawn.

It is worth emphasizing the most obvious implication of this ingredient list, since it is often
misunderstood: Optimality is not a fixed universal property of an estimator, but one that
depends on each of these defining ingredients: Statements about optimality that do not
fully specify the ingredients are therefore relying on hidden assumptions. For example,
many authors assume that optimality implies that an estimator must be unbiased (that is,
on average, computes the correct value). But many well-known optimal estimators exhibit
bias (in fact, all of the estimator examples mentioned above can exhibit bias, depending on
the specific choices of prior and measurement densities).?

Despite the appealing decomposition of the problem into intuitively sensible ingredients,
there are drawbacks to the probabilistic formulation. In particular, the reliance of the re-
gression solution on supervised training data has been replaced with reliance on knowledge
of two abstract probability densities. Since the measurement density is a property of the
sensory system, we might imagine learning it from a set of calibration measurements, or
assuming that it is a fixed property of the device. On the other hand, the Bayesian for-
mulation is often criticized for reliance on an unknown (and perhaps unknowable) prior
distribution,* and this criticism is further inflamed by the many examples in the literature
that introduce a prior as an ad-hoc function that may be freely chosen to make the solution
tractable. In the view set out here, the prior is meant to capture the statistical structure of
some aspect of the world, an assumption that is only slightly stronger than the assumption
that the training data in the regression estimator are representative of future data that the
system will need to process.

1.3 Unsupervised learning of optimal estimators

The Bayesian view assumes all ingredients of the problem, including the prior, are known.
If the prior is meant to correctly represent the distribution of signal values in the world, it
must presumably be learned from measurements. Engineers that need to design real systems
generally follow one of several practical solutions: (1) directly measure the distribution of
signal values that might be encountered by the device, and use a model of this empirical
distribution for the prior; (2) assume a prior distribution of some parametric form, and then
adjust the parameters so as to best explain the observed distribution of noisy measurements;
or (3) assume an estimator of some parametric form, and adjust this directly to improve
performance on observed data. The first solution requires a separate set of uncorrupted

3Bias can arise because the estimator is restricted to lie in a family that does not include the best solution.
But it can also arise due to asymmetries in the posterior (e.g., due to the influence of a prior) or cost function,
in which case it should be viewed as desirable. E.T. Jaynes described the insistence on unbiased estimators
as a “pathology of orthodox statistics” (Jaynes, 2003).

4By presenting the Bayesian and regression formulations side by side, I hope to alleviate some of the
tensions between the Bayesian and “frequentist” viewpoints. See (Jaynes, 2003) for further discussion.



signal measurements, and thus does not seem relevant to biological systems which are
presumably only able to make measurements through the same noisy sensors from which
they will be making their estimates. The second solution is generally known as empirical
Bayesian estimation, since the prior is obtained from noisy training data. The third solution,
as described, is simply the regression solution, which relies on supervised training data in
order to measure and optimize the estimator performance. Remarkably, it can sometimes
be rewritten in an unsupervised form. Below, I'll consider the second and third solutions
in more detail.

The empirical Bayes formulation assumes a prior of a known parametric form®, optimizes
the parameters to fit the (noisy) measurements, and then uses this optimized prior to obtain
the estimator (by minimizing Eq. (1)). The prior parameters are typically chosen to make
the observed data as consistent as possible with the model, and this is usually achieved in
practice by maximizing the probability of the observed data:

Oopt = arg mgxl;[/Pg(:U)P(mnu) dx.

Beyond the potential difficulties associated with computing this optimization, the introduc-
tion of this probabilistic cost function is a bit inconsistent, since the prior that best explains
the data is not necessarily the one that will lead to the best estimator. Nevertheless, em-
pirical Bayes solutions are often quite successful in situations where the data are sufficient
to strongly constrain the prior parameters.

The third solution mentioned above can, in some cases, be obtained from unsupervised
training (Raphan & Simoncelli, 2007). As such, we’ll refer to it as unsupervised regression.
The derivation of the general form is somewhat complex, but the simplest case (due to
Charles Stein(Stein, 1981)) arises in the context of an additive Gaussian noise model and
a squared-error loss function, and can be written quite simply. Stein showed that the
mean squared error in this case may be rewritten in a form that depends only on the
measurements, and not the signal:

// P(z,m) [z — f(m)]? dz dm = /P(m) [g(m)? + 20%g'(m) + o?] dm,

where g(m) = f(m) —m, and o is the standard deviation of the additive Gaussian noise
(assumed known). This remarkable result implies that the squared error may be approxi-
mated by averaging over measured (noisy) data, without knowledge of the correct answers
(i.e., unsupervised) and with no assumption about the prior, P(x). This implies that we
can select an optimal estimator f (or equivalently, g) by minimizing the integrand above,

5A less well-known form of empirical Bayes estimation arises from rewriting the estimator directly in
terms of the distribution of measurements, which can be approximated from the observed data (Miyasawa,
1956). This form may be derived from the prior-free estimator described previously (Raphan & Simoncelli,
2007).



meas. sig. meas. prob. sig. prob. loss fn. est. family
{mn} {zn} P(m|z) P(x) L F
Regression v v v parametric
Bayesian v v v
Empirical v v . v
Bayesian parametric
(e Stei[jl?sriz%iz:;?gg v restricted quadratic parametric

Table 1. Ingredients required for specifying/learning various formulations of optimal esti-
mator (see text for definitions). Columns correspond to: measurement data, signal data
(paired with measurement data), measurement probability, signal (prior) probability, loss
function, and family of functions from which the estimator is chosen. Checkmarks indicate
that the ingredient is required but unrestricted. Unlabeled spaces indicates the ingredient
is not needed. Note that the unsupervised regression estimator has been derived only for
certain specific measurement densities, and squared-error loss (Raphan & Simoncelli, 2007).

averaged over a set of noisy measurement data. As with the original regression solution,
the estimator must be restricted sufficiently (e.g., drawn from some parametric family) so
that it can be constrained by the available data. Analogous expressions may be derived for
a number of other measurement probabilities (Raphan & Simoncelli, 2007).

In both the empirical Bayesian and the unsupervised regression formulations, we have ex-
changed the supervised data pairs required by the standard regression solution for unsuper-
vised data and a known (or previously calibrated) description of the measurement density,
P(m|z). We can thus view these solutions as a compromise between the data-oriented re-
gression form and the more abstract Bayesian form. A summary of the ingredients required
by each of the optimal estimators introduced thus for is provided in Table 1.

2 Optimal estimation in the brain

In this section, we ask how the optimal estimation formulations developed in the previous
section can be used in modeling biological sensory systems, and how these models may
be tested experimentally. These questions can be addressed at many levels, and in this
short chapter, I will not attempt to provide a complete overview. Rather, I’ll describe few
published results, and try to explain what I see as some of the more important challenges
that we currently face in this endeavor.

The concept that sensory perception arises through the fusion of incoming sensor mea-
surements with one’s prior experience is often attributed to Hermann von Helmholtz (von
Helmholtz, 1925). Although his descriptions are qualitative in nature, and do not mention
noise or loss functions, they do capture the essence of the Bayesian formulation described
in the previous section. This interpretation of perception seems to have lain dormant from

10



von Helmholtz’s day until the 1950’s, when E.T. Jaynes, a statistically-minded physicist,
submitted an article to the IRE Transactions on Information Theory, in which he proposed
that Bayesian estimation might be used as a framework for modeling sensory transforma-
tions (Jaynes, 1957). It was rejected by the journal (on grounds that it was too speculative)
and the concept appears to have lain dormant for another 30 years! In the interim, per-
ceptual psychologists began using Signal Detection Theory as a framework for analyzing
psychophysical data (Green & Swets, 1966), and for providing an upper bound on perfor-
mance. This methodology often does not include explicit loss functions, and rarely includes
a prior, but the formalization nevertheless represents an important step toward the optimal
estimation framework.

2.1 Perceptual Bayesianism

In the 1980’s and 90’s there was a dramatic revival of the Bayesian methodology across
many fields, and perceptual science was one of these. A variety of experiments have aimed
to test optimality of human estimation judgements by comparing performance to an “ideal
observer” model (e.g., Barlow, 1980; Geisler, 1989; Kersten, 1990; Knill et al., 1990). A
number of reviews document the activity to date (Knill & Richards, 1996; Maloney, 2002;
Mamassian et al., 2002; Kersten et al., 2004; Kording, 2007), and this endeavor has been
expanded by recent activity in “Neuroeconomics”, a cross-disciplinary enterprise that aims
to characterize decision-making processes with respect to prior probabilities and reward
contingencies (Glimcher et al., 2008).

What does it mean to say that a human subject is performing optimally? As I’ve emphasized
in the first part of this chapter, the definition of the word optimal requires specification of
a set of ingredients: the measurement probability, the prior, the loss function, and (in some
cases) a family of estimators. Specifying these ingredients for a human observer performing
a particular task is often difficult or impossible. For example, specifying the measurement
probability requires knowledge of how the signal of interest is represented within the brain
(including a specification of the noise). In some experiments, investigators have incorporated
noise into the stimulus, which can provide insights into the properties of internal noise (and
thus the measurement probability) (e.g., Pelli & Farell, 1999; Kérding & Wolpert, 2004).
The specification of an appropriate family of estimators should be determined by the set
of computations that can potentially be performed by neurons, but we currently lack a
detailed description of this set.

The loss function can pose more substantial difficulties. Subjects may differ inherently in
the way they behave in an experimental situation (e.g., consider personality traits such
as risk aversion vs. thrill-seeking). And even in cases where the investigator attempts to
control for this by building a loss function directly into the design of the experiment (for
example, by paying/penalizing subjects for correct/incorrect answers), one does not know
whether or how the subject will learn and internalize a los function, what type of training
(e.g., supervised vs. unsupervised) this would require, and how long it would take.
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Last, consider the prior, for which one can ask the same questions as were asked for the
the loss function (whether/how a subject internalizes it, what type of training is required,
over what time scales). We might imagine that the observer operates according to a prior
that was obtained over a relatively slow timescale (much longer than the duration of a
typical experiment, say, on a developmental or evolutionary timescale). In this case, the
investigator might attempt to measure it from the environment (or derive it from a model
of the environment). At the other extreme, we might imagine that the subject’s internal
prior representation is quite flexible and that, over the duration of the experiment, they
internalize the distribution of stimuli that have been presented. In fact, many experiments
are designed so that the subject can learn the distribution of signal values over a set of
training trials.

In the context of learning a prior, one apparent paradox seems worth mentioning. Adapta-
tion to stimuli that persist for timescales of seconds or minutes has been found, for every
sensory modality and for a wide range of stimulus configurations, to produce substantial
changes in subsequent perception. For example, adaptation to a visual stimulus, say, of a
given orientation, induces biases in the perceived orientation of subsequently viewed stim-
uli. These biases are generally repulsive: the perceived orientation of a post-adaptation
stimulus is pushed away from that of the adaptor. If we were to interpret the adaptation
as a means by which the system updates its prior probability distribution for orientation,
we might expect that heavy exposure to the adapting stimulus would cause an increase in
the internally represented prior probability of that stimulus, which should then lead to an
attractive bias in subsequent perception! Thus, adaptation over these time scales appears
to be inconsistent with learning of prior probabilities. An alternative interpretation, still
within the Bayesian framework, is that adaptation effects correspond to a change in the
likelihood function (Stocker & Simoncelli, 2006b).

Given the difficulty of specifying the ingredients of an optimal estimator, one can consider an
alternative experimental approach for exploring optimal estimation theories of perception.
Specifically, one can ask “for what choices of ingredients would the subject’s behavior be
considered optimal?”. The trial-averaged estimates of a human subject do not place a
sufficient constraint on the problem to answer this question. In particular, the average
response of an estimator does not uniquely determine the prior, likelihood , and loss function
that could have been used to define it. But if one assumes, say, a quadratic loss function,
and measures not just the average response but the the full distribution of estimates, then
it is possible to extract a prior (Paninski, 2006) or even the likelihood and prior (Stocker &
Simoncelli, 2006a) from the psychophysical data.

Ultimately, it seems important to move beyond the initial question of whether an observer
is optimal, to examine the prior and cost conditions under which the observer may be
considered optimal, and the flexibility of that optimality. Given that the estimators must
operate under changing conditions, we’d like to know: (1) which ingredients of the problem
may be learned or adjusted, and what type of adjustments can be made (e.g., Kording &
Wolpert, 2004)), (2) what type of learning is possible (e.g., supervised, unsupervised, direct
verbal communication), (3) over what time scales this learning occurs, and (4) whether the
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observer is able to switch between estimators (or ingredients of estimators, such as the prior)
that have been previously learned (e.g., Kérding & Wolpert, 2004; Maloney & Mamassian,
2009).

2.2 Physiological implementation

In addition to interpreting perception in the context of optimal estimation, we can also con-
sider how such optimal computations might be implemented in the brain. The responses of
sensory neurons are commonly described in terms of their selectivity to particular parame-
ters of the stimulus. In most cases, no single neuron is responsible for encoding a stimulus
parameter. Instead, the parameter is jointly represented by a population of neurons with
different tuning properties, and thus any estimate of the parameter requires a combination
of information across many cells, if not the whole population. Over the past 20 years, the
theoretical neuroscience community has been exploring the means by which neural responses
might be optimally “read out” in order to explain behavior (e.g., Georgopoulos et al., 1986;
Bialek et al., 1991; Anderson & van Essen, 1994; Seung & Sompolinsky, 1993; Potters &
W.Bialek, 1994; Salinas & Abbott, 1994; Sanger, 1996; Snippe, 1996; Shadlen et al., 1996;
Rieke et al., 1997; Rieke & Baylor, 1998; Zhang et al., 1998; Zemel et al., 1998; Platt &
Glimcher, 1999; Gold & Shadlen, 2000; Simoncelli, 2003; Pouget et al., 2003; Bialek & van
Steveninck, 2005; Jazayeri & Movshon, 2006).

It is worth noting that, despite my emphasis on the probabilistic formulation of the prob-
lem, computation of optimal estimates does not necessarily require that the brain explicitly
represent or compute probabilities. As described in the previous section, given the four
ingredients of the optimal estimation problem, an estimator is just a fixed deterministic
function that maps noisy measurements to estimated values. If these ingredients are fixed
and unchanging, the brain could learn to compute the optimal estimator using either re-
gression, or one of the two unsupervised methods described previously, and would not need
to explicitly calculate or represent probabilities!

In general, we imagine that the ingredients of the optimal estimation problem do change: the
loss function is typically task-dependent, the prior may change gradually (or even suddenly,
for example, when the observer moves into a different environment), and the measurement
probability may also change (due to physiological changes in the neural substrate). But
even under these conditions, the solution need not explicitly require the calculation or rep-
resentation of probabilities. If the prior and/or measurement probabilities are parametric,
then the optimal estimator is just a function that depends on those parameters. In this
case, the parameters may be computed from previous measurements, either through super-
vised regression, or using the empirical Bayesian formulation. Again, this does not require
explicit representations of probabilities.

Although explicit probability representation is not required for optimal estimation, much
published work assumes it. A simple means of encoding probabilities, suggested by a num-
ber of authors (e.g., Hinton, 1992; Simoncelli, 1993; Foldiak, 1993; Anderson & van Essen,
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1994; Sanger, 1996; Gold & Shadlen, 2000; Weiss & Fleet, 2002; Eliasmith & Anderson,
2002; Sahani & Dayan, 2003; Simoncelli, 2003; Barber et al., 2003), assumes that the firing
rates of each neuron directly represents the probability (or the log probability) of a par-
ticular stimulus parameter value. In this view, the population encodes (either directly, or
through a set of linear basis functions) a probability distribution over the parameter. Down-
stream neurons could explicitly compute an estimate from this population, by computing,
for example, the population mean (a weighted sum) or peak (a “winner-takes-all”). For
example, suppose that the firing rates in a given neural population represent the posterior
probability evaluated at a set of different signal values. The mean of the density may be
computed as a weighted sum over the responses (the weights will be determined by both
the signal values at which the posterior is sampled, and also the portion of the signal space
covered by each neuron). Or subsequent stages could operate on the posterior information,
postponing the explicit determination of an estimate until it is needed. In either case, the
prior in this model can be adjusted by changing the gain on each of the neurons.

The explicit representation of uncertainty, through the breadth and shape of the popula-
tion response, along with the possibility of linear readout rules, are conceptually appealing
features of this framework. But a detailed model of this form needs to address the inconsis-
tency of directly representing probability values with neural responses that are noisy (e.g.,
see Sahani & Dayan, 2003). In addition, the responses of many visual neurons do not seem
consistent with direct representation of posterior probability. For example, the shape of
orientation tuning curves in area V1 neurons is preserved under changes in stimulus con-
trast. But lowering the stimulus contrast results in larger variance in the estimation of
orientation, which implies a broadening of the posterior.

A widely followed alternative formulation represents probabilities implicitly, using the noisy
responses of a population of neurons (e.g., Seung & Sompolinsky, 1993; Salinas & Abbott,
1994; Zhang et al., 1998; Zemel et al., 1998; Pouget et al., 2003; Jazayeri & Movshon, 2006;
Ma et al., 2006).5 Consider a population of N neurons whose responses represent the mea-
surement in an optimal estimation problem. Suppose the mean firing rate of each neuron is
determined by a tuning function f,(z), where z is the stimulus variable of interest. Sup-
pose also that the number of spikes emitted by each of these neurons in a unit time interval
to any given stimulus are statistically independent, and follow a Poisson distribution. Then
the joint likelihood function is the product of the individual Poisson probabilities:

. n(T)™ e
P(r|x):Hf£? e~ fn(@)

where 7 is a vector containing the population spike counts.

At this point, one might use unsupervised (or supervised) regression to learn the optimal
estimator from data without specifying or learning a prior probability. Alternatively, we
can follow the Bayesian formulation, multiplying the likelihood by a prior P(x), dividing

SNote that this formulation is encoding the uncertainty due to the noise in the population response, but
not the noise or structural ambiguities in the input (e.g., Sahani & Dayan, 2003).
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by P(7), and taking the (negative) log to write the log-posterior density:
—log P(z|F) = Zlog (rp!) —log P(7) — Zrn log fn(x) + an(x) —log P(x)

Now consider the MAP estimator. The first two terms do not contain the stimulus variable,
x, so we can drop them, arriving at an objective function that can be maximized over x to
obtain the estimate:

E(z) == rplog fu() + > fu(z) — log P(z) (2)

n

The first term is a sum of the observed spike counts, weighted by the log tuning curve value
of each neuron (Zhang et al., 1998; Jazayeri & Movshon, 2006). The second term is the sum
of the tuning curves, and the third is the (negative) log of the prior. Much of the previous
work on population coding has focused on the special case of orientation representation
in V1 neurons, or selectivity for motion direction in MT neurons, and in these cases the
prior over orientation is typically assumed to be constant, as is the sum of the tuning
curves (e.g., Zemel et al., 1998; Jazayeri & Movshon, 2006) These assumptions allows one
to ignore the last two terms, and the resulting log-posterior objective function reduces to
a simple weighted sum of spike counts, consistent with earlier proposals for linear readout
(Bialek et al., 1991; Anderson & van Essen, 1994; Rieke et al., 1997). Note that later stages
of processing (i.e., the estimator) presumably would not have access to the tuning curves,
and thus could not compute the linear weights directly by taking the log. Instead the proper
weights could again be learned using unsupervised (or supervised) regression.

The linear representation of log probability is especially convenient for fusing independent
sources of information (e.g., accumulating evidence over time (Jazayeri & Movshon, 2006;
Beck et al., 2008), or combining evidence from multiple modalities (Ma et al., 2006)). In
these cases, one wishes to multiply the associated probability densities, which can be done
by simply adding spike counts. Another common operation one would like to perform on
probability densities is to integrate them, either for purposes of computing the probability of
a particular event or hypothesis, or for reducing a density on multiple variables to one on a
subset of those variables (known as marginalization). Given the log posterior representation
considered here, this would require exponentiating the spike counts, summing over the
relevant neurons, and then taking a log.

Rather than assuming a constant prior and sum of tuning curves in the objective function of
Eq. (2), a more general solution could embed the prior into the measurements by arranging
that the sum of the tuning curves is equal to the log of the prior:

Z fn(x) =log P(x)

(note, a precise form of this proposal would need to limit the the smallest probability that
could be represented). Under these conditions, the last two terms cancel each other, and the
full log-posterior may again be computed as a linear function (i.e., a weighted sum) of the
spike counts. This is effectively a strategy for embedding the prior into the measurements,
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and is more efficient than encoding priors with spiking responses of another set of neurons
(Ma et al., 2006). This solution would require that the brain adjust the tuning curves
so as to sum to the log prior, which is essentially a resource allocation problem: neurons
should be adjusted so as to properly “cover” the distribution of inputs, assigning more
resources (i.e., a higher total spiking response, which corresponds to an expenditure of
more metabolic energy) to inputs that occur more frequently. This adjustment could be
achieved by changing either their response gains, the overlap between their tuning curves,
the widths of their tuning curves, or some combination of these.

In the probabilistic representation described above, a single optimal estimate can be com-
puted by appropriately combining information over the entire population. Implementing
this in the brain would presumably require creation of a redundant population of neurons to
linearly recode the implicit representation into an explicit one (that is, a population whose
responses equal the posterior or log posterior), from which a maximum (or mean) could be
selected. Although this sort of explicit estimation has been assumed by many of the pre-
viously mentioned publications, it seems to me wasteful of neural resources, and not robust
to the additional noise that would be introduced by neurons computing and representing
the estimate. It seems more likely that the brain leaves the representation probabilistic and
implicit, performing further calculations in a way that is consistent with this (e.g. Ma et al.,
2006). Taking this principle of delayed estimation to its extreme, we could hypothesize that
estimates need only be made explicit when the information reaches the motor system, and
the animal most execute an action (e.g., reaching out to grasp an object). At that point, the
estimate is “computed” by a bone, which responds by moving according to the collective
activity of all the muscle fibers that are pulling on it! One case that may be an exception to
this is that of a binary estimate (i.e., a decision), for which the log-posterior need only be
computed at two different values (rather than a continuum). Experimental evidence sug-
gests that the firing rates of neurons in parietal cortex may represent such values directly
(e.g., Platt & Glimcher, 1999; Gold & Shadlen, 2000).

3 Conclusions

Optimal estimation provides a formal framework for investigating and interpreting percep-
tual capabilities. The definition of the optimal estimator does not specify a fixed universal
function, but depends on four fundamental ingredients: the ensemble of input signals over
which it is to be optimal, the (probabilistic) relationship between the signal and the mea-
surement, the cost of mis-estimation, and the family of estimation functions from which
the solution is to be chosen. In a biological system, these ingredients may change over
time (especially the prior and loss function) and thus presumably need to be learned and
continually updated based on recent input. I've reviewed three different formulations for
developing an optimal estimator, each making different assumptions about the means by
which these ingredients are obtained.

The basic formalism presented here is highly oversimplified. In particular, I’ve side-stepped
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several important features of sensory systems that need to be incorporated in a full solution:

e Sensory computations occur in cascades of neural populations, and each of these
presumably performs some transformations on the signals received from its afferents,
and introduces additional noise. The designation of a particular population as the

9

“measurement” is thus somewhat artificial.

e Sensory computations occur over time. Many optimal estimation problems may be
rewritten in a form that can be computed incrementally (the classical solution in
statistical signal processing is known as the “Kalman filter”), and such solutions have
been used to model temporal aspects of neural processing (e.g., Rao & Ballard, 1997;
Deneve et al., 2007)

e Many sensory inference computations depend on information beyond the measure-
ments and the prior, such as inputs from multiple sensory modalities, feedback in the
form of attentional signals, or from emotional or cognitive centers, etc. It might be
possible to formalize these effects as a contextual form of prior (Jaynes, 2003).

In summary, the challenge for future research is to develop optimal estimation solutions
that may be plausibly mapped onto brain architecture, that are flexible and adaptive, that
may be cascaded (with additional noise introduced at each stage of the cascade), and that
may be learned in a primarily unsupervised setting. The time seems ripe for this: A
long tradition of rigorous study in statistical inference has been developed and refined into
engineering tools. The use and development of these has been recently accelerated by new
methods and algorithms arising in the machine learning community. Coupling these with
a new generation of experimental measurement technologies (especially those for obtaining
responses from groups or populations of neurons simultaneously) leads me to conclude that
we’re on the verge of fundamental advances in our understanding of sensory processing.
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